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Preface 


The initial motivation for writing this book was given by N. Katz and his review of 
the book 


E. Freitag / R. Kiehl, Etale Cohomology and the Weil Conjecture 
Ergebnisse der Mathematik und ihrer Grenzgebiete, Springer-Verlag 


in the bulletin of the AMS. In that review N. Katz remarks that it is especially 
the generalization of the original Weil conjectures, as given by P. Deligne in his 
fundamental paper “La Conjecture de Weil IT’, that had the most relevant applications 
in recent years. He continues: 


... The book does not discuss Weil II at all, except for a two page summary 
(IV,5) of some of its main results near the end. Perhaps someday if the 
authors feel ambitious .. . 


Around that time we gave lectures in the Arbeitsgemeinschaft Mannheim—Heidel- 
berg on Laumon’s work, especially on his use of the Fourier transform for etale 
sheaves and his proof of the Weil conjectures. Therefore, we, that is one of the 
previous authors and the new author, decided to present these important and beautiful 
methods of Laumon in the form of this book. Pursuing this plan further the authors 
immediately felt that Deligne’s work on the Weil conjectures was closely related to 
the sheaf theoretic theory of perverse sheaves. It seemed that only in this framework 
Deligne’s results on global weights and his notion of purity of complexes obtain a 
satisfactory and final form. Therefore, it was desirable or even necessary for us to 
include the theory of middle perverse sheaves (as in asterisque 100) completely as 
a second main part in this Ergebnisbericht. The l-adic Fourier transform appears as 
a tool and proves to be a useful technique providing natural and simple proofs. This 
part of the book was also based on the lectures given in the Arbeitsgemeinschaft 
Mannheim—Heidelberg. 

To round things off we present significant applications of these theories. For this 
purpose we included three chapters on the following topics: the Brylinski-Radon 
transform including a proof of the Hard Lefschetz Theorem, estimates for exponential 
sums reviewing the results of Katz and Laumon, and, finally, a chapter on the Springer 
representations of Weyl groups of semisimple algebraic groups. In these applications 
the /-adic Fourier transform always turns out to be of importance. So, looking back, 
it appears to us that in the course of writing this Ergebnisbericht, we were seemingly 
attracted by this elegant device, both by its vigour and its beauty. 


VI Preface 


The authors want to express thanks to all those who gave valuable comments 
or encouragement at the various stages of this project. Special thanks go to Dr. J. 
Ballmann, Dr. H. Baum, Dr. D. Fulea and Dr. U. Weselmann, to all whom we are 
indebted for their help during the final preparation of the manuscript. We also heartily 
thank the staff of Springer-Verlag for their friendly cooperation. 


Reinhardt Kiehl 
Rainer Weissauer 
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Frequently Used Notation 


Usually / denotes a prime number, Z, the ring of /-adic integers, Q; its quotient field 
of /-adic numbers. Finite extension fields of Q; are usually denoted F. Q@ denotes 
the algebraic closure of Q, and t : Q, > C denotes a chosen isomorphism between 
the field Q, and the field C of complex numbers. For tensor products of Q)-vector 
spaces we often write © instead of @q , if confusion is unlikely from the context. 

Usually « denotes a finite field or an algebraically closed field which has a 
characteristic different from /. If « is a finite field, k denotes its algebraic closure. AS 
will denote the n-dimensional affine space over the base scheme S. Often we write 
As instead of Al. If the base scheme is fixed, we sometimes also write A” instead 
of A’,. Similar P”, respectively P%, denotes the n-dimensional projective space over 
the base scheme S. 

Schemes of finite type over « will be called finitely generated schemes over 
«x. They will be often called algebraic varieties or algebraic manifolds over k (not 
following the usual notation!). If we write Xo for an algebraic variety, the subscript 
0 will be frequently used to indicate that Xg is an algebraic variety over «. Usually 
X will then denote the scheme XQ Xspec(x) Spec(k) = XQ @« k over k, which is 
obtained by base field extension. A similar notation will be used for morphisms. 
Furthermore, |X| denotes the set of closed points of the scheme Xo. Also if ‘% is 
a sheaf on Xo, its pullback to X will be denoted “@ . The Galois group Gal(k/k) 
acts on the field k (from the left), hence acts on Spec(k) (from the right). Similarly 
for schemes Xq over Spec(k) we get an induced (right) action of Gal(k/«) on 
X = XO XSpec(x) Spec(k) from its action on the second factor. For y € Gal(k/k) 
the corresponding automorphism of X will be denoted yx. For schemes XQ, Yo over 
Spec(«) the group Gal(k/k) acts on Homgpec(k)(Y, X) via fe fY = yrofoyy |. 
For Yo = Spec(x), this defines a right action of Gal(k/«) on the set of k-valued 
points of X. We refer to these actions as Galois actions. 

For a closed point x of the scheme X09, «(x) will denote the residue field of x. 
This is a finite field. N(x) will denote the number of its elements. A geometric point 
of Xo over « with values in a separable closed extension field k’ of «, which lies over 
the point x € |Xo|, will usually be denoted x. Any such x defines an embedding of 
the field « (x) into the field k: « C k(x) Ck. 

A morphism f : X — Y in the category of finitely generated schemes over x 


is called compactifiable if it can be factorized in the form f = f o j, where j is 
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an open immersion and where f is a proper morphism. This is always the case for 
quasiprojective morphisms. 

For the constant sheaf Q;y on a scheme Y we often write 5y. We do this in 
particular in situations where i : Y <> X is a closed embedding. Then we often 
write dy instead of i,Q,y, if there is no confusion possible. In complicated formulas 
we sometimes write K (2m) instead of K[2m](m), where [2m] indicates a shift of 
a complex by 2m to the left, and (m) indicates an m-fold Tate twist. We sometimes 
write i*[n]K instead of i*(K)[n], if n has a meaning in terms of the morphism i (a 
relative dimension). 

We freely use results of the book [FK]. In fact we will assume in this book most of 
the main results that were proven in [FK], without further mention of references. This 
includes, in particular, basic facts of etale cohomology theory, such as the proper base 
change theorem, the Poincaré duality theorem for smooth varieties over a field, and 
the Grothendieck trace formula, but besides this also some of the more elementary 
concepts, such as, for instance, the notion of etale sheaves. Because of its importance 
the reader will find a brief review of the statement of the Grothendieck trace formula 
at the beginning of the first section of Chap. I. Further information can be found also 
in the Appendix A of this book. 


Introduction 


This Ergebnisbericht is directed to a reader who is acquainted with the theory of etale 
cohomology to the extent, say, of the first two chapters of the book of E. Freitag / R. 
Kiehl 


Etale Cohomology and the Weil Conjecture [FK]. 


In Chap. I of this book the theory of weights of /-adic sheaves and the proof of the 
generalized Weil conjecture for morphisms are described. Historically one of the 
first examples for the theory of weights is provided by the Gauss sums. If « = Fy is 
a finite field with g elements and if y : « — C* is a nontrivial additive character, 
the Gauss sums 

De xv -x) 

XEK 
are the values of the Fourier transform of a nontrivial multiplicative character x : 
«* —> C*, where both the character and its Fourier transform are viewed as a function 
with support in «*. Whereas the character x has absolute value one on its support, 
its Fourier transform has the absolute value q!/? on its support. This is the simplest 
case, illustrating how the Fourier transform shifts weights. Of course this is rather 
elementary in the context above. If a nontrivial function f and its Fourier fon « have, 
by chance, the same support and constant absolute values equal to c, respectively d, 
then d = q!/? . c. This is an immediate consequence of Plancherel’s formula 


> FOAw =4- YO f@A). 


XEK XEK 


In Chap. I it is shown that the basic idea of this argument can be used to prove the 
generalized Weil conjectures in the curve case. To make this work, the method has to 
be adapted to pertain to less rigid situations. Fortunately the Grothendieck fixed point 
formula gives all the help required. One derives from it mixedness and semicontinu- 
ouity statements, which finally allow to extend the kind of argument sketched above. 
The details of the arguments are carried through in the first seven sections of Chap. I. 
The early sections deal with some of the more elementary properties of weights; here 
the fundamental estimate for real sheaves proved by using the Rankin trick (Sect. 4) 
is an important step. The Fourier transform of a complex of /-adic sheaves and its re- 
markable properties form the content of Sect. 5. In the central Sect. 6 we finally give 
the proof of the Weil conjecture, essentially following Laumon. This fundamental 
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result is the basis for the remaining part of Chap. I, which is then devoted to the proof 
of the generalized conjecture. In the last section of Chap. I on the local monodromy 
we already use derived categories and some of the material of the Chap. II. Although 
we might have postponed this, we preferred to have it included in Chap. I. The main 
sources for this chapter were 


La conjecture de Weil II, by Deligne [De1], 


and Laumon’s work: 


Transformation de Fourier, constants d’ equations fonctionelles 
et conjecture de Weil Conjecture [Lau]. 


In Chap. II the technical tools are provided; these are needed in the following chapter 
on perverse sheaves. In Sects. 3 and 4 of Chap. II abstract truncation structures are 
defined and their most important properties are studied. In particular, in Sect. 3 
we describe the proof of the fact that the core of such a t-structure is an abelian 
category. In Sect. 7 the first important example of such a t-structure, namely the 
standard t-structure on the category D> (X, Z)), is constructed. The triangulated 
category D(x , Z,) is not defined as the derived category of an abelian category, 
but rather as a projective limit of the derived categories De f (X, Z/1I"Z). Its objects, 
therefore, are not complexes of /-adic sheaves in the usual sense. So the natural 
simple truncation operators t<, and ts, for complexes are not defined a priori. It 
is therefore necessary to define on D(X , Z,) an abstract t-structure — called the 
standard t-structure — in a rather involved way to get a substitute for the non-existing 
naive truncation operators of complexes. The core of this triangulated category is 
isomorphic to the abelian category of /-adic sheaves. In Sects. 7—9, using the absolute 
Poincaré duality for smooth quasiprojective schemes over a field [FK, chap. II.1, 
theorem 1.13], we develop relative Poincaré duality for singular morphisms as far as 
this is needed in Chap. III. 

After Chap. I, Chap. III is the second central chapter of this book. In this chap- 
ter we place the theory of global weights and the notation of purity of sheaves into 
the framework of the category of perverse sheaves. It is only in this generality that 
Deligne’s theory of weights obtains its final form. First we develop the complete 
theory of (middle) perverse sheaves as in astérisque 100 [BBD]. Then this is supple- 
mented by important theorems on the purity and weights of perverse sheaves. One 
of the main results is Gabber’s theorem on the semisimplicity of pure complexes. 
At this point Fourier analysis again simplifies the picture. It significantly helps to 
prove the key lemmas in Sect. 10. In Sect. 12 we show how properties of Weil sheaf 
complexes are reflected by properties of certain functions related to these complexes, 
as already considered in the case of sheaves in Chap. I, Sect. 2. For the proof a variant 
of Deligne’s Fourier transform appears. For this new “Fourier transform” the affine 
algebraic group A” is replaced by another commutative algebraic group, a product 
E” of elliptic curves. In the last section, as a first application of the theory of per- 
verse sheaves, the Kazhdan—Lusztig polynomials — known for the remarkable role 
they play in the representation theory of groups of Lie type — are constructed using 
perverse sheaves. 
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The following chapters are devoted to applications of the theory. 

In Chap. IV a new transformation for etale complexes, the Brylinski-Radon 
transform, is introduced and examined. It is related to Deligne’s Fourier transform. 
In this context we prove the hard Lefschetz theorem. 

One of the most beautiful applications of Grothendieck’s trace formula and of 
Deligne’s theory of weights are non-trivial estimates for trigonometric sums such as 
the well-known Kloosterman sums, which generalize the Gauss sums. Chapter V tries 
to convey the basic ideas of Katz and Laumon on the existence of uniform estimates 
for exponential sums of this type. Such estimates reflect a remarkable quality of 
the Deligne—Fourier transform. It behaves as if there exists a kind of global Fourier 
transformation on the affine space over Spec(Z) from which we seemingly get the 
Fourier transform on the affine spaces over Spec(Z/ pZ) — not uniquely determined 
— by reducing modulo p for almost all prime numbers p. 

Chapter VI plays a special role and leads to further areas. It deals with the myste- 
rious representations of Weyl groups of semisimple algebraic groups, discovered by 
Springer and named after him. Here we venture into the area of algebraic groups and 
of the representations of finite groups of Lie type. In Sects. 2-9 we report all the nec- 
essary background material, e.g. Lie algebras mod p, Grothendieck’s simultaneous 
resolution of singularities etc. Proofs are carried out only where this is necessary and 
possible. The main content of Sects. 10-18 is Brylinski’s construction of the Springer 
representations using perverse sheaves, using Gabber’s decomposition theorem and 
in particular using the Fourier transform. Here it was our intention to present the ideas 
outlined by Brylinski in [49, §11 pp. 119-128] in greater detail, to make them avail- 
able to a larger readership. Some other constructions are discussed as well, and their 
mutual relations and especially their relations to Springer’s original construction are 
examined. 

The appendices contain useful supplements. Appendix A represents a bridge 
between the book of Freitag/Kiehl [FK] and what is required for this Ergebnisbericht. 
In Freitag/Kiehl’s book the theory of Q;-sheaves was developed. Without difficulty 
it is shown in Appendix A how the essential results on Q;-sheaves — e.g. Poincaré 
duality and Grothendieck’s trace formula — carry over to the case of sheaves over 
a finite extension field E of the field Q; of /-adic numbers. These are prerequisites 
for defining the /-adic Fourier transform. The headings of the Appendices B and 
C certainly speak for themselves. These appendices contain auxiliary results which 
are needed in Chap. I. For the convenience of the reader in Appendix D we finally 
present the proof of the finiteness theorems for the direct image functor in the case of 
non-proper morphisms. For the sake of completeness — it is not needed for this book 
— the finiteness theorems are proved also for the case of mixed characteristics, and 
furthermore the corresponding theorems for vanishing cycles and for nearby cycles 
are included, with short proofs. 


I. The General Weil Conjectures 
(Deligne’s Theory of Weights) 


I.1 Weil Sheaves 


Let « be a finite field and k its algebraic closure. Fix a prime number /. The number 
q of elements of « will always be assumed not to be divisible by the prime number 
1. The Galois group Gal(k/«) of k over x contains the arithmetic Frobenius element 
Oo = Ox/«, which acts on k as the automorphism 


xrex?, 


This arithmetic Frobenius is a topological generator of the pro-cyclic Galois group 
Gal(k/«). Its inverse element F is called the geometric Frobenius automorphism. 
The dense cyclic subgroup of the Galois group generated by F is called the Weil 
group W(k/«) of «. Under the map 


Wk/k) = Z 

F rel 

W (k/«) becomes canonically isomorphic to Z, such that Gal(k/«) = Z becomes the 
profinite completion of its subgroup W (k/«). More generally for arbitrary schemes X 
over « one has the morphism ox, : X — X, which is the identity on the underlying 
space and is defined by a +> a4 on the structure sheaf. These morphisms ox /¢ are 
functorial in the category of schemes over x. 

Let Xo bea finitely generated scheme X over x. Let X be the scheme X x Spec(k) 
Spec(k) = Xq @, k over k, obtained by base field extension. Similar notation will be 
used for morphisms. Also if ‘% is a sheaf on Xo, its pullback to X will be denoted % . 
By its functoriality the morphism oy /, can be written in the form (id Xo XOk/e OF rx, 
where 

Fry: X > X 


is now a morphism over k. It is called the Frobenius endomorphism of X.The mor- 
phism F'ry is finite, hence proper. On the other hand the geometric Frobenius element 
F € W(k/«) C Gal(k/k) acts on the scheme via its Galois action, which is defined 
by Fx = idx, X Fspec(k). The automorphism Fy is called the Frobenius automor- 
phism of X. It is an automorphism over Spec(«) but not over Spec(k). For schemes 
Xo, Yo over Spec(k) the Frobenius acts on the k-morphisms Hom Spectk) (Y, X) by 


conjugation fr f* = Fyofo re This defines an action of F on the k-valued 
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points of X. This Galois action of F and the action of Fry on the set of k-valued 
points coincide. We write X* = X (x) for the set of fixed points of F on the set X (k) 
of k-valued points of X. 


Example. For the affine space X9 = Ag, the action of F respectively Frx on Ag(k) = 
kis given byk 3at> F7!(a) =o(a) =a! 


Let x € |Xo| be some closed point of the scheme Xo. Let «(x) be the residue 
field of x and let N(x) denote the number of elements of the finite field «(x). A 
geometric point of Xo over x with values in a separably closed extension field of k, 
which lies over the point x € |Xo|, will usually be denoted x. Any such x defines an 
embedding of the field « (x) into the field k:« C k(x) C k. Put 


d(x) = [k(x):k]. 


One of the most important results of the theory of etale sheaves is the Gratiendicc: 
trace formula and the corresponding formula for the L-series of a Q;-sheaf % on an 
algebraic scheme Xo over x. See for instance [FK] or [SGA5]. In [FK] this ein is 
proven in the context of etale Q;-sheaves. We also refer the reader to the Appendix A 
of this book for the precise definition of the notion of Q,-sheaves. It is also explained 
there, how the results proved in [FK] extend to the case of Q)-sheaves. 

Let us now formulate this important result of Grothendieck. Let Xo be an alge- 
braic scheme and let ‘% be an etale Q,-sheaf on Xq. Then there exists a canonical 
isomorphism 

Fri: FrX(G) > G . 


The existence of such an isomorphism can be reduced to the fact, that for an etale 
algebraic space 1 : Gg > Xo over Xo we have a diagram 


Frg 
mo 
ee 


where the first square is cartesian and where Fg ;x is an isomorphism. So we have 
a canonical isomorphism F a : Fr¥(G) = G. This induces an isomorphism 
Frg : Fry() = & of the corresponding sheaves of sections. 

Since the Frobenius endomorphism Fry : X —> X is a proper map, there 
exists an induced morphism Hi(X, 4) > Hi(X, Frx(G)). Composed with the 
isomorphism provided by Fr we obtain an endomorphism of the cohomology 
group H/(X, ‘% ). So for an algebraic scheme Xo and an etale Q)-sheaf ‘% on Xo 
the Frobenius endomorphism of X induces a homomorphism 
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F: Hi(X, G) —> HX, ¥) 


of cohomology groups with compact support. 

Let x € |Xo| be a closed point. Then the Galois group Gal(k/x(x)), hence 
especially the geometric Frobenius substitution F, € Gal(k/«(x)), acts Q -linearly 
on the stalk ‘%pz of the sheaf ‘% at the point x 


Fy. ; Ax ‘Az - 


Up to isomorphism this action only depends on the closed point x and not on the 
choice of geometric point x over x. 

With these notations the statement of the Grothendieck trace formula can be 
formulated as follows 


Theorem 1.1 (Grothendieck) The L-series L(X0, ‘%, t), defined for a Qy-sheaf % 
onan algebraic scheme Xq over k by the formula 


L(Xo, 0) = [] det — 4, Sox)". 
xe|Xo| 


where d(x) is the degree of the residue field x(x) over x for the point x, satisfies 


2dimX 
L(X0, Mt) = I] det(1 —tF, Hi(X, G))C! 
i=0 


yer) 
, 


Proof. See Verdier [308], or [FK], chap. II, §4 or Milne [249], chap. VI, $13. O 


In the following we will use a generalization of the concept of Q)-sheaves on an 
algebraic scheme Xq, namely the concept of Weil sheaves on Xo: 

The Weil group W(k/«) operates on X = XQ XSpec(x) Spec(k) via its right 
action on the second factor Spec(k). In particular the Frobenius F € W(k/k) acts 
on X by the Frobenius automorphism Fy. Now suppose -% is a Q,-sheaf on Xo. It 
extends to a sheaf @ on X, which by extension of scalars is automatically a W(k/«)- 
equivariant sheaf on X. Since W(k/k) is cyclic, this amounts to the existence of a 
canonical isomorphism Fy (°F) > °& of sheaves on X. So we are in the situation 
of the 


Definition 1.2 A Weil sheaf {% on an algebraic scheme Xo over x is a Qy-sheaf G 
on X together with an isomorphism 


FY: FE(G)ZG, 


where Fy is the Frobenius automorphism Fy : X — X. In other words W(k/k) 
acts on (X, ‘G ). Formally the sheaf °¢ on X will be called the pullback of the Weil 
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sheaf ‘4 on X9. The Weil sheaf “Gp is said to be smooth of rank r, if the pullback G 
on X is smooth of rank r. 


We state the following elementary properties of Weil sheaves: 

1) The Weil sheaves on Xo over x can be made into the objects of an abelian 
category in the obvious way. This category contains the category of etale Q,-sheaves 
on Xo over « as a full subcategory. 

2) Let «’ C x be a subfield of «. Every algebraic scheme XQ over x is also 
a scheme over x’. The category of Weil sheaves does not change under restriction 
of scalars, i.e. the category of Weil sheaves on an algebraic scheme XQ over x is 
naturally equivalent to the category of Weil sheaves on Xg over x’. One uses the 
isomorphism 


Ie 


Xo Or k I XQ Quy k - 


aeGal(k/k’) 


Here ky denotes the subfield 
a:ikok 


of k. 
3) For a morphism 
fo: Xo > Yo 


one has natural functors, the functors of pullback and derived direct images, resp. 
derived images with compact support, between the categories of Weil sheaves. 

Similar facts hold in related cases, e.g. in the case of the base change functors or 
the tensor product. 

4) For Weil sheaves ‘% on Xo there is a map F : Hi(X,‘G) > Hi(X, 9), 
defined by the composition of the obvious map Hi(X, 7) > Hi(X, F}CG)) and 
the map H2(X, Fy CG)) = Hi (X, ‘F ) induced by the imposed “structural” isomor- 
phism F* : Fy(%) = 5G. We remark, that in the case of an etale Q)-sheaf this 
endomorphism F induced on cohomology groups coincides with the one defined 
earlier. See [SGA5], expose XV or [249], p. 292. Phrased in other words: The ac- 
tions of Fry and the Galois action of the Frobenius induced both on geometric points 
and on cohomology with compact support coincide. 

5) Let x be a geometric point of Xo with values in k over the algebraic point 
x € Xg. Then the Weil group W(k/«(x)) acts on the stalk %z~ = “G&. Here x(x) is 
the residue field of x. Especially the geometric Frobenius element F, € W(k/k(x)) 
operates on the stalk ‘99; 

Fy: ‘S7 = Gx. 
Now the L-series of the Weil sheaf L(Xo, ‘%, t) can be defined as for etale sheaves 
(compare the formula in Theorem I.1.1) 


Convention. If we use the notion of sheaves over algebraic varieties Xo, in particular 
in Chap. I of this book, then we usually mean Weil sheaves. The concept of Weil 
sheaves is a convenient but not essential tool, and will be of relevance especially in 
this first chapter. In particular we will not develop a theory of derived categories for 
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Weil sheaves later on. So from Chap. II on sheaf mainly is understood to mean etale 
Q,-sheaf unless stated otherwise. In this chapter however will distinguish between 
Weil sheaves and etale Q;-sheaves only in special situations, and then mainly in order 
to emphasize their specific properties. 

Grothendieck’s result I.1.1 on L-series carries over to the case of Weil sheaves. 
This however uses a less obvious result about Weil sheaves: 

To explain this property of Weil sheaves, let us start with the very useful descrip- 
tion of smooth Weil sheaves in terms of representations. Let Xo be a geometrically 
connected algebraic scheme over « and @ a geometric point of Xo (over «) in an ex- 
tension field of k. The point @ will be considered as a geometric point of X = X9®,k. 
Then we have a natural exact sequence of fundamental groups 


0 —— 1 (X, a) ——> (Xo, a) ——> Gal(k/«) —~0. 


The inverse image 
W(Xo0, a) 


of W(k/K) @ Gal(k/k) in 2 (Xo, @) will be called the Weil group of Xo attached 
to the base point @. This group is a locally compact group. Its subgroup 71 (X, a) is 
an open and closed normal subgroup in W(X, @) with discrete factor group 


W(X0,@)/m(X,a) = Wk/k) = Z 
geom.Frob.> 1. 


The image of an element u € W(Xo, @) in Z is called the degree deg(u) of u. This 
gives a short exact sequence 


Let ‘% be an etale Q,-sheaf. Then the fundamental group zr; (Xo, @) operates contin- 
uously on its stalks ‘G97 = ‘9g; continuously means: There exists a finite dimensional 
extension field E C Q, of Q and a vector subspace W of V = ‘%qz over E with 
V = Q @¢ W, such that W(Xo, a) operates continuously on the finite dimensional 
E vector space W. The stalk functor 


QP Oa = 
defines an equivalence between the categories of smooth etale Q)-sheaves on Xo 
and the category of continuous representations of 2) (Xo, @) on finite dimensional 
vector spaces V over Q;. Remember Xo was supposed to be geometrically connected. 
Similar also for Xo replaced by X and 71 (Xo, a) replaced by 7) (X, a). 
The corresponding statement for smooth Weil sheaves is the following 
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Proposition 1.3. Let Xo be an geometrically connected algebraic scheme over k, 
let GJ be a Weil sheaf on Xo. The Weil group W(Xo, @) operates in a natural way 
continuously on the stalk oz = “Gq. The functor 


> Gz 


gives rise to an equivalence between the category of smooth Weil sheaves on Xo 
over k and the category of continuous representations of the Weil group W(X, a) 
on finite dimensional vector spaces V over Q,. 


Especially Weil sheaves of rank one on Spec(«) correspond to the characters 
o:Wk/k) =Z —>Q;" : 


Such a character is completely determined by the image b = #(F) of the geometric 
Frobenius element F'. We write 


Ly 1 Lp 
for this Weil sheaf, respectively its pullback from Spec(«) to Xo. 


Theorem 1.4 Let Xo be an algebraic scheme over x, and let ‘% be a Weil sheaf on 
Xo. Then 


(1) Let Xo be normal and geometrically connected over x and let “Gp be an irre- 
ducible smooth sheaf of rank n on Xo. Then ‘% is an etale sheaf iff the deter- 
minant sheaf /\" % is an etale sheaf. Especially one can always find an etale 
sheaf A and an element b € Q;" such that GB is isomorphic to 


AQ Lp. 
(2) In the general case there always exists a chain of subsheaves 
0= GH? cA... cH =H 


with the following property: 
Each factor sheaf is of the form 


GHP {HIM = BR”? @ Ly, . 


i A is an etale sheaf on XQ and Ly; is a smooth Weil sheaf of rank I on Xo 
attached to some character 


wi Wk/Ke) > Q. 


Proof. Assertion (2) follows from assertion (1) by Noetherian induction. It is therefore 
enough to prove the first part of assertion (1). For that we will have to appeal to a 
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result proved later in §3, namely Theorem [.3.3 and its Corollary 1.3.4 respectively 
Remark [.3.5 and Theorem I.3.1. 

For the proof of assertion (1) we now assume, that Xq is a normal geometrically 
irreducible algebraic scheme over x. Let % be a smooth irreducible Weil sheaf of 
rank n on Xo, such that /\” ‘% is an etale sheaf on Xo. We attach to ‘% an irreducible 
representation p of the Weil group W (Xo, a) acting on a n-dimensional vectorspace 
V by Proposition I.1.3. Also we can find a finite field extension E C Q, of Q; anda 
vectorspace W over EF, such that W @r Q, = V and such that p induces a continuous 
representation of W(Xo, a) on the E-vectorspace W. 

Let o be the valuation ring of E and let z be a generator of the maximal ideal of 
o. Leto € GI(W) be the image of an element in W(Xo, a), whose image in W(k/k) 
generates the cyclic group W(k/x) = Z. Then 


p(W(Xo, a) = (J o(m(X.@) -o!. 
jeZ 


By our assumption on the determinant sheaf it follows, that det(o) is a unit in o. 
We want to show, that furthermore the subset {o/|j € Z} is bounded in G1(W) — or 
equivalently — that all eigenvalues of o ina suitable extension field of E are units. Of 
course it is enough to verify this property for a suitable power 0”, m #4 Oofo instead 
of o itself. If this is true, then indeed the representation p extends continuously to 
a representation of the profinite group 2;(Xo, @). This means, that ‘% is an etale 
sheaf. 

First assume, that V is an irreducible 7; (X, a@)-module. Let G denote the Zariski 
closure of the group p(7|(X, @)) in GI(V). G is a semisimple algebraic subgroup 
of GI(V) defined over E (§3, Theorem I[.3.3). 

The group 

G - p(W(Xo,a@)) =| JG-o! 
jeZ 
contains G as a normal subgroup. It is shown in §3, Theorem 1.3.3, that for a suitable 
choice of E there exists a suitable power 0”, (m > 1) of 0, which can be written as 
a product 
Oo" =g2-Zz 


of an element g € G(E) and an element z € G/(W) in the center of the group 
G- p(W(Xo, a)). But G is semisimple. Hence det (g) has finite order. If we replace 
m by a suitable multiple, we can therefore assume 


det(g) =1 
without restriction of generality for a suitable choice of the integer m. Hence 
det(z) =det(a)" € 0". 


The representation p was assumed to be irreducible. Therefore the element z lies 
in the center of G/(W). For our assertion on the eigenvalues of o it is therefore 
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enough to show that the eigenvalues of g are all units. This follows by a compactness 
argument. Of course 


g(e(ri(X,@)))g-! = 0" (p((X,@))o~”" = p(11(X,) - 


Let 
A Cc End(W) 


be the o-submodule of the ring of endomorphisms of the vectorspace W generated by 
the compact subset p(s (X, @)). The representation p was assumed to be irreducible 
with respect to the group 7 (X, a). Therefore A defines a lattice in End(W), i.e. a 
finite free o-module of full rank n? = dim g End(W), stable under conjugation by g. 


gAg! =A. 


In other words: The adjoint action of g stabilizes a full lattice. Therefore all eigenval- 
ues of the adjoint matrix Ad(t) € Gl(End(W)) are units. Let A, ..., A, denote the 
eigenvalues of g in E, after possibly replacing E by a suitable finite field extension 
of E. Then the eigenvalues of Ad(g) satisfy 


Aid; Eo", ij=l,.i.n. 
This together with the relation 
Ay +++ Ay = det(g) =1 


proves, that all A; are units. This completes the proof for irreducible V. 

In the general case V is not necessarily irreducible as a 21(X, @)-module. By 
Remark 1.3.5 the module V is a semisimple module. By §3, Corollary I.3.4 there 
exists a finite extension field «’ of « of eres m, such that the pullback %’ of the 
irreducible Weil sheaf ‘% on Xo= = Xp ®, «’ has ieducible constituents, which are 
geometrically irreducible Weil sheaves on XQ over k’. 

W(Xo, @) is anormal subgroup of thao min W(Xo0, a) and 


p(W(Xo,a)) = U a! - p(W(Xo,a)) 


o” € p(W(Xo,a)) . 


After a suitable field extension of E let U be a nonzero absolutely irreducible 
W(X, a) submodule of W. Then U is also an absolutely irreducible 7 (X’, a) 


module. ; 
W= yas -U 
j 


On all vectorspaces o/U the substitution 0” has the same determinant. According 
to our assumption det(o) is a unit. Therefore the same holds for all determinants 
det (ao™|o/U). The vectorspaces o/U are absolutely irreducible W(X 6a a) modules, 
therefore also absolutely irreducible 2; (X’, @) modules. 
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As already shown, this forces the eigenvalues of the restrictions of o” to the 
subspaces o/U to be units. Then all eigenvalues of o” on W, or equivalently all 
eigenvalues of o on W are units. This completes the argument. O 


Corollary 1.5 Grothendieck’s formula 1.1.1 also holds for the L-series L(X0, *, t) 
attached to a Weil sheaf ‘% on Xo. 


Proof. The formula holds for etale sheaves. and therefore holds, by the replacement 
t + tb, for all twisted sheaves .A) ® Ly. By additivity the formula extends to all 
Weil sheaves, using I.1.4. O 


1.2 Weights 


In this and in the following section we fix an isomorphism 
1:Q-C 
between the field Q, and the field of complex numbers. 
Definition 2.1 Let Xo be an algebraic scheme over x, % a sheaf on Xo and B bea 
real number. 


(1) Choose ak valued geometric point x for each closed point x € |Xo|. Let k(x) be 
the residue field of x. The Weil group W(k/k(x)) operates on the stalk ‘%,. % 
is said to be t-pure of weight B, if for all points x € |Xo| and all eigenvalues 
a € Q, of the geometric Frobenii 


Fy: Gx > Ax Fy € W(k/k(x)) 
the following holds: 
Ic(@)|? = N(x)®_ N(x) = Hk (x). 
(2) The sheaf % is said to be t-mixed, if there exists a finite filtration by subsheaves 
0= BO cH... cH%=H, 


such that all factor sheaves GP /GIR-Y are t-pure (of weight say B;). 

(3) The sheaf ‘% is said to be (pointwise) pure of weight B, if for all isomorphisms 
t : Q, > C the sheaf % is t-pure of weight B. 

(4) A sheaf % is mixed, if there exists a finite filtration of ‘4 such that all successive 
factor sheaves are pure sheaves. 


Remark 2.2 (Twisting) Let SG be a sheaf, which is t-pure for all isomorphisms 
t: Q — C, but with weights depending on t. Then there exists a pure sheaf .% in 
the sense of I.2.1(3) and an element b € Q, such that “% is twisted of type 
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QDHzROLy. 


Later in I.2.8 we will show: 

Suppose ‘% is t-mixed for all t : Q, = C, then there exists a finite filtration of 
G, whose successive factor sheaves are t-pure for all t : Q, = C, hence can be 
derived from pure sheaves by a twist. 

We list the following elementary 


Permanence Properties 


(1) Let fo : Xo — Yo be a morphism over x, and % be a sheaf on Yo. Then the 
pullback fj (-%) of “% is t-pure of weight B, if % is t-pure of weight 8. If fo 
is surjective, then fj (-%) is t-pure of weight 6 iff -% is t-pure of weight f. 

(2) Suppose fo : Xo — Yo is a finite morphism over x, then the direct image 
fox() of a t-pure sheaf -% of weight 6 is t-pure of weight £. 

(3) Let Xo be an algebraic scheme over «, % a sheaf on Xo and x’ a finite extension 
field of «. Then % is t-pure of weight £ iff its inverse image on Xo ®, x’ is 
t-pure of weight £. 

Similar properties hold for pure sheaves. From (1)—(3) one derives permanence prop- 


erties for t-mixed sheaves in an obvious way. One exception should be noted. The 
statement 


“If the inverse image of a sheaf under a surjective morphism is t-mixed, then 
the sheaf is t-mixed itself” 


is true in general only for finite morphisms. 


Definition 2.3 Let % be a sheaf on an algebraic scheme Xo. For fixed t we define 


log(|t(«)|?) 


w(-%) = su SUPy ————— , 
(0) Pxe|Xo| SUPa og(N)) 


where a runs through all the eigenvalues of Fy : Gonz > “Az, if ‘MH is nontrivial. 
Here x always means a geometric point over x. For the trivial sheaf put w(‘) = 
—00. 


Next we are interested in the radius of convergence for the complex valued L- 
series TL(XQ, “%, t) attached to the sheaf %. We will give an estimate in terms of 
the weights of the sheaf -% in its stalks. 


Lemma 2.4 Let % be a sheaf on an algebraic scheme Xo over x with the property 
w(-%) < B: For all closed points x € |Xo| and corresponding geometric points X 
over x the eigenvalues a of 

Fy: G95 > Gx 


are bounded by 
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Ir(@)|? << N(axyP = gi 
d(x) = [«(x) :«]. 


Then the L-series tL( Xo, °%, t) is a power series int 


TL(Xo, 01) = [] tdet — Ft? Gy" 


xeE|Xo| 
converging for all |t| < gq ~B/2—dim(Xo), It has neither poles nor zeros in this region. 


Proof. Without restriction of generality we can assume Xo to be affine, reduced and 
irreducible. The Noether normalization theorem provides us with a finite morphism 
from XQ to the affine space of dimension dim(Xo0). By a comparison with the affine 
space this gives us the following rough estimate for the number A, = #Xo(kn) of 
geometric points over « with values in the field x, of degree n over k 


Ape ghee” wT, 2). 
for some constant C. From our assumptions the traces of 
Fy: Sx > Sx 


can be estimated by 
[EP har ger, 


where r = maxxe|xo|(dimg, Mx). Lemma 1.2.4 follows, because this gives the 
following majorant power series 


[o.@) 
Scag Coreg 
n=1 


for the logarithmic derivative 


tL'(X0, Ht) — aS ghd 
cree 3 ( > d(x)Tr( Fy. )) fe 
L(Xo, -, t) n=1 xe|Xol,d(x)|n 


Lemma 2.5 Let Xq be a smooth irreducible curve over x. Let Uo 
Jo: Up — Xo 


be a nonempty open subset of Xo. Let So = Xo \ Uo be the complement of Up in Xo. 
Let :G be a sheaf on Xo, such that its restriction jj (‘%) to Uo is smooth and such 
that 

HO(X, G) =0. 
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Finally assume, that for all points x € \|Up| and geometric points X over x and all 
eigenvalues of 
Fy: Ay > Hx 


the following weight inequalities hold 
Ik@)l? NG ag? , dG) S[e@) se). 


Then the corresponding inequalities hold for all points s € So in the complement, 
i.e. for all eigenvalues a of 


the following estimate holds 


Ita)? < N(s)P. 


Proof. 1) First of all we can replace « by the algebraic closure of « in the function 
field of Xo. We can therefore assume Xo to be geometrically irreducible. By our 
assumptions the homomorphism 


> jolA) » A= ip) 


is injective. We may therefore assume ‘% = jox(-%) from the beginning. We can also 
assume Xo to be affine, possibly by removing a point from Uo. Then the Grothendieck 
trace formula I.1.1 implies that 


-1 
tL(Xo, Ht) = tL Uo, i§(%).1) > T] e(der — F -14, Hs)) 
s€|So| 


rdet(1 — Fr, W(X, G)) 


2) For x € |Uo| the sheaf .% defines a representation of the Weil group W(Uo, x) 
on the vectorspace V = .A\y = .FA. Let.FY denote the dual sheaf of 7 and WY 
the dual of a Q,-vectorspace W. Poincare duality on U implies 


HUX, G) = HEU, F) = WU, FY (1) = (Vaum)-D, 
where V;,(u,z) denotes the largest factor space of V with trivial 21(U, X) action. 
Here (—1) is a Tate twist by the dual of the cyclotomic character. 
Therefore the poles on the right hand side of Grothendieck’s formula for the 


L-series, as stated above, are of the form 


t(a'q7!) 
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for eigenvalues aq of the geometric Frobenius substitution F ¢€ W(k/«) acting 
on Vz, (u,x)(—1). Equivalently @ is an eigenvalue of F on V;,(y,x). The Frobenius 
homomorphism 

F, :. Az=V—V 


induces the homomorphism 
F? = Viu.z) > Vaux) 


on the factorspace Vz.,(u,x) of V. Hence a4? is also an eigenvalue of Fy :. Az > 
.Axz. Therefore by the Grothendieck trace formula the L-series tL (Xo, -, t) has 


no singularities in the region 


lf eg tl 


3) The factor tL(Uo, jg (%), t) of tTL(Xo, -{, t) converges for all |t| < gre 
and does not have zeros in this region, by Lemma I.2.4. Furthermore |So| is finite. 
Hence by 1) and 2) none of the factors tdet (1 — F, - 14°), %z)~! for s € |So| has 


oles for 
. —B/2-1 


Itl<q 
This implies the estimates 


for all eigenvalues a of F; : ‘99; > ‘Sz. Here ‘%; is one of the stalks for geometric 
points over | So]. 
4) Now we apply these estimates also to the sheaves 


Fe, tae ee oe 
If @ is an eigenvalue of 
Fs: joxA)s > jox-Ad)s » 
then o is an eigenvalue of 
; @k @k 
Fs: (Jon(A))— —> (Joe(A)) 
From the following Lemma I.2.6 we get the injectivity of the homomorphism 
@k ; 

(Jon) > (Joe%)..- 

This gives for all k = 1, 2, 3, ... the upper estimates 
Pera nor ss 


hence the improved estimate 
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r(a)? < N(s)PFR . 
The claim of the lemma follows from the last inequality in the limit k — oo. O 


Lemma 2.6 We use the same notations as in Lemma 1.2.5. Suppose A is smooth, 
given by the representation of the Weil group W(Xo, Xx) on the stalk V = G97 = G& 
for some x € |Uo|. Let Is be the ramification group of X ins € S 


I; C wm (U,x) C Wo, x). 


Then one has 


(iF); =v", 


hence ee 
(467) = (VEY (Ve) = (7). 
5 Ss 
Proof. An immediate consequence of the definition of ( DF )).. g 
AY 


We have the following useful 


Lemma 2.7 Let Xo be a normal, irreducible algebraic scheme over x and G an 
irreducible smooth sheaf on Xo. Then the restriction of %} to a nonempty open 
subscheme 

Jo: Ug — Xo 


of X remains irreducible. 

Proof. This is evident, because for any point a € |Up| the homomorphism 
m1 (Uo, 4) > 11 (X0, 4) , 

and therefore also the homomorphism 


W(Uo, a) > W(X0,4), 


is surjective. O 
The next theorem reflects a fundamental property of smooth sheaves. 


Theorem 2.8 (Semicontinuity of Weights) Let ‘% be a smooth sheaf on an algebraic 
scheme Xo over « and let 
Jo: Up — Xo 


be the inclusion of an open dense subscheme of Xo. Then the following holds: 


(1) w%) = w(jg CH)). 
(2) If jg) is t-pure of weight B, then :% is t-pure of weight B. 
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(3) Let Xo be normal and irreducible, furthermore let %> be irreducible and let 
Jig (%) be t-mixed. Then ‘% is t-pure. 

(4) Suppose Xo is connected, jg (°%) is t-mixed and ‘% is t-pure of weight B at 
a single point x € |Xol, i.e. all eigenvalues a of Fy : ‘Az —> “Ay Satisfy 
|t(a)|?2 = N(x). Then % is t-pure of weight B. 


Proof. We first prove (1). For that we may assume, that X0 is irreducible and we can 
further replace X9 by the normalization of its reduced subscheme X0;¢q. Nothing 
has to be proved for dim(Xq) = 0. The curve case was dealt with in Lemma I.2.5. 
The general case dim(Xo) > 1 on the other hand can be easily reduced to the curve 
case. For that observe, that every point s € |Xo| \ |Uo| can be connected to Up by a 
curve Yo C Xo, which has nonempty intersection with Up. This completes the proof 
of (1). 

Claim (2) follows from (1) applied to ‘% and its dual sheaf. 

Now consider (3): Ij CA) is t-mixed. Any sheaf on Up becomes smooth on a 
suitable open nonempty subscheme. So by shrinking Up we can assume, that jj (-%) 
has a finite filtration by smooth subsheaves, whose successive quotient sheaves are T- 
pure. But jj (‘%) remains irreducible by Lemma 1.2.7, hence is t-pure. But assertion 
(2) then implies, that also “% is t-pure. This proves (3). 

Assertion (4): It is enough to prove the assertion for each irreducible component 
of Xo, which contains the point x, and then to proceed by iteration. So we can assume 
Xo to be irreducible and then even to be normal. Furthermore it is enough to proof 
the claim for all the irreducible constituents of %, which allows us to assume ‘% to 
be irreducible. This implies jj (-%) to be irreducible by Lemma 1.2.7. Then ip (A) 
is T-pure by (3) and assertion (2) proves “% to be t-pure. The weight necessarily has 
to be B. O 


Definition 2.9 Let % be a sheaf on an algebraic scheme Xo over x. Then there is 
an open dense subscheme 
Jo: Uo — Xo 


such that the inverse image jj (‘{) is smooth on Up. We define 


Wgen(-M) = w(jg CH)) : 


Remark. This definition is independent of the choice of Up because of Theorem 
1.2.8(1). 


Definition 2.10 (Real Sheaves) Let ‘% be a sheaf on an algebraic variety Xo. ‘{ 
is said to be t-real, if for all closed points a € |Xo| and corresponding geometric 
points a over a, the characteristic polynomial 


tdet(1 — Fat, ‘%z) 
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of the geometric Frobenius 

Fa: ‘%q—> Ga 
has real coefficients, i.e. tdet(1 — Fat, ‘S99z) € Rit] Cc Clr]. 


We skip listing the obvious permanence properties of this notion. 
Lemma 2.11 Let ‘% be a sheaf on an algebraic scheme. Assume ‘% to be smooth 
and t-pure of weight B. Then ‘% is a direct sammand of a smooth, t-real and t-pure 
sheaf .A of weight p. 


Proof. Consider the dual sheaf GY = .Wom(%, Q;) of |. The element b € Q, 
with t(b) = qP gives the sheaf.%A = (GY @ Lp) ® G wanted. O 


2.12 The Functions f. For the proof of the Weil conjectures an alternative char- 
acterization of the maximal weights of a t-mixed sheaf is useful. 


Let Xo be an algebraic scheme over x and ‘% a sheaf on Xqg. Let m be 
a natural number, we denote by «,, the unique extension field of « of degree 
m over k in k. Let F,, denote the geometric Frobenius of Gal(k/km). The set 
Xo(Km) = Homspec(x)(Spec(km), Xo) Of Km-valued points of Xo is equal to the 
set of fixed points Xo(k)*, where Xo(k) = HOM Spec(x) (Spec(k), Xo) is the set 
of k-valued geometric points of Xq. For a sheaf ‘% and an integer m we have the 
complex valued function 

f : Xo(Km) > C 


defined by 
fA) = Tr (FM, Gg) = tT r( Fn, Sox) - 


Here x € Xo(Km) denotes a geometric point over the closed point x € | Xo| relative 
to the structure map to «. The trace is understood as the trace on the stalk Gp. 
The trace value only depends on x and not on the geometric point X chosen over x. 
Of course these functions fir = f™ depend on m, though this dependence was 
dropped from the notation. Hopefully it will be clear from the context, which m is 
meant. 
For any functions 
f.g:Xo(km) > C 


one defines a scalar product (f, g)m and a norm || f || m by 


(fam= >> fQs0) (Xolkm) © Xo(k)) 


yEeXo(km) 


WIZ, = fm - 
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The logarithmic derivative of the function L(Xo, %, t) is given in terms of the 


functions f‘% by 


Fae S(O aeanrrcasltey) ar 


Gr _ 
EEK 0S SG xe|Xol,d(x)|v 


7 yur, Dat. 


Lemma I.2.4 respectively the method of proof used for Lemma I.2.4 gives an estimate 


G2 CA - m-w(-%) 
WFP lin S (Maxxelxo| (rang Mx)) -#( Xolkm))-¢ 
< Cg Wl A)+dim(Xo)) 


The constant C depends on ‘% but not on m. 


Lemma 2.13 Let ‘% be a sheaf on an algebraic scheme XQ over x. Then there is a 
constant C independent from m such that 


eo, Serge ene) TA, Dox 


Definition 2.14 Let “% be a sheaf on an algebraic scheme Xo over x. Using the 
preceding notations we put 


ys IF ln 
oll = sup | limsup Ge raimoxoy > OF 


There is a more direct characterization of ||%||, namely q~!!l-4im(X0) is the 
radius of convergence of the power series ¢(t) defined by 


2.15 Definition 


G70) = UF =3( eer ya 
n=1 


n=1 XEXo0(kn) 


Here X is a geometric point in Xg(Km) C Xo(k) over the closed point x € |Xo| and 
Fy : ‘Gx — ‘Gx is the geometric Frobenius homomorphism. 


Theorem 2.16 (Radius of convergence) Let ‘% be a t-mixed sheaf on an algebraic 
scheme Xv of dimension dim(Xo) = 1. Let jo : Up — Xo be the open subscheme 
of all points of Xo, where Xo has dimension 1. Then we have (with the convention 
Ween Cig ()) = —00 for Up = 9) 
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(1) ll = max (ween (jg (-M)), w(H) — 1) 
(2) Assume Xo to be a smooth curve. If He (X, &) =O holds for all closed subsets 
E of X, then 


Remark 2.17 Let us make some preliminary remarks concerning the radius of 
convergence of complex power series P(t) = Ser a,t’. From elementary function 
theory we get: If its radius of convergence R is finite and different from zero then 
the analytic function P(t) has a singularity f9 on the circle {t € C | |t| = R}; this 
means: There is no holomorphic continuation of the holomorphic function P(t) to 
an open neighborhood of fg in C. Another elementary observation is the following: 
Suppose the power series P(t) is a finite or countable product of power series P, (ft), 
such that each P,,(t) has nonnegative coefficients and leading term 1. Then P(f) is a 
majorant of P,(t) and the radius of convergence R of P(t) is a lower bound for the 
radius of convergence of each of the power series Py (t). 


Proof. We now prove 1.2.16. We first observe, that the assertion (2) is a consequence 
of assertion (1) using Lemma I.2.5 (semicontinuity of weights). 

In order to prove (1) we can assume XQ to be reduced. For the proof we use the 
power series on” (t) attached to a sheaf “% as defined in I.2.15. We can assume Xo 
to be connected, since #'(t) is a sum of the corresponding power series attached to 
the restriction of “% to the connected components. All these power series have non- 
negative coefficients. Therefore the radius of convergence of ¢' (t) is the minimum 
of the radii of convergence of all these power series. 


Case 1. dim(Xo) = 0. 

Then we may suppose s € |Xo| is the single point in Xo. We view the stalk 
V = %; of the sheaf % via t : Q, = C as a complex vector space and choose a 
C-basis. The map F; : V > V, now viewed as a C-linear map, can then be described 
by a matrix A with entries in C. Let A be the complex conjugate matrix. Then p” (t) 
is the logarithmic derivative of the function 


1 
det(E-A@A-t4d)) © 


Therefore the radius of convergence for pn (t) is 


min |t(@)r(B)|- 1/4 

ap 
where a and £ run through the set of eigenvalues of F; : %, — “% ;. The resulting 
value for the radius therefore is 


q va) . 


Case 2. The case of a smooth sheaf -% on a smooth affine curve Xo # 9. 


1.2 Weights 23 


We can assume Xo to be connected and ‘% # 0. 

First we consider the case, where % is t-pure of weight f. Let b € Q, be such 
that t(b) = q®. Let %” be the dual of ‘%, then the “complex conjugate” sheaf °% 
is defined by 

GH=GH @LFy,  seeli.3,12.11. 


Obviously the sheaf {% ® %& is t-real and the power series '(t) is the logarithmic 
derivative of the L-series 


TL(Xo, H® Ht) = [] cde — Fyt*, Hr @ Hy)! 
xe|Xol| 


rdet(1 ~ Ft, HX, G @%)) 


tdet(1 ~ Ft, H2(X, ¥ @F)) 


For this use (f°? (x), In = If ‘” (x) |. By our preliminary assumptions the 
sheaf % @ { is t-pure of weight 26. 

As in the proof of Theorem 1.2.5 we can assume, that Xo is geometrically irre- 
ducible after replacing « by its algebraic closure in the function field of Xo. Similar, 
using Poincare duality as in the proof of 1.2.5, the zeros a of tdet (1— Ft, H?(X, H®@ 
%)), satisfy 

jeg ns 
In particular any pole of the rational function tL (Xo, ‘% ® SG, t) therefore satisfies 
la} =q? 

Ry definition of G the lacal I -factors rdet (1 — Fy, t@™, Gz® Ax)! attached 
to the smooth sheaf ‘% are power series in t with nonnegative real coefficients and 
leading coefficient 1; since % 4 0 they have a pole, say a. By the temporary 
purity assumption necessarily |a| = g~’. Using Remark I.2.17, therefore each local 
factor diverges as power series in ¢ for |t| > |oa| = q~?. Hence also the L-series 
tL(Xo0,  ® GH, t) diverges for |t| > q~*, by the second statement of Remark 
1.2.17. In particular the L-series must have at least one (real) pole (again by 1.2.17). 
As already shown using the Grothendieck trace formula, any such pole has absolute 
value q~8~!. Thus the L-series considered must have radius of convergence equal 
to q~?-!, Lemma I.2.4 on the other hand — now applied with the weight 28 instead 
of 8 — implies, that the L-series also has no zeros in the domain |t| < gq ®-!. This 
implies, that the logarithmic derivative 


o(t) = TL (Xo, H® H, t)/tL (Xo, H @ MH, 1) 
has radius of convergence exactly equal to 
ge = q a1 


The second characterization of ||-%|| after 1.2.14 implies || %|| = w(-). Of course, 
so far ‘%g was assumed to be t-pure of weight w(-%). 
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X¢ being still a curve we now consider smooth t-mixed sheaves {. We can replace 
-% by its semisimplification. So without restriction of generality we can assume it 
to be semisimple. Using Theorem I.2.8(3) we can decompose such a sheaf % into 
a direct sum, 


H=AHOSH, 
where .% is t-pure of weight B = w(-%) and .Hp is t-mixed of weight 
w(.Fo) < Bp. 
From the evident relation f = =f: A 4 f7 we get 
[o.e) [o.@) 
As Fn, J J — > io 
P(t) = GP) + Y\2ReF%, fA) yt?! + SPIE 
n=1 n=1 


The power series ¢”(t) has the precise radius of convergence q~~!, as already 
shown. The two other power series on the right have a larger radius of convergence, 
as follows from the inequalities 


Wye 40 1)? gh )+) 


j wA))+w(.H%) 
2Re(f%, f)n| <2 fall £7 lin < Cog’ 2 TP 


deduced from Lemma I.2.13 and 
w(F) < (w(F) + w(H))/2 <B. 


Therefore #'(t) and ¢'”(t) have the same radius of convergence, namely Ge 7 


Case 3. The general case: 
Let Xo be reduced. Then we can find an open affine smooth curve 


ho: Vo > Xo, 


such that the complement 
ig: So > Xo 


of Vo in Xo is finite and such that the sheaf ho(%) = .% is smooth on Vo. Now 
consider jg : Up <> Xo and the sheaf jj ({%) on Up. From I.2.8(1) we obtain 


Vo c Up 
Ween(jg(-H)) = w(A) . 
Put .W% = ij (MH). Then 


max(w(A), w(-H)) = w(H) 
max(w(F), w(-H) — 1) = max (ween (jg (H)), w(MH) = 1) . 
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From the exact sequence 0 > ho!(A) > GH — ion (Ho) > O we obtain 
G1) = G9? (1) +O™(1). 


Now the coefficients of these power series are nonnegative. Therefore the radius of 
convergence of $'(t) is the minimum of the corresponding radii of convergence 
for gp” (t) and gm (t). We have already shown, that the radius of convergence for 
$%(t) isq7¥)—!. The radius of convergence for ¢'” (t) is q~”“™), This implies 


Hl = max (w( FH), w/H%) — 1) 


= max (ween (Ji), w() — !) : 


1.3 The Zariski Closure of Monodromy 


Theorem 3.1 Let Xo be a normal absolutely irreducible algebraic scheme over k 
and let a be a geometric point. Let 


x: W(X0,a) - Q 


be a continuous character of the corresponding Weil group. Then the image 
x (1 (X, a)) of the geometric fundamental group is a finite group. Equivalently the 
following holds: 

A suitable power x, m > 1 of the character x becomes trivial on the geometric 
fundamental group 1 (X, a). In particular 


X =X1°X2> 


where x, is a character of finite order and x2 factorizes over the quotient group 
Wk/«) = Z of W(Xo, a). 


Corollary. Let % be a smooth sheaf of rank | on anormal geometrically irreducible 
algebraic scheme Xo over x. Then “% is t-pure. 

More precisely: There is an element b € Q, and an etale sheaf .Y attached to a 
finite order character of the Weil group of Xq, such that 


H=HOLy. 
The t-weight of % is log(|t(b)|*)/log(q). 


Proof of I.3.1. Without restriction of generality one can make a finite base field 
extension and replace x by a power x”, m 4 0. x being continuous means that we 
can further assume, that x is E-valued 
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x : W(Xo, a) > E* 


for a suitable finite field extension E C Q, of Q;. Then one immediately reduces to 
the case, where the image x (2 (X,a)) is a pro-/ group. To proceed further, let us 
first consider the curve case. 


First Case. Xo is a smooth, projective geometrically irreducible curve. 

Class field theory for function fields in one variable implies, that the image 
of 21(X, a) in the abelianized locally compact Weil group of Xo is canonically 
isomorphic to the divisor class group Pic® of divisors of degree 0, which are rational 
over «. It is enough to use the corresponding result for the /-parts of the groups under 
consideration. To derive it in this special case, one could use the theory of Kummer 
extensions (see Appendix C). The group Pic? is finite. In fact, Pic® is isomorphic 
to the finite group of «-rational points of the Jacobi variety of Xo. Alternatively one 
may use finiteness of class numbers for global fields. 

Now consider the higher dimensional case. For this let us make some preparations 
first. For an open nonempty subscheme Up of Xo containing the base point a, the 
map 

m(U, a) > 1 (X, a) 


is surjective. Therefore we can assume Xo to be smooth and quasiprojective. Xo 
is an open dense subscheme of a normal projective scheme Xg over k. So XQ is 
contained in some projective space P of dimension N over x. Then there exists an 
open smooth subscheme Yo of Xo containing Xo 


Xo C%HCX, 


whose complement Ag is of codimension at least 2 in Xg and such that the comple- 
ment Do = Yo \ Xo of Xo in Yo is a smooth submanifold of pure codimension | in 
Yo. After a base field extension the connected components 


Dio, .-, Dro 


of Dp can be assumed to be geometrically irreducible, such that each component 
D,o has a «-rational point, say ay. 


The Second Case. Let Xo = Yo and dim(Xo) = 2. 

We choose a sufficiently general linear subspace L of codimension dim(X) — 1 
of the projective space P”, such that AM L is empty and such that C = XO L is 
a smooth irreducible curve. After base field extension we can again assume L to be 
defined over xk. 

L=Lo @kk, C=Co@k. 


By our choice of L and the assumption X = Y the curve Co is even projective. 
From Bertini’s theorem and Zariski’s theorem on connectivity one deduces, that the 
homomorphism 

y(C, a) > m(X,a) 
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is surjective. We can assume, that the base point is contained in Cg. After these 
preparations the second case follows from the first. 


The Last Case is the General Case. Fix one of the components D,9 of Do where 
v=1,..,r.Let y\” be the henselisation of Yo in the point a,, i.e. the spectrum of the 
henselisation of the local ring of Yo in the point a,. Then va @,k = Y) is the strict 
henselisation of Y = Yo ®, k in the geometric point @, € Yo(k) over a,. Let X 
denote the inverse image of X in Y“, similarly X a the inverse image of Xo in y@ 
and D”) the inverse image of D, in X“). For the following considerations we can 
assume, that the base point @ is the image of a geometric point of X“) also denoted @ 
for the sake of simplicity. The image of a in X a is also denoted @,,. The inverse image 
of W(k/«) C Gal(k/«) under the surjection (Xp, @) > Gal(k/k) is called the 
Weil group W(X, hae a) of X Ne . We have the following natural commutative diagram 
with exact lines 


0 —> 21(X), @) —> W(Xy”,@) —> Wk/) —> 0 


| | | 


0 ——~> 1 (X, a) ——~> W(Xo, a) ——> W(k/x) ——0 
The character x induces characters 
x2: W(X$”, a) > G;" 


rv W(X”) a> Q*. 


By assumption the image x(z1(X,q)) is a pro-l-group. Therefore x, is tamely 
ramified along D“”) and factorizes over the /-part J of the tame ramification group 
along D™). This group is isomorphic to Z; after a choice of generator. For the 


arithmetic Frobenius element 0 € W(k/k) and some inverse image o in W(X, Nag a) 


1 


we have g jo” = j? and 


xv) = x2) = 9G 5674) = WV)? 


for j € J. Hence the character factors over the quotient group Z;/(g — 1)Z), a finite 
group with say m elements. Then the m-th power 


x =1 


of xy is the trivial character. We now repeat this consideration for all the other 
components of Dg. The theorem of the purity of branch points finally implies: 


x” is unramified in all points of Do and therefore factorizes over the Weil group 
W(%, @). 
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This reduces the general case to the second case already treated. Theorem 1.3.1 is 
proved. O 


For a smooth sheaf ‘% on Xo of rank n Theorem [.3.1 and its corollary imply, 
that its determinant sheaf, i.e. the highest exterior power /\" % of %, is t-pure 
being a sheaf of rank 1. 


Definition 3.2 (Determinant Weights) Let Xq be a geometrically connected normal 
algebraic scheme over k and %} be a smooth sheaf on Xo. For each irreducible 
constituent .Yq of GH we define the determinant weight of % with respect to t and 


.A to be 
Bin, paw )\\ A), 


where n is the rank of A and B is the t-weight of the determinant sheaf /\" A of 
A. A smooth sheaf GF has finitely many such determinant weights (for fixed T). 


Let be a smooth sheaf on a geometrically connected algebraic scheme Xo. 
Such a sheaf ‘% is defined by a representation o of the Weil group W(Xo, x) ona 
finite dimensional Q,-vectorspace V = “; = ‘%. There exists a finite extension 
field E Cc Q, of Q and an E-vectorspace W C V, such that V = W @&— Q 
and such that o defines a continuous representation p : W(Xo, x) — G/(W). The 
image o(71(X,x)) of 2,(X, x) in GI(W) C GI(V) will be called the geometric 
monodromy group, whereas the image of W(Xo, x) will be called the arithmetic 
monodromy group of the representation p or alternatively of the smooth sheaf ‘%. 

For an extension x’ of the base field « of degree m, the point X defines a geometric 
point of Xo ®, x’, again denoted ¥. The Weil group W(X @, «’, X) is canonically 
isomorphic to the inverse image in W(X0, X) of the unique subgroup of index m 
in W(k/x) = Z. Similarly if Xo is a geometrically connected etale covering of 
degree n over Xo, then for a choice of a geometric point x’ over X in Xo, the Weil 
group W(Xo, x’) is canonically isomorphic to a subgroup of index n in W(Xo, x) 
and 71 (X’, x’) is canonically isomorphic to the subgroup W(X, x") 1 11 (X, x) of 
m1 (X, x). This subgroup again has index n in 2 (X, x). Conversely every subgroup of 
W(Xo, x) with these properties arises from a geometrically connected etale covering 
of Xq in this way. 

GL(V) is an algebraic group over Q, naturally defined over the field E by 
V = W @e Q,. The Zariski closure Ggeom of o(71(X,X)) in GI(V) is a linear 
algebraic group over Q,, which in fact is defined over the field E. Every element g 
in the Weil group W(Xo, x) normalizes this group 


P(8) Geom p(s)! = Ggeom - 


This means that every element of the cyclic group (0) = W(k/«), where o is some 
fixed element of degree deg(o) = 1, defines an automorphism of the algebraic group 
Geom, Which is defined over the field E. Let G be the semidirect product of Ggeom 
and the discrete group scheme Z = W(k/x) defined over E via this action 
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G = Ggeom a W(k/k) . 


With these definitions G is Zariski locally a finitely generated group scheme over E, 
which contains Ggeom as an open and closed subgroup scheme. 

Let us arrange things into the following commutative diagram with exact hori- 
zontal lines: 


0 —— 1 (X, x) ——> W(Xo, x) ——> W(k/xk) ——~-0 


0 — Gegeom >G > W(k/«) —— 0 


GI(V) 


Further Notations. The connected component of Ggeom will be denoted Gc? com: FOr 


a field Q between E and Q@ let G8, (Q) C G geom(S2) C G(82) denote the groups 


geom 
of Q rational points of Ge com> Ggeom, G respectively. 

Let “% be a semisimple smooth sheaf, then the corresponding representation p of 
W (Xo, x) on V and its restriction to the normal subgroup 7) (X, x) are semisimple. 
This immediately implies, that also the representation of the algebraic group G geom 
on W is semisimple. Hence Geom has trivial unipotent radical. Thus Ggeom is a— 
not necessarily connected — reductive linear algebraic group. 


Theorem 3.3 (Grothendieck) Let ‘% be a geometrically semisimple smocth sheaf 
on a geometrically connected normal algebraic scheme over x. Using the preceding 
notations we get: 


(1) Ggeom respectively Clase are semisimple algebraic groups. 


(2) Let Z denote the center of the group G(Q,) of Q)-valued points of G. Then the 
natural homomorphism 
Z —> W(k/k) 


has finite kernel and cokernel. More precisely, Z contains a power of an element 
of degree 1. 


Corollary 3.4 [fwe replace x by a suitable finite base field extension, the homomor- 
phism 
Z—> W(k/k) 


becomes surjective. 
Remark 3.5 Let.% be a smooth, but not necessarily geometrically semisimple sheaf 


on X. All irreducible constituents -% of .A are semisimple, and therefore geomet- 
rically semisimple (see the remarks before Theorem I.3.3) We can therefore apply 
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Corollary 1.3.4 to all the constituents %. Then Schur’s lemma easily implies: If we 
replace « by a suitable finite base field extension x’, then all irreducible constituents 
of the inverse image of .A on Xp ®, x’ become geometrically irreducible. 


Proof of Theorem 1.3.3(1). Ggeom and Gm are reductive algebraic groups, defined 


geom 
over Q,. To prove 1.3.3(1) we can replace « by a finite extension field and Xo by 
a geometrically connected etale covering, as indicated earlier. Such a replacement 
allows to assume Ce = Geom. 

Let T be a maximal torus in the center of the now connected group Geom = 
Ga Choose an element o € W(Xo0, xX) of degree deg(o) = 1. Conjugation by 
p(a) € W(Xo, x) fixes Ggeom, hence also the center of Ggeom. Hence conjugation 
by p(c) fixes the maximal central torus T 


p(a)Te(o) | =T. 


The map tf +> p(c)tp(o)! therefore permutes the finitely many characters of the 
representation of T on the vectorspace V. Since the underlying representation is 
faithful, 

t+ p(o™)tp(o™) | 


is the identity map on T for some suitably chosen natural number m. There are only 
finitely many outer automorphisms of a reductive group, which induce the trivial 
automorphism on a maximal central torus T. Replacing m by a suitable multiple we 
may therefore assume, that there exists an element g € Geom (Q,) such that 
p(o™)-y- plo") | =g!-y-g 

holds for all y € Geeom (Q)). Now we make a base field extension replacing « by 
an extension x,, of degree m. Then ¢ = p(o™) becomes an element of degree 
deg(¢) = 1 in the Weil group W(k/km). This allows to assume m = 1 from now 
on. From above we obtain that g¢ commutes with all elements of G geom (Q)), hence 
g¢ is in the center of G(Q,). In fact 


GQ) = LU Geeom(Q) - (gg) « 
jeZ 
So the element g¢ of degree one (we are now over the extended base) defines a 
splitting 
G(Q)) = G geom(Q;) xZ. 
This allows to define 
@: W(X0,x) > G geom(Q)) 


as the composition of the natural map j : W(X0,x) > G (Q;) and the projection 
G(Q) > Ggeom(Q;) onto the first factor of the direct product induced by the g¢- 
splitting. 
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If the connected group G geom = Go com Were not semisimple as stated in assertion 
(1), then there would exist a nontrivial character with values in the multiplicative 
group Gi, 

X : Ggeom > Gm - 


Composition with @ : W(X0, x) > Ggeom (Q)) induces a continuous character 


x0: W(X0,%) > Gn@) =G". 


Its restriction to the subgroup 71 (X, x) would have Zariski dense image in G,,. In 
particular, this image could not be finite contradicting Theorem 1.3.1. This contra- 
diction implies, that Geom is a semisimple group. 


Proof of I.3.3(2). We are now again in the general situation, where G geom need not 
necessarily be connected. To show I.3.3(2), it is enough to show that the image of the 
center Z of G(Q,) has finite index in W(k/x). The homomorphism Z > W(k/k) 
has finite kernel, since Ggeom is semisimple as shown above in the proof of I.3.3(1). 

We choose an element ¢ of G(Q,) of degree deg(¢) = 1. Any automorphism of 
a connected semisimple algebraic group defined over an algebraically closed field is 
a product of an inner automorphism and an automorphism of finite order. See [T], 
1.5.6. Apply this for the connected group Cu C Ggeom. Hence ¢ can be modified 
by an element in Grea (Q)) — being still of degree 1 — such that for this modified 
choice of ¢ a suitable power 


z=ct",m#0 
commutes with all elements of Gc? Oni (Q,), and in addition such that conjugation by 


0 


oe (Q)). If z is chosen in this way, then 


zis trivial on the finite group G geom(Q))/G 
for any g € Ggeom (Q)) 


bg(n) = gee € Geom (Qh) 


defines a cocycle of the cyclic group Z = (z) generated by z with values in 
Gales (Qi). This means $g(n + m) = g(n)z"bg(m)z". Since z acts trivially on 
Gt iii (Q;), this map ¢¢ defines a group homomorphism 


bg: 22> ela (Q). 
Goeoni (Q;) is normal in Geom (Q,). The obvious relations 
P(eg'g-!)g = Pgg'(N) = bg (n) 


deg (n) = g'he(n)(g’) | 


forall g © Ggeom(Q)) andall g’ € Go eom (Q;) therefore imply $¢ (1) = s'bg(ny(g) |. 
Hence ¢,(n) takes values in the center of the semisimple group Cc (Q,). This 
center is a finite group of order say n. Then of course ¢g(n) = 0 holds for all 
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& © Geom (Q,). Hence z” commutes with all elements in G geom (Q). Since G(Q,) 
is generated by ¢ and Ggeom(Q;), this implies z” € Z. Since deg(z") # O the 
cokernel of the map Z + W(k/k) is finite. This proves assertion I.3.3(2). 


Corollary 3.6 Let ‘% be a semisimple smooth sheaf on a normal geometrically 
irreducible algebraic scheme Xo. Choose an element z from the center of G(Q;) 
with deg(z) = m # 0. Suppose a, .., a, are the eigenvalues of z on the represen- 
tation space V = “%z with |r(a;)|? = qi. Then the numbers B, .., By are the 
determinant weights of GH. 


Proof. By Schur’s lemma z acts on each irreducible summand by multiplication 
with an eigenvalue. From the next remark one therefore easily reduces to the case, 
where ‘% is irreducible. The claim then follows from Theorem I.3.1 applied to the 
determinant sheaves. O 


Remark 3.7 Let the assumptions be as in Theorem J.3.3. Consider a representation 
of the group scheme G — the algebraized arithmetic monodromy group attached to 
V — ona finite dimensional Q, vectorspace V’ defined over Q,. This representation 
induces a continuous representation p’ of 11(Xo, X) on V’. The image of Geom in 
GI(V’) is the Zariski closure of p’(71(X,X)) in GI(V’). Especially the restriction 
of p’ to 21(X, X) is again semisimple. The induced map 


GoG' 


of G to the group G’ attached to (p’, V’) is surjective. This map therefore induces 
a homomorphism from the center Z of G(Q,) to the center Z’ of G’(Q,). Assertion 
1.3.3(2) implies, that the image of Z in Z’ has finite index in Z’. 


The following properties of determinant weights follow from Corollary 1.3.6 and 
the last statement of Remark [.3.7. 


Theorem 3.8 Let fo : X 0 — Xo be a morphism between normal geometrically 
irreducible schemes and let .% and Gp be smooth sheaves on Xo. The image of Xo 
is supposed to be dense in Xg. Then the following holds 


(1) -% and fy (-%) have the same determinant weight with respect to a fixed Tt. 

(2) Suppose °% resp. .A has a single determinant weight a resp. B with respect to 
t. Then .A% ® “G& has the single determinant weight a + B with respect to T. 

(3) For y € R let r(y) denote the sum of the ranks of all irreducible constituents 
of A, which have the same determinant weight y with respect to t. Then the 
determinant weights of /\' A are the numbers 


Yay — with — ayy =r, O<nly) sry) ny) eZ. 


yeR yeR 
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Proof. For the proof one can replace .% and ‘% by their semisimplifications. (2) and 
(3) then follow from the Corollary 1.3.6, using 1.3.7 applied to the Zariski closure of 
the arithmetic monodromy group attached to.% ® %. 

For (1) use, that the image of the geometric fundancatil group of X’ "has finite 
index in the geometric fundamental group of X, hence contains G? com (Q)). Choose 
cleG’ (Q)), such that deg(¢’) = 1 and (¢’)" € Z’ for some n € N by 1.3.3(2). The 
image of ¢’ commutes with G? sion (Q,). The same argument as in I.3.3(2) shows, 
that some power commutes with G geom (Q). Therefore it is in Z, because G(Q,) is 
generated by Ggeom (Q,) and the image of ¢’. Finally apply Corollary 1.3.6. O 


1.4 Real Sheaves 


Let us recall the following basic facts on the cohomology groups of curves. 

Let Xo be a smooth geometrically irreducible curve over « and ‘% be a smooth 
sheaf on Xo. Fix a geometric point x over some closed point x in IXol. The Weil 
group W = W(Xo, x) of Xo acts on the Q)-vectorspace V = Gz = “%. Consider 


m = 7(X,x) C W(Xo, x). 


If Xo is affine, the cohomology group HOUX, ‘ ) vanishes. On the other hand 
He 2(X, ‘ ) can be determined using Poincare duality. This allows to determine the 
eigenvalues of the geometric Frobenius element F € W(k/k) on H., 2 (Xx, % ), since 


H2(X, G) = Va(-1), 


where V,, is the largest factor space of V with trivial action of z. On V, and on 
V.(—1) the Weil group W(k/x) still acts. The image of Fy : Sy; = V > Vin 
W(k/k) is F4, where d(x) = [k(x) : x]. For every Seale a of 
F : Va (—1) = H2(X, G) > H7(X, G) 

the number ag7! is an eigenvalue of F : V; — Vy and (aq~!)4 is thus an 
eigenvalue of F, : V = Sz — ‘Sz. The module M = V,, defines a smooth 
sheaf .7 on Spec(«). The pullback .% to Xo is the largest smooth quotient sheaf 
of %9, which becomes constant on X = XQ ®, k. This representation theoretic 
characterization has the following consequence: 


The determinant weights of .% and RB coincide and they are among the deter- 
minant weights of the sheaf -%. 
This property of the determinant weights of .% implies: 


Lemma 4.1 Let a be an eigenvalue of 
F: H2(X,G) > W(X, G). 


Then log(|t(aq~!)|*)/log(q) is a determinant weight of A, hence also of | 
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Proof. For an eigenvalue a of F : H? (Xx, G)-> H?(X, ‘G) the number 
log(|t(aq7!)|*)/ log(q) is a determinant weight of .7, hence also of ‘%. Hence 
there exists a determinant weight 6 of %, such that |t(@)|? = q?*? . 0 


Now suppose that ‘% is also r-real (Def. 1.2.10). The logarithmic derivative with 
respect to t of tdet(1 — Ft, ey is 


io.) 


OS) array it 


n=1 


where A is the Frobenius homomorphism 
Az > Dx - 


The identity 
tdet(1— F,-t, HM)! = el fat 


implies, that the sheaf %®* is again t-real. In the even cases, i.e. if the integer k is 
replaced by 2k, the coefficients of the power series tdet(1 — Fyt, Ben with 
respect to ¢ are obviously nonnegative. 


Lemma 4.2 (Rankin-Selberg Method) Let ‘% be a smooth sheaf on a geomet- 
rically irreducible smooth curve Xo over x. If G% is t-real, then all irreducible 
constituents of ‘% are t-pure. The t-weights coincide with the determinant weights 
of the corresponding constituents. 


Proof. 1) We will first estimate the eigenvalues of 
Fy: G7 > ‘Ax x €|Xol. 


Suppose % #4 0. Without restriction of generality we can assume the curve Xo to 

be affine. Let 6 denote the largest determinant weight of % with respect to t. Then 

2kf is the largest determinant weight of %® at according to Theorem I.3.8(2). From 

our preliminary considerations in I.4.1 we find a lower bound 

for every zero t = tg of the polynomial tdet(1 — Ft, H2 (Xx, GPK)), 
2) On the other hand, for every natural number k we have 


Il tdet(l _F pd) GB*)-! = tdet(1 = Ft, HL (Xx, G2k)) 
I tdet (1 — Ft, H2(X, 8k) ° 


xe|Xo| 


This shows, that the product expansion on the left hand side of the upper equation 


converges for all 


It] < ga ORB +2)/2 
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Because all factors have nonnegative coefficients and the leading coefficients are 
equal to one, the same convergence holds true for each of the local L-factors. See 
Remark 1.2.17. Hence for all x € |Xo| the polynomials 


tdet (1 — Fyt4®, G84) 


are zero free for |t| < g~(2*#+?)/2, Consider an eigenvalue a of F, : Sz > Ax 
and the corresponding eigenvalue a? of 


Fy: G2" > Gor ; 
The above inequality implies 
ia)? = GeO Or Pe Nate 
which in the limit k + oo gives 
In(@)? < N(aP. 


To Put Things Together. For each eigenvalue a of 


the inequality 
(x) — |t(@@)? < Nw) 


holds, where f is the largest determinant weight of ‘% with respect to T. 

3) Still one has to obtain further information on the irreducible constituents of 
‘%. For this apply the last estimate (*) to certain exterior powers of the sheaf ‘%. 
This finally proves Lemma 1.4.2, as will be shown now: 

Suppose the determinant weights of -% being given in decreasing order 


VY> v2 >.> Ur. 


We may assume ‘% to be semisimple. For each determinant weight y; of ‘% let then 
‘(i) denote the direct sum of all irreducible constituents of ‘% with determinant 
weight equal to y; with respect to T. 


Let r(i) denote the rank of ‘% (i) and for any n withO <n <r putN = )“7_,r(i). 


Then 
N+1 


N G = Gin +1) &) det (M(i)) oe 
i=] 


has largest t-determinant weight 
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n 
yas + Dory 


i=] 
by 1.3.8(3). A particular eigenvalue of 


N+1 N+1 


Fy: \\ “> \\ & 


n r(i) 


ween I] I] a) 


i=l j=l 


is 


where al? Rati we denote the eigenvalues of Fy : ‘%9(i)z — “%(i)z counted with 


multiplicities. The above estimate («) therefore shows 


n ri) 
f(a TT [Pas y? s neyrerrthha on 


i=] j=1 
This together with the determinant relation 


n r(i) 


HINGE Kone = N(x) Lia OR 


i=] j=1 
which follows from the definition of determinant weights, yields 
[x(a )|? << N(x) forall l<n<r, 1<i<r(n). 


The same argument applied to the dual sheaf of ‘% proves the opposite inequalities 
and therefore completes the proof of Lemma [.4.2. O 


Next we want to generalize 1.4.2 from the curve case to higher dimensions and 
also to the case of more general sheaves. The idea is to use Bertini’s theorem to 
reduce everything to the curve case I.4.2. 


Theorem 4.3 Let X be an algebraic scheme and ‘% be a sheaf on Xo, which is 
t-real. Then 


(1) °% is t-mixed 

(2) Purity: Let Xo be irreducible and normal and let Gp be smooth. Then the irre- 
ducible constituents of % are t -pure. The t-weight of each constituent coincides 
with the corresponding determinant weight. 


Proof. Part (2) follows from part (1) and Theorem I.2.8(3). 
We can assume, that XQ is reduced. Let jp : Up — Xg be an open subscheme, 
ig : So > Xo the closed complement. Then we have the exact sequence 
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0 —~ Jo! ig C%) —~> '% —~ i0xi§ (A) —~+ 0. 


Hence -% is mixed, provided jg (-%) and ij(-%) are mixed. This remark allows to 
use noetherian induction. It is therefore enough to show, that there exists a nonempty 
open subset 

Jo: Uo > Xo, 


such that jj (-%) is t-mixed. 

Next observe that we can freely use base field extension. Namely let «’ be a finite 
extension field of «, put X9 = Xo @ « «’ and let G' be the pullback of % to Xo. If 
‘G9’ is t-mixed, then also the direct image of ‘%' onto X is t-mixed, which contains 
‘G as a tT-mixed subsheaf. 

Using these preliminary remarks we can assume, that XQ is a smooth irreducible 
affine algebraic scheme over « and that -% is a smooth sheaf on XQ. Replacing x 
by its algebraic closure in the function field of Xq we can also assume XQ to be 
absolutely irreducible. Then by Lemma I.4.2 it is enough to consider the case 


dim(Xo) > 1. 


Furthermore using I.3.5 we can make all irreducible constituents of -% geometrically 
irreducible by a finite base field extension. Now embed XQ into some projective space 
Py over K 

Xoc i ; 


Let .% be one of the irreducible, geometrically irreducible constituents of -%. We 
have to show, that there exists a nonempty open subset Up of Xo, such that .% 
becomes t-pure when restricted to Uo. For that consider linear subspaces L of P% of 
codimension dim(Xq) — 1, defined over k. They also arise as k-rational points of a 
certain Grassmannian G over k. Especially consider those L, where the intersection 
C = LNMX isanonempty smooth irreducible curve over k and such that the restriction 
of the sheaf .Y from X to C is irreducible. According to the theorem of Bertini 
resp. the theorem of Bertini for geometrically irreducible sheaves (see Appendix B, 
Theorem 1) all linear spaces L from the k-rational points of a suitable open dense 
subset Q of the Grassmannian G have these properties. 

For the moment fix such an L € Q. Then there is a finite extension field x’ of x, 
such that C is defined over x’, i.e. that there exists a closed curve 


Co C Xo @x Kk’ 


with the property 
Co Qe kK=C. 


The pullback .A%H’ of .AH to Co is a constituent of the pullback ‘%' of ‘% to Co, 
and it is geometrically irreducible according to our choice of Q. The sheaf ‘%] is 
still t-real. According to Lemma I.4.2 (Rankin method) .%’ is a t-pure sheaf on 
Co. Again by 1.4.2 the weights of .%’ coincide with the determinant weight of .7%’, 
which coincides with the determinant weight 8 of ‘% attached to.%. For any image 
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point x of a geometrical point of LM X in Xo with values in k the stalk ‘9p; is t-pure 
of weight B. 

Now we let L € Q vary. Then there exists an open nonempty subscheme U of 
X, such that every k-rational point of U is contained at least in one of the linear 
subspaces L € P% from Q. But U is already defined over some finite extension field 
of «. Intersecting U by its finitely many conjugates allows us to assume U already 
being defined over «. Thus there exists a subscheme Up of Xo such that 


U =U) ® k Uy #0. 


The restriction of the sheaf .% to the open subscheme Uo of Xo is t-pure of weight 
B, where f denotes the determinant weight of .%. This proves the claim. im 


I.5 Fourier Transform 


Let Ag denote the affine line over the field «. For an extension field L of « we have 
Ao(L) = L . Now consider the Artin-Schreier covering 


(9: Ag —> Ao 
x be xI—-—x 


of this affine line. It defines a geometrically irreducible, etale Galois covering of Ag. 
The Galois group of this covering is canonically isomorphic to the additive group « 
of the base field. It is a quotient group of the fundamental group 7) (A, x) for some 
fixed base point x. So any character 


wv [Ka Q; 
induces a character of this fundamental group and thus defines an etale sheaf 
Dol) 


on Ag of rank one. 
For any element x from x, let y, denote the character 


Wx {Ka Q, 
yr wry) 


Fix a nontrivial character wy. Then x +> yy identifies the additive group of the base 
field « and the character group of the covering group of the Artin-Schreier extension 
defined by g29. 

Now let us consider the direct image sheaf §99,.(Q,) of the constant sheaf Q;. One 
obtains: 
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§0«Q) is a smooth sheaf on Ao of rank q. The underlying representation 
of the fundamental group is the natural representation on the group ring of 
factor group « with coefficients in Q). 


This implies 
Lemma 5.1 Let yy be a nontrivial character of « with values in Q, . Then 


§0»(Q) = BD Zor) . 


XEK 


Apropo Base Field Extensions. For any natural number n > 1 consider the etale 
covering 


aa :Ag > Ag 


n 
x xl —x 


In general this is not a Galois covering. But after a base field extension with the field 
Kn of gq” elements it becomes the Artin-Schreier extension of the affine line Ag @x Kn 
over Ky. It then has the covering group Ky. The morphism es” admits the following 


decomposition 


ee : Ao 


Over k, this decomposition induces a surjective homomorphism between the cover- 
ing groups of the maps ee and 49 = ys defined by the trace 


Tr: kn > K 


Given a character y : k > on of « and an element x from x, the following holds 
true 


weoTr= (yo Tr) 
x 
By abuse of notation the character 
woTr: kx >Q> 


will again be denoted y. Contrary to above, wy is in general for elements x in Ky 
only a character of «,. If w is nontrivial, then of course the induced character 


Vi tr > Q 
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is again nontrivial. Therefore the construction of the sheaves %o(w) and .Zo(yy) is 
compatible with finite base field extensions. 
From the Leray spectral sequence obviously follows 


0= H'(A, Q) = H'(A, ».(Q)) 
0= H(A, Q) = HA, 9(Q)) - 


Using Lemma [5.1 and base field extension we get 


Lemma 5.2 For any character w : kK > Q* and all elements x € k one has 


H'(A, Z(Wy)) = H(A, Z (vx) =0. 


Here we use the following convention. If x is an element of x, for some n, then 
% (W.) will denote the pullback of the sheaf %o(w,) from Ap @y Kn to Ag @x k. 


Definition 5.3 (Fourier Transform) Let wy : « > Q, be a nontrivial character. 
Consider the diagram 


Ao x Ag ———————>- Ag m(x, y) =xy 
a << 
Ao Ao 
and define the functor Fourier transform 
Ty : D2(Ao, Q)) > DP (Ao, Q) 


by 
Ty(K) = Ray, (x§*(K) @ m*( Zo) UL 


Here K [iy = Kit!) hence [1] indicates a degree shift for the complex by I to the 
left. 


Remarks to Definition 1.5.3 


(1) Db? (Ag, Q,) is the “derived” category of bounded complexes of etale Q)-sheaves 
on Ag with constructible cohomology sheaves. For details see Appendix A or 
Chap. II, in particular the section on the triangulated category b> (X, Q)). Usu- 
ally all results obtained for etale sheaves by Fourier transform in the following 
sections can be extended by Theorem I.1.4 to cover the case of Weil sheaves as 
well. 

For a sheaf K, i.e. a complex concentrated in degree 0, the Fourier transform 
T, (K) is a complex with cohomology concentrated at most in degree -1,0,1. 
This is due to the shift of degree of the complex to the left by [1], since the direct 
image complex R79) (7 ) of a sheaf .¥ has cohomology only in degrees 0,1,2. 


(2 


wm 
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Similar to the later proof of Lemma 1.5.10 one shows 


Lemma 5.4 For a € « consider the morphism 


15: Ao > Ao 
xX Pax’ 


Then for a character w :k > Q, the following holds 


(A9)"( Zo) = Loa) - 


After suitable base field extensions the base change theorem and this lemma 
imply 


Theorem 5.5 Foracomplex Ko from Db? (Ao, Q) anda geometric pointa € Ag(k) = 
k one has 


(Ty(Ko)) =RPc(K ® Z(va))U1. 


Here K denotes the pullback of Ko onto A = Ao ®, k and 4 (Wa) denotes the 
pullback of the sheaf Zo(yq) defined over a suitable extension field ky containing a. 


Let n be a fixed natural number. In I.2.12 we have attached functions 
f Be Xo) SC 


to sheaves “% on algebraic varieties Xq over « depending on n. This procedure can 
be extended to complexes Kg € De (Xo, Q,) by setting 


f Ko ae Yep ye ; 


where .#" (Ko) is the v-th cohomology sheaf of Ko. 

Let x be anelement from x, anda € k be asolution of the Artin-Schreier equation 
17" —t = x. The arithmetic Frobenius substitution of k over ky, maps the solution a to 
the new solution B = w?". But 8 — a = x. This shows, that the arithmetic Frobenius 
acts via translation by the element x, also viewed as the corresponding element x in 
the covering group k,. The geometric Frobenius element F in the covering group 
Kn is therefore given by the element —x € Kn. 

From this computation and Grothendieck’s fixed point formula one derives, using 
Theorem I.5.5, the following 


Lemma 5.6 Let n > | be a natural number and Ky be a complex from D? (Ao, Q)). 
The functions 
FIED | FEO: No(kn) = kn > C 


are related by 
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FTV) = — SO fhoCyy lt) een). 


XEKy 


On the level of the functions f : k, — C attached to complexes, the Fourier 
transform Ty, (Ko) of Ko therefore corresponds to the usual Fourier transform on the 
finite abelian group x» with respect to the nondegenerate pairing w—!(xy), at least 
up to a sign. Remember the definition of L?-norms given in §2. For these norms the 
Plancherel formula for the group «,, implies 


Theorem 5.7 (Plancherel Formula) For a complex Ko € De (Ag, Q;) and any 
natural number n > 1 one has 


[Pn = GF Un - 
Of course these functions f*° depend on the choice of n as explained in §2. In 


other words, if one varies the natural number n, one obtains a whole collection of 
such functions. 


Theorem 5.8 (Fourier Inversion) For all Ko in DP (Ag, Q;) one has 
(Ty-1 Ty (Ko) = Ko(-1), 
where Ko(—1) = Ko @G, Q(- 1) denotes Tate twist. 


The rest of this section is devoted to the proof of the Fourier inversion formula. 
We start by computing the Fourier transform of the constant sheaf Q; on Ap. The 
following facts are easily verified: 


(1) From Lemma I.5.2 follows 
HLA, Z(Wy)) = 0 


(2) A being affine implies 
H(A, Y (Wx) = 0 


(3) For ¥ nontrivial 7, is trivial only for x = 0. Poincare duality therefore implies 


0 x0 


2 , =i 
H: (A, L(Wx)) = loc x=0 


Using Theorem I.5.5 these observations prove 


Lemma 5.9 (Orthogonality Relations) Let 


ij = {0} = Ao 
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be the embedding of the origin into the affine line and let 89 = ios (Q;) denote the 
sheaf concentrated at the origin with stalk equal to Q;. Then 


Ty (Q)) = 80(—-1)[-1]. 


Equivalently this means in terms of the projection x = x 


Rr? (m*(Lod)) = 60(-V[-2] . 


This being said, we are ready to prove the inversion formula. For the proof we 
need a couple of maps and diagrams. The sign © will indicate cartesian squares. 
Consider 


Ao AZ —" _. Ay 


x3 > x2 A co ig 
Ag ———~ Spec(k) 


and the maps 


A(x) = (x, x), 
a(x, y,z)=(y,z2—-%x), 
Ba, y)=(¥-x). 


Furthermore consider the diagram 


13 


Ag x Ag <—WH—~—— Av x Ac x Ag 
2 73 
a! Ag x Ao © Ao x Ag 
Ag Ao Ao 


Here z/ resp. 2‘/ denotes projection on the i-th resp ij-th factor. In the diagram the 
middle square is cartesian and the morphisms are projections onto factors as indicated 
by the indexing. The essential step for the inversion formula is to prove the analog of 
the wellknown character formula Dew: Ww! (yw —2)) = "(x —2z) for x, 2 € Kn. 
For that one uses, starting from the next Lemma [.5.10, the basechange theorem 
applied to the first cartesian square and then the orthogonality relations 1.5.9. This 
gives 
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Ra}3 (x! (m*( Low!) Bg, xn" Zow)))) 
= Rr} (a*(m*(Zoy)))) 
= B*(RaP(m*( Zow)))) 
= B*(50(—1)[-21) 


= A.(Q)(-DI-2] . 
The last equality uses base change in the second diagram. Next observe 
A,(Ko) = Ax(Q) @g, A*2*(Ko)) = Ax(Q)) @g, 27*(Ko) - 


The base change theorem for the third cartesian diagram yields 
(Ty-1 0 Ty) (Ko) 


= Rar] oR)? (x! (m*( Zo") Bq, x7 Om" Zo(W))) Bg, x7 ox*(Ko)))[21- 


23 2* 13% 


Now use Rz/! ) Rx}? = Ra} ) Ra; oe ont = 71 o w2*, the projection 
formula [FK], Proposition 1.8.14 and the previous computations to obtain 


Ty-1 0 Ty(Ko) = Rx} (A¢(Q)(-D[~2] @g, x*(Ko))I21 


= Rr} (A«(Ko)(-D) 


= Ko(—1). 


The Fourier inversion formula is proved. O 


Lemma 5.10 The following holds: 


!2*(m*(‘ZoW"))) By, 2? (m"(ZoW))) = 0% (m* Zo) - 


Proof. We have Ag = Spec(k[s]) and Ag x Ag x Ag = Spec(k[x, y, z]) for certain 
variables s, x, y, z. We adjoin to «[x, y, z] the algebraic elements ¢ and 7 defined by 
the equations ef —¢ = xy and n? —n = yz. The spectrum Xo of the ring obtained by 
adjoining these two elements is an etale, irreducible Galois covering of Ag x Ag x Ag 
with covering group kK x K. 

Consider the following commutative diagram 
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we Ao 
Ao < Xo | > Ao 
|» 
#0 Ao 0 
moa 
mon !2 mors 
Ag <————_ Ao x Ao x Ag ——> Ato 


uv <—_———H (uv, v, w) KH" UW 


The three morphisms Xo — Ao in the diagram are best described by the correspond- 
ing homomorphisms of affine algebras, which are given by 


SHOE, SH N-E,SH7N. 
The induced homomorphisms of the covering groups 
KXKOK 


are 
(o,T) Ro, (0, tT) T-O, (O,T) RT. 


The character wy : k > Q, gives via composition with these three homomorphisms 
~ * 

three characters 71, W2, 3 : K X K > Q, . These three characters correspond to 

the three smooth sheaves entering into Lemma I.5.10, namely 


a (m*( Loy): ti((.2)) = ¥@) 
aim(Zwy): — n((.2)) =V@O)/VO) . 
1?3*(m* (Loy): W3((,0)) = ¥@) 


The assertion of the Lemma I.5.10 then boils down to the trivial statement yy, : 3 = 


yr. 
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With all the necessary requisites at hand, we are now prepared to prove the funda- 
mental 


Theorem 6.1 (Deligne) Let Xo be a smooth, geometrically irreducible, projective 
curve over kK. Let 
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Jo: Uo Xo 


be an open nonempty subscheme. Let Ay be a smooth, t-pure sheaf of weight w on 
Uo. Then the cohomology groups 


H'(X, jx(F)) 
are t-pure of weight w +i fori = 0, 1, 2. 


One easily reduces the proof of this theorem to the case of etale sheaves. Therefore 
assume, that .% is an etale sheaf. 


Lemma 6.2 ([SGA45] dualite, theorem 1.3, p. 156) Let X be a smooth curve over 


a field, j : U <> X an open dense subset and .% a smooth, constructible Qy-sheaf 
on U. Then 


RHom(jx(A), Q) = jx Hom A, Q)) = jxbA”) - 


Theorem I.6.1 and Lemma I.6.2 are nowadays better understood in the context 
of the theory of perverse sheaves. We remark, that Theorem I.6.1 is a special case of 
more general purity statements proved in Chap. III. The statement of Lemma I.6.2 
is a special case of the general results proved in Chap. III, §5. In fact, 7, turns out to 
be the intermediate extension of .% in the sense of the theory of perverse sheaves. It 
should be emphasized, that a proof of I.6.2 will be given in Chap. III in the context 
of the theory of perverse sheaves. This proof is self contained and does not make use 
of the special case formulated in Lemma I.6.2 above. Therefore we skip the proof of 
1.6.2. 


Proof of Theorem 1.6.1. The case i = 0 is trivial. Because of Lemma I.6.2 and 
Poincare duality it is enough to treat the case i = 1 and to prove in that case: For 
every eigenvalue a of the Frobenius homomorphism 


F:H'(X, jA)) > HX, j6A*)) 
the following inequality holds 


Jr(@)|? < qvt. 


Let us first make some simplifications: Without restriction of generality we can make 
a base field extension, and one can furthermore replace Up by a smaller nonempty 
open subscheme jg : Ug <> Up, since 


(Jo © jg)* ig)" (A) = jox6A) - 


Especially we can assume Up to be affine. Then according to the Noether normal- 
ization theorem there exists a finite morphism 
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Up > Ao 
to the affine line, which can be extended to a finite morphism 
Xo > Po 


of Xo to the projective line Po over x. The direct image of .7 from Up onto Ag is a 
smooth sheaf on an open nonempty subset of Ag. Therefore we can assume without 
restriction of generality, that Xo = Po and that Up is an open subscheme of the affine 
line Ag C Po. 

The complement So of Up in Po is finite. The factor sheaf. H% = jox(-%)/jor-A) 
is concentrated on the finite set So, so H'!(P!,.H%) vanishes. Therefore the homo- 
morphism on cohomology with compact support 


HLU,.F) =H, j(F)) > WP, jF)) 


is surjective. It is therefore enough to prove the corresponding inequalities for the 
eigenvalues of the Frobenius homomorphism 


H)(U,.F) > HAU,.F). 


Making a base field extension and after shrinking of Up we can assume, that Ao \ Uo 
contains a «-rational point s, where the sheaf .% is unramified. One can interchange 
the points s and oo using a projective linear transformation. We can then assume, 
that 7% is unramified at the point s = oo, i.e. it can be extended as a smooth sheaf 
to a neighborhood of the point oo. 

By Remark 1.3.5 the irreducible constituents of .A) become geometrically irre- 
ducible after a finite base field extension. All constituents are then unramified at the 
point oo. But H (U, —) is a half exact functor. We can therefore assume ./ itself 
to be geometrically irreducible and unramified at the point oo. 

First we want to deal with the special case, where .% is a geometrically constant 
sheaf, i.e. where the pullback .¥ of .% is a constant sheaf. Then again the direct 
image jo, to P! is geometrically constant. This implies the vanishing of the first 
cohomology 

H'(P', j(F)) =O. 


The factor sheaf .H% = jox(:A)/jo:¢-%) is concentrated on the finite complement 
So = P} \ Up. Therefore the long exact sequence attached to the short exact sequence 


0> jlF) > iF) > > 0 
yields a surjection 


| [Goe)), = 4°R',.H) —>  HIWU,.F). 


ses 


Semicontinuity of weights (Theorem I.2.8) gives us control over the weights of W 
and H9(P!,.W%) and therefore implies the estimates wanted. 
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We can assume now, in addition, that .% is not geometrically constant. 

At this point let us collect things together. 

It is enough to consider the following situation: Let jp : Up <> Ao be an open 
nonempty subscheme of the affine line and .% a smooth t-pure sheaf of weight w on 
Up. Let p be the corresponding representation of the fundamental group (Up, a) 
on the finite dimensional Q,-vectorspace V. Assume 


(1) .% is geometrically irreducible smooth etale Q)-sheaf, i.e. the representation 
Playa 3 irreducible. 
(2) .A is geometrically nonconstant, i.e. the representation ly. U.a) is nontrivial. 
(3) .A is unramified at the point 00, i.e. p factorizes over a representation of 21 (UgU 
oo,a)on V. 
To prove Theorem I.6.1 we have seen, that it will now completely suffice to prove 
in the situation above the 


Claim 6.3 The eigenvalues a of the Frobenius homomorphism F : H! (U,.F) > 
HU, F ) satisfy 
za? 2g", 


The proof of claim 1.6.3 is the main step of the proof of the Weil conjectures in 
the curve case. For the proof of I.6.3, following Laumon, we will use the Fourier 
transform as defined in §5. The Fourier transform Ty (‘%) of the sheaf 


H = joA) 
will be shown to have the following properties 


(a) Ty () is a sheaf, i.e. the complex Ty (-%) is concentrated in degree 0. 
(b) There are no sections with compact support, i.e. He (A, Ty (%)) = 0. 
(c) The sheaf Ty (‘%) is a t-mixed sheaf. 


For the moment assume properties a)—c) to be true. 
Then Ty (-) is a sheaf by (a). Hence we get from Theorem 1.5.5 
Ty (H)o = HUA, GY) = HU, F). 


Obviously w = w(%). Therefore the fundamental claim 1.6.3 is equivalent to the 
statement, that the Fourier transform shifts upper weights at most by 1 


w(Ty(H)) < w(H) +1. 


To prove this recall: For a sheaf.#49 on a smooth curve Yo we have defined the upper 
weights 
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w(H) = sup sup log(|t(aw)|*)/log(N(y)) , 
ye|Yo| @& 


where o runs over the eigenvalues of the Frobenii Fy, y € |Yo| for all stalks of .7%o 
(Definition I.2.3). We also defined the L?-norm 


[-7ol| = sup {o | limsup || f7llm gq OFA) > 0} 
m 
(Definition I.2.14). For t-mixed sheaves .7 on Ag with the property 
H(A,.%) =0 


we have shown in Theorem I.2.16(2) that 


|| Holl = w6H%o) . | 


By the properties (a)-(c) stated above both .W% = % and .W%o = Ty(-) are t- 
mixed and satisfy H° (A, .%) = 0. So the last observation applied to both sheaves 
allows to restate the Plancherel formula (Theorem 1.5.7) 


Ty CA)I = oll + 1 


in terms of the upper weights 


w(Ty (-)) = w(%) +1. 


This proves the desired inequality, hence claim I.6.3. 0 


In order to complete the proof of claim I.6.3 and Theorem I.6.1 we still have to verify 
the properties (a), (b) and (c) for the Fourier transform Ty (-%) = Ty (jo!-%)) of the 
sheaf % = jo:.%. 

Property (a). Let x € Ag(kn) = kn C A(k) = k be a geometric point. We have to 
show (using Theorem I.5.5) 


HOA, iF) By, Lx) = HEU, F @g, FZ s)) = 0 


H(A, iF) @q, Z s)) = HEU, -F Bg, Wx) =0- 


But H°(U VF Qu, Y (x)) vanishes, because U is affine and.¥ is smooth. 
For the second assertion we consider the representation p @ w, on the vectorspace 
V attached to the sheaf .7% Qu, Lo (y,). Poincare duality implies 
HU, F ®g, Z(Wx)) = ( \-), 


V@vx (mi Ua) 
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where (V opie 


with respect to the representation p ®@ y,. Suppose now H?( U,.F 8G, L(Wy)) £0. 
This will lead to a contradiction. According to assumption (1) V is an irreducible 
m,(U, a) module. Therefore p ® yy, would have to be the trivial representation of 
m,(U, a) on V. For x = 0, hence p ® yy, = p, this contradicts assumption (2); 
-A namely was supposed not to be geometrically constant. Let x A 0. Then the 
character y, is nontrivial. On the other hand ¢ is unramified at oo by assumption 
(3). ep ® Wy geometrically constant, hence unramified at oo, would therefore imply, 
that the nontrivial character yy, is unramified at oo, i.e. factorizes over 


is the largest factor space of V with trivial action of 7 (U, a) 


7 (P), a) = Gal(k/k). 


This contradicts the geometric irreducibility of the Artin-Schreier covering (§5). 


Property c) of the Fourier Transform 7y,(jo:(-%)). Let b be an element of Q;" 
such that 
t(b)=q". 


Then, using the notation of Definition I.5.3, the Weil sheaf 
Hy = 1™ (jo PNBQmM( Lo) ® x* oA’ Bg" Low |) @g, Zo 
is t-real. (Compare Lemma I.2.11). But 


R'm! (2* Cio H)) @q, m*(4o(w!)) Qu, Ly) 


= Ra! (2*(jo1-H")) @y m"( Low") Bg, Zo 
=0 forv#l. 


Namely, as well as Ty (jo:(-)), the complex Ty-1( jo\-A’)) is represented by 
a sheaf, i.e. its cohomology is concentrated in degree zero. For that use the same 
argument as for the proof of property a). Therefore 


R’r}(H%) =0 forvézl. 


-76q being t-real, the Grothendieck formula for the L-series of a sheaf, applied to 
the fibers of the map z!, shows that the Weil sheaf R! Tes (.A6o) is again t-real. Then 


according to Theorem 1.4.3(1) Rr} (.H0) is also t-mixed. Therefore the direct 
summand Ty (jo1((‘A)) of Rin! (Ho) is t-mixed. 


Property b) of the Fourier Transform Ty (jo:(.))) = -H%o. The Fourier inversion 
formula I.5.8 implies 


H(A, W) = FO“' (Ty FO))o 


= H-"\(Ty-1 0 Ty (jo A)))o 
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= .F%-'(joA)(-1))o = 0. 


This is obvious, because jo:(.A)(—1) is a sheaf, i.e a complex with cohomology 
concentrated in degree 0. 

All three properties of the Fourier transformed sheaf Ty (jo) (.A)) have now been 
verified. So Theorem I.6.1 has been proved. 


Corollary 6.4 Let .A be a Weil sheaf on an algebraic scheme X¢ over k. Assume 
dim(Xo0) <1. 


Let .A be t-mixed with highest weight equal to B. Then for all integers i (= 0, 1, 2) 
the highest t-weight B; appearing in H)(Xo0, -F ) satisfies 


Bi <Bt+i. 


Proof. We can assume XQ to be reduced. By Theorem 1.4.2 we can also restrict 
ourselves to the case of an etale sheaf .%. 

Let us first discuss the case, when XQ is asmooth curve and where. is a smooth 
sheaf. After some base field extension Xg decomposes into geometrically irreducible 
connected components. We therefore can assume XQ to be geometrically irreducible. 
The irreducible constituents of .A are then t-pure by Theorem I.2.8(3). On the other 
hand the functor Hi is half exact. So .% can be taken to be t-pure of weight 6 
without loss of generality. X9 is an open dense subscheme of a smooth projective 
curve Xq over kK. 

Jo: Xo — Xo. 


Consider the short exact sequence 
0 —— jo1\-A) —— jox(A) —~> AH ——>0. 
.HAy is concentrated on the finite complement So of Xo in Xo. Therefore 
H'(X,F%)=0 i211. 


According to the semicontinuity of weights 1.2.5 the t-weights a of the stalks of 
.A are controlled by the weight of .A 


a<f. 


From Theorem 1.6.1 and the long exact cohomology sequence one obtains the desired 
estimate for cohomology with compact support. The curve case has now been proven. 

The general case. Everything is trivial in case dim(X0) = 0. So let us assume 
dim(Xq) > 0. Then we can find an open smooth curve 


Jo: U9 — Xo 
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with finite complement 
ig: So > Xo 
such that j§(-A) is smooth on Up. 
The desired estimates were already shown for the sheaves jj (7) and ij (A). 
The corresponding estimate for .% is derived from considering the long exact coho- 
mology sequence attached to the short exact sequence 


0 —> Jo\(j¢(%)) —> % —> ion(it(H)) —+ 0. 


1.7 The Weil Conjectures for a Morphism (General Case) 


Theorem 7.1 (Deligne) Suppose given a morphism 
fo: Xo > Yo 


of algebraic varieties over « and a t-mixed sheaf -A on Xo, whose largest t-weight 
is B. Then the sheaves R' fo:-A) are t-mixed for alli = 0,1, 2, ... Let B; denote 
the largest t-weight of R' fo\(-%). Then 


Bs Bt+i. 


Remark 7.2 Let .% be t-mixed for all t (with weights depending on T), ie. mixed 
in the sense of Definition I.2.1(4). Then all direct images R! fo: (.%) are t-mixed for 
all t. Using 1.2.2 and Theorem I.2.8(3) one can show, that all these direct images have 
finite filtrations, whose factor sheaves are of the twisted form -% 8g, “py for pure 
sheaves “%. (For the definition of 4, see Proposition I.1.3). Deligne furthermore 
proves [Del], that all direct images of a mixed sheaf are again mixed sheaves. 

If.% is a t-pure sheaf of weight 6, then Deligne proves [Del], that all the weights 
in R! fo: A) differ from 6 +i only by an integer. We will discuss these refinements 
in §9 of this chapter, and in the section on mixed complexes in Chap. II. 


The formulation in terms of mixed complexes and derived categories in Chap. II 
turns out to be the most flexible and the most elegant one, although the statements 
itself are immediate consequences of the corresponding statements for sheaves. 

Using Poincare duality, one derives from Theorem I.7.1 


Corollary 7.3 [f fo : Xo — Yo is a smooth and proper morphism and .% a smooth 
t-pure sheaf of weight B, then all the smooth sheaves R' fo:(.A)) are t -pure of weight 
B+i. 


Proof of Theorem 1.7.1. The statement of Theorem I.7.1 is proven by noetherian 
induction, which reduces everything to the special case of a smooth relative curve. 
In fact, this will be accomplished by the following reduction steps: 
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It is enough to prove the theorem after making a finite base field extension. 

The assertion of the theorem is trivial for quasifinite morphisms fo. 

Suppose given a short exact sequence 0 > A — % > Ho — 0. If the 
theorem is true for .A and .M%, then also for %. 

Let Up <> Xo be an open subscheme and Sg <> Xo the closed complement. If 
the theorem is true for Rl Up and the morphism Up —> Yo and also true for .A| So 
and the morphism So — Yo, then it is true also for .A% and the morphism Xo — Yo. 

Let fo = g0 0 ho be a composition of two morphisms. If the theorem is true for 
gq and ho, then it is true for fo. This is a consequence of the spectral sequence for 
higher direct images with compact support. 

One can replace Xo and Yo by X0;¢q and Yo;-eg. 

Using these remarks and noetherian induction one reduces the proof to the fol- 
lowing special case fp : Xo —> Yo, where Xo and Yo are smooth affine connected 
algebraic varieties and where fo is surjective and of relative dimension less or equal 
1. Furthermore the sheaf .% can be assumed to be smooth and irreducible, hence in 
particular t-pure. 

For a further reduction we use a simple result on curves: Let C be a finitely 
generated scheme over a field K with dim(C) < 1. Then there exists a finite field 
extension K’ of K and an open subscheme U of the scheme C’ =(C x speck) 
Spec(K Wea 4 With the following properties: 

The complement of U in C’ is finite and all connected components of U are 
geometrically irreducible smooth curves over K’. Mutatis mutandis this result carries 
over to the relative curve case fo : Xo — Yo. Instead of the finite field extension one 
has to consider a finite ramified covering of a suitably small open nonempty subset 
of Yo. 

So it is finally enough to prove the theorem under the following further restric- 
tions: Assume 


fo: X0 > Yo 


is a smooth affine morphism, whose fibers are nonempty affine, geometrically irre- 
ducible smooth curves. Furthermore the sheaf .A can assumed to be smooth and 
t-pure of weight B. 

The estimates for the t-weights of the sheaves R! fo)(.A) follow then via the 
basechange theorem from 1.6.4, applied to the fibers of the morphism fo. It only 
remains to show, that the sheaves R! fo:(.) are t-mixed. For that it is enough to 
consider the cases i = 1, 2, because in all other cases the direct image vanishes, fo 
being affine. Lemma I.2.11 allows to assume, that .% is t-real. Because of Theorem 
1.4.3 it is then enough to show, that the sheaves R! fo: (A) are also t-real for i = 1 
andi = 2. 

Let y € |Yo| be aclosed point and y a geometric point of Yo over y with values ink, 
let«(y) C k be the residue class field of y andlet Cp = te (y) = XoXy)Spec(k(y)) 
be the fiber of fp over the point y. Then Cg is a smooth, affine, geometrically 
irreducible curve over «(y). The field «(y) contains N(y) = g? elements. Let 


C = Co Xx(y) k = X0 X¥q Speck) . 
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Then ; 
(R' Sol A)) 5 SHC .F): 
We have to show, that the polynomials tdet(1 — Ft, Hi (C,.F )) are t-real for 
i=1,2. 
A t-real implies by Grothendieck’s formula for the L-series of a sheaf on the 
curve Co, that the power series 


tdet(1 — Ft, HI(C,.F)) 
tdet(1 — Ft, H2(C, F)) 


has real coefficients in the variable t. The cohomology group H2(C..F) is easily 
computed via Poincare duality as in §4. Therefore the zeros a of the denominator 
satisfy 

Jax] = N(y) PH? | 


because .% | Co is T pure of weight 8. According to I.6.4 the zeros @ of the numerator 
satisfy 
ang ei. 


The polynomials in the numerator and denominator are therefore without common 
divisor. This implies, that both are real polynomials, because they have leading 
coefficients 1 and the quotient is real. This completes the proof of Theorem I.7.1. 


1.8 Some Linear Algebra 


We consider the semidirect product G of the compact group Go = Z; and the discrete 
cyclic group generated by an element o 


G=Gox(o) , Go=Z,, 


where we assume 
oto”! =q:t , tEGo 
for some natural number q ¥ | not divisible by the prime /. Let p be a continuous 
representation of the locally compact group G on a finite dimensional E-vectorspace 
V. Here E c Q, denotes a finite extension field of the field Q;. We define twisted 
representations V (i) as the tensor product of the representation ¢ with the character 
W(o't) =q' of G. 
Let the situation be as above. Then we have 


Lemma 8.1 For all g € Go the matrix p(g) is quasi-unipotent, i.e. all eigenvalues 
of this automorphism of V are roots of unity (whose order is bounded in terms of q 
and dimg(V)). 
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Proof. Let d be an eigenvalue of o(g). Then 
p(a)p(g)p(o)! = p(g)? . 


Therefore 44 is also an eigenvalue. Since V is finite dimensional, this implies that A 
is aroot of unity. Its order can be bounded in terms of g and the dimension dimg(V). 
Oo 


Notation. Let G5 be the subgroup of elements having unipotent action on V. Let a 
be an integer such that a - Go C Go. Such an integer a exists by Lemma 1.8.1. 

Let t be a topological generator of the group Go. Since T¢ = pe(t)* is unipotent 
on V, there exists an integer b < dimg(V), such that (JT? — 1)? = 0. The nilpotent 
endomorphism 

N= “a~!log(T*)” 
defined by 
N = -a7'! )°U=T4)"/n 
n>] 


is independent of the choice both of a. 
In particular there exists a uniquely defined nilpotent endomorphism N of V, 
such that 


p(o)Np(o) | =q-N, 


and a subgroup Go of finite index a in Go = Z;, such that 


p(t) =exp(tN) =) rN'/i! , teGy 


holds for all ¢ in Go. 

If we replace p by the representation p ® p on the tensor product V @ V, the 
corresponding nilpotent endomorphism is N @ id + id ® N. Similarly the nilpotent 
endomorphism for the contragredient representation is —'N (minus the transposed 
endomorphism). 


The o-Decomposition. Fora € Q, let Va C V denote the subspace of all vectors 
v € V, which are annihilated by (o(0) — a~')’ for some integer i > 1. We have 


V = @, Va. The equation (p(o) — qa-!)'N = Nq'(p(o) - a)! implies 
NVa C Vo-tq - 

For the representation p @ p on V @ V we have 
Va @ Vp C Vag. 


since ((p(a) — a7!) @ p(a) +a7! @ (p(c) — B7! )) annihilates v ® w, provided 
(p(o) — a~!)! annihilates v and (p(o) — B~!)! annihilates w. 
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The N-Filtration. For a nilpotent endomorphism N on the vectorspace V, there 
exists a unique finite increasing filtration F, on V with the properties 


N(Fi(V)) C Fi-2(V)_, Nb: Gri(V) = Gr_i(V) i =O. 


Here Grj(V) = Fi(V)/Fi-1(V). 

Existence and uniqueness of such a filtration is proved by induction on the 
minimal number m such that N+! = 0. 

For m = 0 one endows V with the trivial filtration, i.e. Grj(V) = 0 fori 4 0. 
In general put F,,(V) = V and F_»—1(V) = 0. This is forced, since N” = 0 for 
v > m-+ | has to induce an isomorphism between Gr,(V) and Gr_,(V). Therefore 
Gr,(V) = 0 for |v| > m + 1, hence 


Fim-(V)=0 , FrlV)=V. 


In order, that N” induces an isomorphism between Gr,,(V) and Gr_»(V), we have 
to put F,,-1(V) = Ker(N") and F_,(V) = Im(N”™). But then F,,_1(V)/F_m(V) 
is annihilated by VN”. Hence acorresponding filtration uniquely exists on this quotient 
by the induction assumption. The inverse image of this filtration in F,,_;(V) defines 
the desired filtration F,(V) on V. O 


Existence and uniqueness are obtained in the same way in the following general 
situation: Let A be a noetherian and artinian abelian category, let V € ob(A) and 
N : V - V bea morphism such that N+! = 0. 

Let us return to our original situation. Consider the dual space V*. It is clear that 
the filtration of the contragredient representation * on the dual space V* is then 
given by F;(V*) = F_j-1(V)+. 

The representation p respects the filtration F.(V). We obtain an induced 
representation of G, actually of the factor group G/Go, on Gr.(V) such that 
N' : Gri(V)(i) > Gr_j(V). For simplicity from now on assume Go = Go: 


Definition 8.2 The primitive part P;(V) of Gr;(V) is defined to be the kernel of the 
induced homomorphism 


N : Gri(V) > Grj_2(V) . 
p induces a representation of G/Go = (a) on P;(V). 


Recall the definition of the twisted representations V(i), where o acts with an 
additional factor g'. Then the following lemma is now more or less evident from the 
defining properties of the filtration, considered above. 


Lemma 8.3 


(1) P;(V) =Ofori > 0. 
(2) Gri(V) = @ jai, jai) P-i( 4G +) a8 G/Go-module. 
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(3) Gri(V*) = Gr_j(V)* and Gr_j(V) = Grj(V)(i) as G/ Go-modules. 
Especially P_;(V*) = P_j(V)*(i). 

(4) Leti > 0. The map N' : Fj(V) > Fj_2;(V) is surjective for all j <i. 

(5) For the induced filtration on ker(N) C V we have Gr;(ker(N)) = P;(V). 


One obtains the following picture 


Gr2(V) P_2(V)(—2) @... 

N| Gr (V) P_\(V)(-1l) =/Nn @... 
Y 

Gro(V) |N  Po(V) =|N ® P_2V)(-1) @... 


N| Gr_,(V) P_\(V) =|N @... 


Y 
Gr_y(V) PoV) @... 


All vertical morphisms are isomorphisms induced by N. Each Gr;(V) is isomorphic 
to the direct sum of the rows of the diagram, i.e. Gro(V) = Po(V) ® P_2(V)(-l)® 
P_4(V)(—2) ®.... 


Proof of the Lemma. Part (1) is obvious from the fact that N’ defines an isomorphism 
between Gr;(V) and Gr_;(V) for i > 0. Part (2): It is enough to consider Gr_;(V) 
for i > 0. Proceed by induction with respect to i starting with Gr_,»—|(V) = 
P_m-1(V) = 0 and Grim(V) = P_m(V). Obviously Gr_j(V) = P_i(V) ® 
Ni +1Gri49(V). Apply the induction hypothesis to the right summand, which is 
isomorphic to Gr_;_2(V). The statement of part (3) is obvious. Part (4) is proved by 
passing to the associated graded, where the corresponding assertion is trivial. See the 
diagram above. (5) asserts, that F_;(V) M ker(N) maps onto P_;(V) = ker(N) : 
Gr_;(V) — Gr_j;~2(V). In other words, one has to show: An element v € F_;(V) 
with Nv € F_;_4(V) can be modified by an element w € F_j;_2(V), such that 
N(v — w) = 0. But this follows from property (4). O 
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Lemma 8.4 For every eigenvalue a of ao! on Ker(N) in V assume |t(a)| < 
1. Assume the corresponding statement also for the representations on the tensor 
products V ® V resp. V* ® V*. Then every eigenvalue a of a7} on Gr;(V) has the 
property 

Ina) =q'. 


Proof. Using Lemma I.8.3(1)—(2) it is enough to consider eigenvectors of p(a—'), 
which lie in some P_;(V), i > 0. By 1.8.3(5) such a vector can be represented by a 
vector v € F_;(V)M Ker(N). Projecting v onto Vz, we can furthermore assume 


véV, and N(v) =0. 


By I.8.3(4) one can find a vector w € F;(V) such that N‘(w) = v. Projecting onto 
Vile we can assume 
We Vite and N'(w) =v. 


Then 


u = > (-1)/ NI (w) @ NI (w) 
j=0 


is a nonvanishing eigenvector of o~! in (V @ V)giq2- One immediately checks 
(N @id+id@®N)u=0. 


The assumptions of Lemma I.8.4 imply |t(q‘a?)| < 1, hence |t(a@)|* < q@. 
The corresponding inequality holds for the eigenvalues of o~! on P_;(V*) = 
P_;(V)*(i). age is such an eigenvalue. Therefore |r(a—!g7*) |? < gu or 
|r (a)|? > q7'. This proves the required equality |t(a)|? = q~' on P_;(V). O 
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Let Xq be a smooth geometrically irreducible curve over «, 5 a geometric point of 
Xo over x with values in k, s the underlying closed point, let 


Jo: U0 — Xo 


be the open complement of s in Xo and .% a t-pure smooth sheaf on U of weight f. 

In this situation the weights w(jo.(-4)s) < 6 of the direct image of .~% in the 
point of degeneration s can be estimated above by 8, according to Lemma I.2.5. 
The linear algebra trick of Lemma 1.8.4 of the last section will then imply refined 
properties for these weights. 

Let K be the quotient field of the henselization of the local ring of Xo ins, L the 
quotient field of the strict henselization with respect to s and L the separable closure 
of L. We look at the geometric point 
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n: Spec(L) > Xo. 


The Weil group W(L/K) is the inverse image of the Weil group W (k/«) with respect 
to the natural homomorphism 


Gal(L/K) > Gal(k/k) . 


The ramification group J of Xo ins is Gal(L/L). W(L/K) is the semidirect product 
of Gal(L/L) and the cyclic group W(k/x). The wild ramification group P is the 
p-Sylow group of Gal(L/L), p being the characteristic of k. It is a normal subgroup 
with factor group Gal(L/L)/P, which is the tame ramification group 


plame = 1/P 
This tame ramification group is canonically isomorphic to 


piame = al Zi(1) 


l#p,l prime 
or uncanonically isomorphic to 
Zi . 
lAp,l prime 
Its /-primary part is 
Zi(1) =Z,. 


The sheaf .% is given by a continuous representation of W(Uo, 7) in the finite 
dimensional representation space V over Q;. This defines a continuous representation 
of Gal(L/K) on V. The image of Gal(L/L) in GI(V) contains a pro-l subgroup 
of finite index. Passing to a finite covering of Xo, ramified in 5, allows to get rid of 
the wild ramification part and the tame part which is not pro-/, i.e. the representation 
of Gal(L/L) then factorizes over the pro-/ part of the tame ramification group. In 
that case the representation of W(L/K) factorizes over the representation p of a 
semidirect product 


G=Z,x(o) , Wk/K(s)) = (oc). 
Here o denotes the arithmetic Frobenius element. We have for t € Go = Z 
oto =qt , q=N(s). 


By some further modification of Xg we can assume (see I.8.1), that there is a nilpotent 
endomorphism WN of V such that 


p(t)=exp(ttN) , tEeGo=Z,. 


Furthermore 
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jou(A)s = VONE!D = ker(N). 


For the moment let us assume 6 = 0. Applying Lemma I.2.5 (weights are semi- 
continuous) to the sheaf .A, its dual and their tensor products, we can verify the 
assumptions of 1.8.4. This determines the absolute values of the eigenvalues of o~! 
on the graded pieces of V with respect to the N-filtration. If 6 4 0, then twist .% 
by a smooth sheaf on Xo of rank 1 of t-weight — 8. This proves the following result 


Lemma 9.1 Let Xo be a smooth geometrically irreducible curve over k, So a finite 
closed subset and A a smooth sheaf on Up = Xo \ So. Let 


Jo: Uo —@ Xo. 


FO = jox(A)/jolA) - 


(1) Assume .Yp is a t-pure sheaf of weight B. Then the t-weights of the t-mixed 
sheaf Fé on the finite set So differ from B only by an integer less or equal 0. 

(2) Assume .F to be pure (Definition I.2.1(3)). Then Hy is mixed (Definition 
1.2.1(4)). 


By Theorem I.6.1 this implies 


Corollary 9.2 Suppose given a sheaf A on an algebraic scheme Xo of dimension 
less or equal one. Then: 


(1) Let.A be t-pure of weight B. Then the t-weights of Hi(X,.F) are of the form 
Bti-n , néeN, n=O. 


(2) Let .A be mixed. Then Hi (X, .F ) is mixed. 


This corollary allows to strengthen Theorem I.7.1 to 


Theorem 9.3 (Deligne) Suppose 
fo: X0 > Yo 


is a morphism between algebraic varieties over k and .A is a sheaf on XQ, then the 
following holds: 


(1) If A is t-pure of weight B, then the t-weights of R' fo\(.A) are of the form 
Bti-n , néeN,n20. 
(2) If A is mixed, then also R' fo.(.A) is mixed. 


Proof. One reduces the proof by noetherian induction — similar as for Theorem 
1.7.1 — to the case of a relative curve. Assertion (1) follows from Corollary I.9.2 and 
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Theorem I.7.1, applied to the fibers of the morphism fo. For the proof of I.9.3(2) one 
uses Remark I.7.2. The sheaves R! oA) are t-mixed for all t by Theorem I.7.1. 
Therefore each of theses sheaves has a finite filtration, such that all subquotients are 
of the form 


GOLp 


with t-pure irreducible sheaves ‘% and smooth sheaves %, of rank 1. 4p is pullback 
of a smooth sheaf on Spec(«). See Proposition I.1.4. Applying Corollary 1.9.2 to the 
fibers of the morphism one obtains for all nontrivial subquotient sheaves, that .%) is 
a pure sheaf. O 


Permanence Properties. Our next aim is to describe the behaviour of t-mixed 
(respectively mixed) sheaves with respect to the higher direct images in the case of 
a not necessarily proper map. (See also Deligne [Del], theorem 6.1.2). 


Remark. In the following it is shown, that higher direct image sheaves of mixed 
sheaves are again mixed sheaves. Almost the same argument also implies, that the 
higher direct images of constructible sheaves with respect to morphisms between 
finitely generated schemes over a field « are again constructible. (See [SGA 45). 
The reader should be aware of the fact, that the constructibility for higher direct 
images is already used implicitly in the proof of results concerning mixedness. As the 
proof for both kinds of results are rather similar and in order not to repeat ourselves, 
we assume the result on constructibility to be known already. See also Appendix D. 
Under this hypothesis, let us now prove the corresponding result for mixedness. 


Remark. A complex Ko is called t-mixed respectively mixed, if all its cohomology 
sheaves are t-mixed respectively mixed sheaves. 


Theorem 9.4 Let fo : Xo — Yo be a morphism between algebraic schemes over k 
and let Kg be a t-mixed respectively mixed complex on XQ. Then also the derived 
direct image complex R fo,(Ko) in the derived category D? (Xo, Q)) is a t-mixed 
respectively mixed complex. 


Remark. A similar result is valid almost everywhere over Spec(Z). In other words: 
the property of mixedness holds over a sufficiently small open nonempty subset of 
Spec(Z). 


For simplicity we restrict ourselves to the proof of the fact, that R fo,.Ko is mixed if 
Ko is mixed. We can assume, and therefore will assume, that the underlying schemes 
are reduced. 

The proof of Theorem I.9.4 is based on the following reduction to the case of an 
open immersion, using several reduction steps. This reduction uses that the Theorem 
1.9.4 already holds in the particular cases Rl and R2 mentioned below. To be more 
precise, let us make use of the followings auxiliary results: 
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RI The Proper Case. The statement of Theorem 1.9.4 obviously holds for proper 
maps fo by Theorem I.9.3(2), since then R! fo!(Ko) = R! fox(Ko)- 

R2 The Smooth Case. In this case Theorem I.9.4 follows from the relative Poincare 
duality Theorem II.7.1 by reduction to case R1. What we need is, that the duality 
map 6 : Rf,.RHom(L, f*(K)[2d](d)) > RHom(RfFi(L), K) defined in I 
§8 step 3) is an isomorphism. (For the notations and the proof of this see II §8). 
In fact we can apply this to cover Theorem I.9.4 in the following situation: 


fo = 80°h0, 
where go is smooth and hg is purely inseparable and 
Ky = 


is a sheaf such that % and the direct images R! fi(‘G )’ ) of the dual sheaf G. 
are smooth. 

R3 Generic Points on the Base. Fora constructible sheaf ‘% on Xo, there exists an 
open dense subscheme Vo of Yo and an open dense subscheme Uo of the inverse 
image of Vo in Xo such that for the induced map 


fo: U0 > Vo 


and the restricted sheaf ‘%|Up the assumptions of R2 are satisfied. 

(This follows from the constructibility of the sheaves under consideration, since 
every finitely generated field extension is a purely inseparable extension of a 
separable finitely generated extension). 

R4 The Theorem is Local on Yo. So we can assume Yo to be affine. Using the 
spectral sequence attached to a finite open affine covering allows to reduce to 
the case, where Xo is affine, hence quasiprojective. Furthermore this shows, that 
the map fo can be factorized into an open embedding followed by a proper map. 


In view of Remark R4 — factorization into a proper and an open map — and Remark 
R1 Theorem 1.9.4 is a consequence of the next lemma, since Theorem 1.9.4 for an 
open embedding follows as the special case So = Spec(k) of 


Lemma 9.5 Let jo : Xo — Yo be an open embedding 


a Yo 


ae 


over a finitely generated base scheme Sg over « and let be a mixed sheaf on Xo. 
Then the restriction of the higher direct image sheaves R' jo,.(<%) to the open inverse 
image in Yo of some open dense subscheme So of So, are mixed sheaves. 


Lemma I.9.5 can be considered as a relative version of Theorem I.9.4 for open 
embeddings. It follows from the special case where So = Spec(x). Its formulation 
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has the advantage to allow an inductive proof. More precisely: It is obviously enough 
to proof the following partial statements (by induction on 7). 


Lemma 9.6 (n) Same statement as in 1.9.5 but under the additional assumption: 
Suppose that So is an affine integral scheme, such that for the generic point n of So, 
the dimension of the fiber over n is less than n: 


dim(Xo,) <n. 


Remark. If Lemma I.9.6(n) is true, we immediately get the assertion of Lemma 
1.9.6(n) also for locally closed embeddings. The assertion is local on Yo, hence So 
may be replaced by an open nonempty affine subscheme. So Yo can be assumed 
to be affine or, by embedding as an open subscheme of a projective scheme, then 
alternatively also to be projective over So. Under the latter assumption, the beginning 
of the induction — the case n = 0 — is obvious. Namely for n = 0 we can assume 
— possibly after shrinking So — that Xo is finite over So. Then jo is a finite, hence 
proper map, and we can apply Remark R1. 


Lemma 9.7 Let us make the assumptions of Lemma 1.9.6(n). Then there exists, after 
shrinking So, an open subscheme Vo of Yo which contains Xo, such that (a) the 
complement of Vo in Yo is finite over So (b) Rjox(‘%)|Vo is mixed on Vo. 


Proof. We may assume Yo to be affine. Embed Yo as a closed subscheme into some 
m-dimensional affine space over So 


et eae Yo ——> Ao x::: x Ag x So = AX, - 
Consider the m projection maps 


Pv: Yo > As, » V=l,..,m 


to the affine line over So. 

The dimension of the general fiber of Xo over As, with respect to the maps py is 
smaller than n. Therefore by induction (applied in the case where So is replaced by 
As,) there exist nonempty open subsets Wo, C Assy, such that R jo,(-%) is mixed 
on Vo, = py '(Wo,). Finally the union of Xo together with the open subsets Vo, is 
large in Yo in the following sense: Its complement is finite over So, after we further 
shrink So. Thus 

Vo = Xo U Voy U... U Vom 


has the desired properties, notably after replacing Sg by an open dense subset. 


Proof of the Induction Step (of Lemma 1.9.6(n)). Letn > 0. Assume Lemma I.9.6(m) 
holds for m <n. 

Using Lemma I.9.7 we now give the proof of the induction step for Lemma 
1.9.6(n). This is done first in the following special case: 
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Induction Step (Smooth Case). Let us assume, that % and the map 
Ix : Xo > So 


satisfy the smoothness assumption of Remark R2. For the proof we can furthermore 
assume Yo to be projective over Sp. Apply Lemma I.9.7: By shrinking So, we find a 
large open subscheme 

j Vo: Yo> Yo 


of Yo containing Xo with the properties mentioned in Lemma 1.9.7. In particular, the 
complement Zo 


i j 
ig : Zo eat ee Yo agi 5 Vo 


4 


of Vo in Yo is finite over Sg. In the remaining part of the proof we use the language 
of derived categories to study the derived image complex 


K= R jox (A) : 


The reason is, that it is more convenient to work in this language, which avoids the 
use of spectral sequences. In particular one has a distinguished triangle 


Jvo!d¥)(K) > K — ioxig(K) > . 


For readers not acquainted with the language of derived categories, we refer to chap- 
ter II of this book. There he will find the most important notions — as for instance 
the notion of distinguished triangles; E.g. the third map above is a morphism in 
the derived category from the complex ip,i9(K) to the translate jy): JV (K )[1] of 
the complex jy,! Jy (K ). In the derived categories distinguished triangles are a sub- 
stitute for exact sequences, which is a notion specific to abelian categories. For a 
distinguished triangle of complexes the long exact sequence of cohomology sheaves 
attached to it allows to conclude the following: Mixedness of any two of the three 
complexes of a distinguished triangle implies mixedness of all three complexes of 
the triangle. 

To the distinguished triangle above we apply the direct image functor with respect 
to the morphism 

Fv: Yo > So. 


In this way we obtain a new distinguished triangle 


R(f¥o|Vo) ivy (K) > Rfxox() > R(f¥o|Zo)xig(K) > - 


By construction of Vo the left complex of the first distinguished triangle is mixed. 
According to Remark R1 also the left complex of the second distinguished triangle 
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is mixed. The middle complex of the second distinguished triangle is mixed, by 
our smoothness assumptions using R2. Then also the third complex of the second 
distinguished triangle must be mixed. The restriction fy,|Zo : Zo — So is a finite 
morphism. This implies that i9,i5 (K ) is mixed. If we insert this information into the 
first distinguished triangle, we conclude that also the middle complex K of the first 
distinguished triangle has to be mixed. This proves the claim of Lemma I.9.6(n) in 
the “smooth” case. 


General Case of the Induction Step. To attack the general case of Lemma 1.9.6(n), 
we use Remark R3. According to it, there exists an open dense subscheme 


JU, : Uo > Xo 
after shrinking of So, such that the induced map 
Up — So 


and the sheaf ‘%|Upo satisfy the smoothness assumptions of Remark R2. Consider 
the complement 
ig: Zp > Xo 


of Uo in Xg. The cone of “| — Rjugxj Up ({) has cohomology sheaves concentrated 
in i9(Zo), hence is isomorphic to ig,(A) for some complex A on Zo. We obtain a 
distinguished triangle 


G > Rivority(H) > toe) > . 


Lemma 1.9.6, already proved above in the “smooth” case, can be applied to the map 
JU) : Uo — Xo and the sheaf Jt) A): Hence the complex R jugs JG) in the 
middle, and of course also the complex [1], of the distinguished triangle are mixed 
complexes. Hence A has to be a mixed complex on Zo. 

Now consider the direct image of the distinguished triangle under R jo,., obtained 
from the map jo : Xo > Yo 


R jox (0) > RCo © up) «Jug A) > RG0 2 in)x(A) > - 


Its middle complex is mixed, since the map jo o ju, : Uo <> Yo and the complex 
‘G|Uo satisfy the smoothness assumptions of the special case already considered. 
Furthermore the dimension of the general fiber of Zo over So is smaller than n. By 
our induction assumption therefore also the right complex R(jo 0 ig) (A) is mixed 
either. This implies, that the left complex 


R jos (%) 


is mixed. Using the cohomology sequence of this distinguished triangle completes 
the proof of Lemma I.9.6(n). 
Since 1.9.6 is proven, in particular Theorem I.9.4 follows. 


II. The Formalism of Derived Categories 


II.1 Triangulated Categories 


Let A be an abelian category. The derived category D(A) of A is a quotient category of 
the abelian category Kom(A) of complexes over A. The quotient category is defined by 
making quasiisomorphisms into isomorphisms and this allows to identify complexes with 
their resolutions. Recall, that a complex map K’ —> K is a quasiisomorphism, if the induced 
cohomology morphisms H*(K’) — H®(K) are isomorphisms in all degrees. However, by 
taking this localization of the category Kom(A), the notion of (short) exact sequences of 
complexes no longer exists and has to be replaced by the notion of distinguished triangles, 
which itself derives from the concept of mapping cones. The derived category thus becomes 


a triangulated category, a notion first introduced by Verdier in [Ver], [SGA44]. 


Suppose D is an additive category with an additive automorphism of categories 

.Z : D — D, which is called the translation functor. By abuse of notation we write 

X e€ D to indicate that X is object of a category D. For n € Z we usually write 

F"(X) = X[n] resp..7"(f) = f[n] both for objects X and morphisms f in D. 
A triangle T = (X, Y, Z, u, v, w) in D is a diagram in D 


u Uv 


Yas ay eee Ee 


Instead of writing such a diagram, we often use the abbreviated abusive way of 
writing (X, Y, Z) or (X, Y, Z, *, *, *), if the underlying morphisms are understood 
from the context. 

A morphism (f, g, 2) between triangles is a commutative diagram 


x! we y’ ae Z! _ wt x’(] 


|/ |: / [yn 
yo ype 


If 
T = (X,Y, Z,u, v, w) 


is a triangle, we call 


rot(T) = (Z[—-1], X, Y, —w[-1], u, v) 
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the rotated triangle. If (f,g,h) : T’ — T is a morphism between triangles, 
then rot(f,g,h) = (h[-1], f, g) is a morphism between the rotated triangles 
rot(f, g,h):rot(T') > rot(T). 


Definition 1.1 A triangulated category is an additive category D with a translation 
functor 7 and a class of distinguished triangles satisfying the following axioms 
TRI, TR2, TR3 and TR4: 


TRI (Rotation) 


a) A triangle T is distinguished if and only if its rotated triangle rot(T) is distin- 
guished. 
b) Triangles isomorphic to distinguished triangles are distinguished. 


Especially (id, —id, id)*rot3(T) = (X[-1], Y[—1], Z[-]], u[—1], v[-1], 
—w[—1)) is distinguished, if T = (X,Y, Z,u,v, w) is distinguished. This will 
be relevant for axiom TR4. 


TR2 (Existence of cones) 


a) Any morphism u : X —> Y in D can be completed (not necessarily uniquely) to 
a distinguished triangle (X,Y, Z, u,v, w). Any such object Z will be called a 
cone or mapping cone foru: X > Y. 

b) The triangle (X, X, 0, idx, 0, 0) is distinguished. 


TR3 (Morphisms). Any commutative diagram 


can be extended (not necessarily uniquely) to a morphism (f, g, h) between given 
distinguished triangles (X', Y’, Z',u', v', w’) and (X, Y, Z, u,v, w). 


Due to axiom TRI one also has versions of the axioms TR2 and TR3, which 
are obtained by applying TR2 and TR3 to rotated triangles. Altogether this already 
has a number of consequences. The most important is the long exact Hom-sequence 
stated in Theorem II.1.3. We first discuss these consequences before we formulate 
the last axiom TR4 of triangulated categories. 


Remark 1.2 Let (X, Y, Z, u, v, w) bea distinguished triangle. Then vou = Oholds. 
Use Axiom TR2b and Axiom TR3 with (f, g) = (idx, u) to deduce this from 
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x idx y o6 a) 
| | |» [seen 
x “sy + 7+ Xl). 


Furthermore, any morphism g : A —> Y satisfying v o g = 0 factors over X by 
amorphism f : A > X. For this apply a rotated version of axiom TR3 to the pair 


(g,h) = (g,0): 


Atty a) 
| | [rn 
X ye Fe eX 


By repeated use of the rotation axiom this proves 


Theorem 1.3 Let (X, Y, Z,u, v, w) be a distinguished triangle in D. For any A in 
D the sequence 


uli) viil« wlilx ulit De 


> Hom(A,X[i]) —> Hom(A,Y[i]) —> Hom(A,Z[i]) —* Hom(A,X[i+1) 


is a long exact sequence of abelian groups. similarly one gets a long exact Hom- 
sequence 


<—Hom(X{i),B) ee Hom(v[i).B) ee Hom(zli],B) e HomextitiB) Me 


in the first variable. 
Immediate consequences of the long exact Hom-sequence are 


Corollary 1.4 If (f, g, h) is a morphism between distinguished triangles and f and 
g are isomorphisms, then h is an isomorphism. 


Proof. This follows from the 5-lemma. Applying it to the two Hom(A, .)-sequences 
for (X’, Y’, Z’) and (X, Y, Z) it shows h, : Hom(A, Z') = Hom(A, Z) for all A. 
Specializing to A = Z’, Z gives a right and left inverse toh : Z’ > Z. O 


Corollary 1.5 Fora given morphism u : X — Y any two mapping cones Z, are iso- 
morphic. Two distinguished triangles (X,Y, Zy,,u,v,w) and (X,Y, Zy, u,v’, w’) 
attached to u : X — Y with the same mapping cone Z, are related by v' = hon, 
w’ = woh, with an isomorphism h of Zy. 


Proof. Use Corollary [1.1.4 and axiom TR3. O 
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Conversely, any object Z isomorphic by h : Z = Z, toacone Z, of u: X > Y 
is itself a cone, since the triangle (X, Y, Z, u,v’, w’) forv’ = h-ovandw' = woh 
is distinguished by axiom TR 1b. 


Remark (Rotated Version of Axiom TR2a). Any morphism w: Z — X[1] can 
be completed to a distinguished triangle (X, Y, Z, u, v, w). The resulting object Y 
is called an extension of Z by X attached to w € Hom(Z, X[1]). As a variant of 
Corollary [1.1.4 and II.1.5 any two extensions attached to w are isomorphic. 


KS SID 
| |= | id{1] 
yee 7 eS XN 


Corollary 1.6 If (X, Y, Z,u, v, w) is a distinguished triangle and u is an isomor- 
phism, then Z = 0. Conversely Z = 0 implies that u is an isomorphism. 


Proof. The long exact Hom(Z, .)-sequence implies Hom(Z, Z) = O and proves 
the first statement. The second statement again follows from the long exact Hom- 
sequence. O 


Corollary 1.7 If (X, Y, Z, u, v, w) is distinguished and w =0, then Y=Z@®X such 
that u and v correspond to the inclusion resp. projection map. 


Proof. Exercise! First find p with p ou = idx, then findi withidy =uoptiov. 
Then v oi = idz and finally p oi = 0 follow from the injectivity of the dual 
Hom-sequence at X[1]. LO 


So far we have discussed the axioms TR1-3 of a triangulated category and some 
trivial implications. We now formulate the remaining axiom TR4 for triangulated 
categories, the so called octaeder axiom. See also [140], especially for an explanation 
of the name. 


Axiom TR4a (Composition Law for Mapping Cones). Suppose we are given mor- 
phisms u: X — Y andv:Y — Z. For any choice of mapping cones Cy, Cy and 
Cyou with defining distinguished triangles 


Ty = (Xx, Y, Cy, U, *, *) 
T, = (Y, Z, Cy, v, *, *) 
Tou = (xX, Z, Cvous VOU, *, *) ’ 


there exists a distinguished triangle T relating these mapping cones 
T com (Cy, Crsis Cy, a, B, y) £ 


which makes the following diagram commute 
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nN 
3 -y[-l 7g 
Cai ee 8 Gee ee 
nN 
C-1 a a er at 
A 
u VOU 
xX XxX, 


The two vertical lines of the diagram are defined by the morphisms of the two 
distinguished triangles T,,, Tyo,, the two horizontal lines by the morphisms of the 
two rotated distinguished triangles rot(T,), rot(T). Note, that although we assume 
the triangles T,, Ty, Tyoy to be chosen fixed, we preferred not to give names to all 
morphisms. 


Axiom TR4b. For the full octaeder axiom one adds the further condition of commu- 
tativity for the diagram 


Z(-1) =—=—- Z[- 1] 


The two vertical lines of the diagram are defined by the morphisms of the distin- 
guished triangles rot2(Tyoy), rot2(Ty), the two horizontal lines by the morphisms 
of the distinguished triangles (id, —id, id)*(rot3(T)) and rot (Ty). 

In the axioms of a triangulated category there is a certain redundancy: axiom 
TR3 is a consequence of axiom TR4a and TR4b. Consider maps f, g, u’, u as in 
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TR3. Then axiom TR4a, which is a kind of pushout axiom, applied to X’ Sy Sy 
and axiom TR4b, which is a kind of pullback axiom, applied to X’ AVY together 
imply TR3. Fork := gou’ = uo f this defines morphisms a@ : C, — Cy, respectively 
B’: Cy > Cy. Then h = B’ oa defines a morphism (f, g, 2) between the triangles 
(X', Y’, Cy) and (X, Y, C,). 


The Derived Categories D(A) 


The most prominent example for a triangulated category is the derived category D(A) 
of an abelian category A, as mentioned in the introduction. It is the localization of 
the category of all complexes Kom(A) over A by the class of quasiisomorphisms. 
A short review on this is in the appendix II of [FK], p. 292 and in chapter I of [140] 
(Hartshorne). 

To verify the axioms TR1-4 for derived categories, it is useful to be aware of 
the fact that the localization functor is not injective on homomorphism groups. In 
particular homotopic complex maps become equal in the derived category. However 
this gives some extra freedom. So one can proceed in two steps: first pass to the 
category K (A), whose morphisms are homotopy classes of complex maps, and then 
invert quasiisomorphisms. The axioms TRI can be established already on the first 
level as properties of complexes up to homotopy. To invert quasiisomorphisms in 
the category K (A) becomes much more convenient, because the class of quasiiso- 
morphisms is a localizing class, i.e. it allows a calculus of fractions in the category 
K (A). See [FK] A II.1. More details can be found in [Ver], [104], [140]. 

In the same way one can define the derived categories D*(A), D~(A), and 
D°(A) as the localization of the full subcategory of complexes which are bounded 
to the left, bounded to the right respectively are bounded. They can be embedded as 
full subcategories into D(A). In particular for a morphism f in Hom p+ a)(K, L) 
for * € {+, —, b} there exist quasiisomorphisms s, t, such that f o s respectively 
to f are homotopic to complex maps. 

We remark that the construction of D(A) by localization gives set theoretic 
problems unless A is a small category or belongs to some given universe, since a priori 
Hompya)(X, Y) is not a set. However, let the category A satisfy the Grothendieck 
Tohoku axioms ([113]). Then every — may be unbounded — complex K of Kom(A) 
has a right resolution by a so called K—injective complex. Using this fact we can 
conclude that D(A) is equivalent to the full subcategory of Kom(A) given by all 
K-injective complexes. See [Spa], [Tar]. This implies, that Hom p(a)(X, Y) is a set 
in the case of an abelian Grothendieck category A. See also the following remark for 
the case of the subcategory D*(A) of D(A). 


Remark 1.8 If K, L are in D*(A) and L is injective, i.e. all components L” of the 
complex L are injective objects of A, then any morphism f in Hom p+(a)(K, L) is 
represented by a complex map p : K — L. The localizing property of quasiiso- 
morphisms, which is formulated in [FK] A II 1(2), allows to reduce the proof of this 
statement to the case, where f is the inverse of a quasiisomorphism u : L > K 
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(using fractions with left denominators we find u such that u o f is a complex map). 
For the quasiisomorphism u it is enough to show, that there exists a complex map 
p: K — Lwhichisa left inverse of u up to homotopy. Namely then (using calculus 
of fractions with right denominators) the morphism f and the complex map p 


ik 6: Se 
yo -_— 
K L 


K L 


orf: K PETG pee aene J and p: ete K es | coincide in the derived 
category, since we have the commutative diagram 


L 
—_— 
L K 


To construct p let C = C, be the cone in the category Kt(A). Then we have a 
distinguished triangle (L, K, C, u, *, *) and C is acyclic and bounded below. Using 
Corollary II.1.7 one reduces the construction of a homotopy left inverse p for u to 
the following fact: If C is acyclic and J is injective (J = L[1]) and both C and / are 
bounded from below, then any complex map C — I is homotopic to the zero map. 
This homotopy is constructed inductively using the extension property for injective 
objects. See e.g. [104], p. 180. So for K, L € D*(A) and L injective, the natural 
map 
Homg+ay(K, L) > Hom p+(ay)(K, L) 


is surjective. It is also injective, since uo f = 0 for f ¢ Homx+ a)(K, L) anda 
quasiisomorphism u : K' — K implies f = 0. In fact u* : Homx+a)(K, L) > 
Homx+,a)(K’, L) is injective. Since Homx+(4)(Cu, L) vanishes for the acyclic 
cone C,, of u, this follows from the long exact Hom-sequence for the triangulated 
category K+(A). Therefore the Hom-groups in the derived categories D* (A) and 
D?(A) can be computed in terms of the homotopy category K (A) using injective 
resolutions in the second variable. This is convenient, provided the abelian category 
A has enough injective objects. See Verdier [SGA45], p. 299 for further information. 


Other examples of triangulated categories can be found in [104]. We will be 
mainly interested in the triangulated categories D(X) = D?(X, Q,) for finitely 
generated schemes X over a finite or algebraically closed field. These categories are 
obtained as certain limits of derived categories. For further details on these categories 
the reader is referred to Appendix A and the corresponding section of this chapter. 


Remark 1.9 The diagram of axiom TR4b is formally obtained from the diagram 
of axiom TR4a by replacing the direction of arrows (and renaming). This implies, 
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that the notion of triangulated category is self dual: If D is a triangulated category, 
then also the opposite category D°??, obtained by inverting arrows with the induced 
translation functor and induced distinguished triangles, is triangulated. Later we will 
use this in the proof of Corollary II.4.2. Nevertheless we mention, that the only 
information added by TR4b to TR4a is the commutativity of the middle square of 
the TR4b diagram. In other words TR4b is, modulo TR4a, equivalent to either one 
of the two statements: 


TR4b’: (u, idz, B) : Tyou — Ty is a morphism of distinguished triangles. 
TR4b”: The two hidden ways, to go in the diagram of axiom TR4a over the 
upper right corner from Cyo, to Y[1] , anticommute. 


More precisely, Axiom TR4b” states 
(-i[-1])o B = —(-u[1]) ok. 
if Ty = (*, *, *, v, *, 1) and Tyoy = (*, *, *, vou, j, k) are the triangles chosen. 


Remark 1.10 The isomorphism class of the distinguished triangle 7, whose ex- 
istence is imposed by axiom TR4, is determined (up to isomorphism) by the three 
cones Cy, Cy, Cyoy and the morphism y, according to Corollary II.1.5. However 
—y[-1] and therefore also y is uniquely determined by the commutativity of the 
left square of diagram TR4a — as the composite of the given maps C,[—1] > Y and 
Y — C,, appearing in the two distinguished triangles T, and T,,. Thus the triangles 
T,, Ty, Tyoy determine T up to isomorphism. 


II.2 Abstract Truncations 


In the derived category D(A) of an abelian category A one has full subcategories D(A)=" and 
D(A)=", consisting complexes with vanishing cohomology in degrees strictly larger than n 
resp. strictly smaller than m. By the process of truncation, a given complex can be split into 
two complexes, one of them in D(A)=9 and the other in D(A)2}, This has an abstract analog 
in an arbitrary triangulated category, motivated by the theory of D-modules and the Riemann- 
Hilbert correspondence. The notion of t-structures was first introduced in [BBD], inspired by 
the non obvious t-structures underlying perverse sheaves respectively holonomic D-modules 
with regular singularities. 


Definition 2.1 A ¢-structure in a triangulated category D consists of two strictly full 
subcategories D=° and D=° of D, such that with the definitions D<" = D<°[—n] 
and D2" = D2°[=n] we have 


(i) Hom(D=", D2!) = 0. 
(ii) D=° C D®! and D2! c D2. 
(iti) For every object E in D there exists a distinguished triangle (A, E, B) with 
A € D<° and B € D2!, 
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D is said to be bounded with respect to the t-structure, if every object of D is contained 
in some D=4 and some D*? for certain integers a, b. 


Truncation. Suppose we are given a t-structure. 

In the situation of II.2.1(iii) we have B € D2! and B[—1] € D2![-1] c D?! 
by property II.2.1(ii). Therefore the long exact Hom-sequence II.1.3 attached to 
the distinguished triangle (A, E, B,u, *, *) together with the vanishing property 
II.2.1(i) of t-structures implies 


Ux: Hom(X, A) = Hom(X,E) , for X ¢ D=°. 


This fundamental fact has the striking consequence that u : A — E is a universal 
morphism from D£=° to the given object E € D. Every morphism from some X € 
D*=° to E factors in a unique way over the morphism u 


A— +E 
A! 


X e D2 


This universal property characterizes the pair (A, u) uniquely up to isomorphism. 
We therefore write A = t<9(E). The assignment r<g is functorial in E. For every 
morphism f : E’ > E, the composite f ou’ : t<o(E’) — E factors through 
u: T<Q(E) — E by a unique morphism t<o(f). In other words: 


t<9: D> D*° 


defines a functor, which is right adjoint to the inclusion functor of D<° into D. The 
isomorphism u, established above turns out to be the adjunction isomorphism. 

Similarly, the assignment EF +> B defines a functor t=; : D > D2!, which 
is left adjoint to the inclusion of D=! Cc D. We will assume, after making some 
choices, that the functors t<9, T>) are fixed from now on. 


Resume. From the discussion of t-structures so far we see, that the distinguished 
truncation triangle of property (iii) for t-structures has now become the unique dis- 
tinguished triangle 


ad< ad>| 


iii)’ t<9(E) —> E —> t3\(E) > t<0(E)[1] . 


The first two morphisms have become adjunction maps. They uniquely determine 
the third map of the triangle. For this recall Corollary I.1.5 and the fact, that h = 
id,, ,(£) is the unique morphism h : t)(E) > t>1(E) with the property hoads| = 
ads because of the adjunction formula 


Hom(E,Y) = Hom(ts|(E),Y) , for Ye D!. 
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Similarly the isomorphism u, from above gives the adjunction formula 


Hom(X, t<o(E)) = Hom(X,E) , for X € D=. 


Properties of the truncation functors. Recursively define t<, forn € Z by 
(T<n+1(X)) 1] = tan(XUD) 


Or T<n(X) = (T<9(X[n])[—n]. Then t<, is right adjoint to the inclusion functor 
D=" c D. Therefore, by the obvious inclusion properties of the underlying cate- 
gories 

T<m 0 T<n = T<m for m<n. 


Lemma 2.2 (Orthogonality) For objects E € D the following statements are 
equivalent 


(i) E is in D2"*!, 
(ii) Hom(D=", E) = 0. 


Proof. One easily reduces ton = 0. Then one direction is the statement of property (i) 
for t-structures. For the converse direction (ii) = (i) it is enough to show t<9(E) = 0 
by Corollary II.1.6. But t<g(E) = 0 follows from the adjunction isomorphism 
Hom(t<0(E), t<(E)) = Hom(t<o(E), E) C Hom(D=", E) = 0. Oo 


We also write t3, for T>n41 OF Ten for T<py_1. 


Lemma 2.3 (Extensions) Suppose (X, Y, Z) is a distinguished triangle. Then 


1) If X and Z are in D=", then also Y is in D=". 
2) If Y is in D=" and if X is in D="*+! D D*", then also Z is in D=". 


Proof. Apply the long exact Hom-sequence II.1.3 and the criterion (ii) > (i) of 
Lemma II.2.2. O 


The statements of Lemma IJ.2.2 and II.2.3 have dual versions. We define 


(Tam41(X))[1] = tTom(XT1)) 


with T>n 0 T>m = Ton form <n. Suppose (X, Y, Z) is distinguished. Again X, Z € 
D2" implies Y ¢ D2” and Y € D2", Z € D2”—! 5 D2” implies X € D2”. 


Lemma 2.4 (Compatibility) We have 
Tent D—").C D=" 


and similarly 
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T<n(D=") © D2”. 


Form > n we have t>m(D=") = t<,(D2") = 0. 


Proof. We only proof the first statement. For n < m and X € D=" the natural 
map X —> TsmX is zero by II.2.1(i). Therefore the adjunction formula implies 
Hom(t>mX, T>mX) = 0, hence id;,,,x = 0 or T,X = 0. So assume m < n. 
Consider the distinguished triangle Capi ds X, T>mX). For X € D=" andm <n 
we have t<m_—1(X) € D="—! c D="*!. The claim now follows from the extension 
Lemma IJ.2.3. O 


Exercise 2.5 Two f-structures a and £ of a triangulated category D which are 
included in each other in the sense that “D="_c 8D" ,*D2™ Cc Bp2™ necessarily 
coincide. 


II.3 The Core of a t-Structure 


In the derived category D(A) attached to an abelian category A one can reconstruct A from the 
canonical t-structure by considering the full subcategory of complexes in D(A)=<9 ial D(A)2°. 
This is the category of complexes with vanishing cohomology outside of degree zero. The 


natural functor A > D(A)<9 nN D(A)29 defines an equivalence of abelian categories. In 
general, a t-structure on a triangulated category D defines in a similar way an abelian category 
A, the core Core(D) = Core;(D). However, the relationship between D and D(Core(D)) 
is not clear in general! | 


Let D be a triangulated category with a given t-structure D=° and D=°. Define the 
core Core(D) to be the full subcategory Core(D) = D=° Nn D=°. 


Theorem 3.1 The core Core(D) = D<° M D?° attached to a t-structure of a 
triangulated category D is an abelian category. A sequence in Core(D) 

0-x43Y4Z-0 
is exact if and only if there exists a distinguished triangle (X,Y, Z,u, v, w) in D. 
Proof. Fora morphism f : X — Y between objects of Core(D) choose a cone Z f 
in D with distinguished triangle (X, Y, Z¢) and put 

Ker i= t<0(Z f[—1]) 

Kokers :=Ts0Zf - 

Step 1. For A € D=° we have Hom(A, t<o(Z ¢[—1])) = Hom(A, Z¢[—1)), the 


adjunction isomorphism. Furthermore Hom(A, Y[—1]) C Hom(D=°, D2!) = 0, 
and the long exact Hom-sequence gives the short exact sequence 


! For the core of perverse sheaves considered in Chap. III this was clarified by Beilinson 
[Bel]. 
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0 > Hom(A, t<o(Z¢[—1])) > Hom(A, X) > Hom(A,Y). 


Thusi : Kerg > X withi : t<9(Zf¢[—1]) > Zs[—1] — X represents the kernel 
of f in D=°. Similarly t>0Zp with a : Y > Zp > ts9Z¢ = Koker ys represents 
the kokernel of f in D=°. 


Step 2. For the existence of kernels and kokernels in Core(D) it remains to verify, 
that Ker, K oker f are objects contained in Core(D). Indeed Z¢ € D=°N D2—', by 
the extension Lemma II.2.3 and its dual version. Therefore the compatibility Lemma 
II.2.4 implies that Ker, Koker are in Core(D). 


Step 3 (Factorization Property). It remains to show, that f : X — Y decomposes 
into a composite of a: X — Zandb: Z — Y for some Z € Core(D) with 
induced isomorphisms a, : Z = Koker(i : Kerf — X) and b, : Z = Ker(z : 
Y —> Koker ys). 

To find Z and the factorization f = b oa consider the octaeder axiom attached 
to the composition of arrows defining i : Kerf — X, which gives the following 
commutative diagram 


e e 
HN 
yf-1) 4 Koker [= 1] i a Sere 
i 
ad> a 
f 
¥[=1) ———- Zs [1] >X > Y 
nN 
ad<o i 
Kerf ———————— Kerr 


From Y € D=° and Kokers[—1] € Core(D)[—1] c D2! c D*°, we get Z € 
D=° using the extension Lemma II.2.3. Once more Lemma II.2.3, and X, Ker fe 
Core(D) C D*°, shows Z € D=°. Thus Z is an object of Core(D) 


Z €Core(D). 


Step 4 (Remaining Verifications). The fact that Z is in Core(D) implies, recalling 
the definition of kernel and kokernel in step 1, 


b, : Z = Ker(a : Y — Kokers) 
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dy: Z = Koker(i: Kerg > X). 


The second isomorphism a, comes from the distinguished triangle (Kery, X, Z) 
with Z as acone for the morphism i : Kers — X. Therefore Koker; = t=0(Z) = 
Z. 

The first isomorphism b, comes from the triangle (Y[—1], Koker [—1], Z), 
which makes Z into a cone for the morphism z[—1] : Y[—1] —~ Kokers{—1]. In 
fact, the commutativity of the left square of the diagram above shows that its upper 
map is —z[—1] and we are allowed to modify the triangle by an isomorphic one. 
Therefore we get Kerz = t<o(Z[1][—1]) = Z. 


Step 5. The additivity axiom finally making Core(D) into an abelian category is 
clearly satisfied, as Core(D) is closed under extensions by Lemma II.2.3. O 


Lemma 3.2 For X, Z in Core(D) we have 


Extés cay 2; X) = Hom(Z, X[I)). 


Proof. Note that any distinguished triangle (X, Y, Z) satisfies Y € Core(D) by 
the assumptions and Lemma II.2.3 and its dual. Therefore the proof follows from 
the definition of Core(D) and the remark after Corollary 1.1.5. The identifying 
isomorphism is described as follows: Any extension of Z by X in the abelian category 
Core(D) corresponds to an isomorphism class [E] of an exact sequence in Core(D) 


E: 0O-xX->-Yo>Z-0. 


By definition, such an exact sequence in the core arises from a distinguished triangle 
(X, Y, Z, u, v, w) in D. The isomorphism class [E] of it is uniquely determined by 
w € Hom(Z, X[1]). See Corollary II.1.5 and the remark thereafter. O 


The corresponding statement for higher Ext-groups is satisfied for the derived 
categories D(A) with their canonical t-structure. It might not be satisfied in general. 


3.3. Thick Subcategories. A full triangulated subcategory C of a triangulated cate- 
gory D is called a thick subcategory, if objects X, Y € D must lie in C, provided 
there exists a morphism f : X — Y such that 


1) f factors over an object in C 
2) f hasacone Cones €C. 


If D is a triangulated category and if C is a thick triangulated subcategory, then 
the quotient category D/C is a triangulated category. See [SGA45], p. 276ff. 

Now let A be an abelian category. A Serre subcategory B or thick subcategory 
of the abelian category A is by definition a full subcategory, which is closed under 
taking subquotients and extensions. The quotient category A/B exists as an abelian 
category. It is obtained by inverting all morphisms, whose kernel and cokernel is 
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in B. This class of morphisms allows a calculus of fraction. The quotient functor 
A — A/B is an exact functor and maps objects of B to the zero object. Any functor 
from A into an abelian category with this property factorizes over the quotient functor 
A — A/B. See Gabriel [102], p. 364ff. 


Examples. Suppose D is a triangulated category with t-structure and core A = 
Core(D). Suppose C is a thick subcategory of D, which is stable under the corre- 
sponding truncation functor t<9. Then B = C N Core(D) is a Serre subcategory of 
the abelian category A. 

Suppose D is a triangulated category with t-structure. Suppose B is a Serre 
subcategory of A = Core(D). Then the full subcategory C defined by the objects 
X in D, whose cohomology objects H‘(X) — as defined in the next section! — are in 
B for all i € Z, is a thick triangulated subcategory of D stable under the truncation 
functor T<9. 

Now assume that A is a noetherian and artinian abelian category, and suppose B 
is a Serre subcategory of A. Then objects X of A have a unique maximal subobject 
X, isomorphic to an object in B, and a unique (up to isomorphism) maximal quotient 
object X, isomorphic to an object in B. The quotient ,X = X/Xss is left reduced 
— i.e. has no nontrivial subobjects from B — and the kernel X, = Ker(X — Xq) 
is right reduced — i.e. has no nontrivial quotient objects from B. The epimorphism 
X — ,X induces an isomorphism (, X), = ,(X;). For this consider the left vertical 
morphism of the next diagram 


0 > X, > >Xq >O0 


Xx 
a! | 2! 


0 ——~> (+X), —~> -X —~> (-X)q — > 0 


Using the connecting morphism of the snake lemma applied to the diagram, it follows 
that the cokernel of the left vertical morphism is in B. Since (, X), is right reduced, 
this cokernel therefore is zero. Thus X; — (;X); is an epimorphism. The kernel K 
of this epimorphism is in B (a subobject of X;). Since ; X has no subobjects in B, 
also (,X), has no subobjects in B. Therefore K is the maximal subobject of X, in 
B. Thus (,X), = -(X;). 

The object (,X), = -(X;) is a reduced object, by which we mean that it has 
neither a nontrivial subobject nor a nontrivial quotient isomorphic to an object of 
B. Any object X becomes isomorphic in the quotient category A/B to its reduced 
subquotient (, X), . The quotient category A/B can be described up to equivalence 
in the following way: It has the same objects as A, but modified homomorphism 
groups such that — see [102]: objects X, Y of A become isomorphic in A/B if and 
only if their reduced objects are isomorphic in A. For reduced objects X, Y one has 
the equality 


Homa p(X, Y) = Homa(X, Y). 
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Hence A/B is equivalent to the full subcategory of A defined by the reduced objects 
(this however is in general not an abelian subcategory of A). 

If Y is left reduced and X is arbitrary, then Homa/p(X, Y) = Homa(X,, Y). 
The reader is advised to describe the general composition law! 


IL.4 The Cohomology Functors 


It is a remarkable fact, that the derived category combines homological and cohomological 
properties. This property of derived categories carries over to triangulated categories with 
t-structure. 


Let D be a triangulated category with a t-structure. We define 
H®(X) = tegtsoX € Core(D). 
More generally we define for n € Z the n-th cohomology functors 
H" : D—- Core(D) 


by H"(X) = H°(X[n]); and similar H”(u) = T<9t>o(u[n]) for morphisms u. Note 
that 
H"(X)[—n] = tentonX « 


We will prove below, that for these functors and for a distinguished triangle (X, Y, Z) 
in the triangulated category D there exists a long exact cohomology sequence in the 
abelian category Core(D). 

To begin with let us assume Z = t39Z € D=°: Then Z[—1] € D2! is con- 
tained in D=°, Note that t<o(Z[—1]) = 0 by II.2.4. For a distinguished triangle 
(X, Y, Z, u,v, w) and any A in D we now get the following commutative dia- 
gram with exact columns and the exact horizontal row, using the long exact Hom- 
sequences (Theorem II.1.3) 


ad<_| (1). 


Hom(A, (t<_1X)[1]) Hom(A, (t<-1Y){1]) 
A 


E 


Hom(A, ts9X) ———> Hom(A, ts0Y) 


| Le 


Hom(A,Z[—1]) ———~> Hom(A, X) —————~> _ Hom(A,Y) ——~> Hom(A,Z) 
A 


Hom(A, t<_1X) —*-> Hom(A, t<_1Y) 


By our assumption on Z we get 
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a) y as in the diagram exists! It is the map induced from 
cits9¥ > Z, 
where c is obtained from the factorization Y > t29Y > t29Z = Z. 
b) t<-1X—> t<_1Y, thus a and f are isomorphisms. 


The second statement follows by adjunction from Hom(A, X) = Hom(A, Y) for 
all A e DS“, using Theorem II.1.3 and Hom(A, Z) = Hom(A, Z[—1]) = 0 for 
A € DS! by IL.2.1(i). 


Claim. For Z = t=09Z the sequence 


(S) Hom(A, Z[—1]) > Hom(A, t29X) > Hom(A, t29¥) % Hom(A, t20Z) 


is exact for any object A of the triangulated category D. 

By an easy diagram chase — which is left to the reader — this is reduced to the 
exactness of the horizontal and the two vertical lines of the diagram. Exactness at 
Hom(A, t>9X) follows from observation b) above. Exactness at Hom(A, ts0Y) 
uses 


c) The following holds 
B-'e(Ker(y)) C Ker(ade_i[1]x) . 


Proof of c). Apply axiom TR3 of triangulated categories, which provides a mor- 
phism f and a commutative diagram (e inducing e, c inducing y) 


d<_\[1] 
PS —S Gel = vi 


id c ‘af id 


Y u[1] 
Y > Z —> X[{1] ———— /Y[l]. 


Note f = adj 0 t<_2(f). Apply Hom(A, .) to this diagram, to obtain 
o(ker”) a Kerr) =Ker( Homa, (t<-1Y)[1]) ~ Hom(A, xt) : 


However under the isomorphism po} induced by the isomorphism (t<_1)[1] the 
subgroup Ker ( f,.) maps to the kernel K er (ad<_\[1],) of the morphism ad<_ [1] : 
(t<_1X)[1] > X[1], if the lower triangle of the following diagram commutes 


SR eee ara 


ad<-\{1] ff ad<_,[1] 


(t<-1¥)[1] 
——> 


(t<-1X) [1] (t<-1Y){1] . 
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Commutativity of the diagram. The upper triangle and the outer square of this dia- 
gram commute by definition. Apply t<_2, which collapses the diagram to its lower 
map. In particular t<_2(f) becomes an inverse of the isomorphism (t<_u)[1] (fact 
b)). However f factors over the morphism t<_2(f) to (t<_1 X)[1] by adjunction. 
Therefore the lower part of the diagram also commutes. O 


Corollary 4.1 Recall the exact sequence (S) of the last claim, which was proved for 
objects Z € D=°. If we specialize to A varying in Core(D), then it implies the exact 
sequence 


0 > HX) > H°(Y) = H°(Z) in Core(D), 


using the adjunction isomorphism Hom(A, B) = Hom(A, t<oB)forA € Core(D), 
Be D. 


Corollary 4.2 Dually we obtain for Ho(X) = tsot<oX € Core(D) and distin- 
guished triangles (X,Y, Z) in D with X € D=° the following exact sequence 


Ho(X) ~ Ho(Y) > Ho(Z) > 0 in Core(D) . 


The exact sequences II.4.1 and II.4.2 can be fitted together using 


Theorem 4.3 Let D be a triangulated category with t-structure. For the corre- 


sponding functors Hy and H 9 there exists a functorial isomorphism & : Ho(X) =< 
H°(X). 


We postpone the proof of Theorem II.4.3 to the end of this section. Using this 
theorem, we will tacitly identify Ho(X) = H 1X ). Then the two exact sequences in 
Core(D), proved above, turn out to be special cases of 


Theorem 4.4 Let D be a triangulated category and let (X, Y, Z) be a distinguished 
triangle in D. The cohomological functors attached to a t-structure of D induce a 
long exact cohomology sequence in Core(D) 


ae HI@s Ws Mis mas POS 


Proof. Obviously one gets a complex. By the rotation axiom TR1 it is enough to show 
exactness at one place, say H°(Y). The proof of this reduces to the special cases 
11.4.1 and II.4.2 considered above. Namely apply the functor H® to the octaeder 
diagram TR4a (extended to the right) 
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id 
oe — "> ® 


A 


e —> ts;Z[—1] ————> e ————_> Y ——> T3902 


> 


e ——> Z[-—1] —————~ X > ¥ > Z 
K 


ad<y 


pgZ( tS" ea Zi 


Now exactness at H°(Y) in the lower row can be deduced by a diagram chase 
from exactness at H°(Y) in the upper row. Except the trivial statement H %(Z) = 
H (r9Z ) this uses the fact, that H9(X) > H(e) is an epimorphism. This follows 
from II.4.2 for the distinguished triangle (t<9Z[—1], X, e) with t<gZ[—1] € D9, 
Finally exactness at H°(Y) in the upper row follows from II.4.1 applied to the 
distinguished triangle (@, Y, t-9Z) with t-9Z € D=°. 


Exercise. If D is bounded with respect to the t-structure, then X = O resp. X is in 
D=° or in D2! iff H"(X) = 0 for all n, resp. for all n > 1 resp. for all n < 0. 


Proof of Theorem II.4.3. Suppose given integers n > m. 

Apply t<n — id — Tsn41 to X and t>,,X, for X € D. This gives two dis- 
tinguished triangles T” and T’ together with a morphism 7” —> T’ induced by 
(B, ad>m, id) for some B, which is obtained from axiom TR3 by completing the left 
square of 


ad<n ad>n+1 
T’ ¢ T<nT>=mX ——_—_—_— TomX ————~ Ton+1X ————+- 
y 
: AB ad>m id 
ad<n ad>n+\ 
T’: T<pnX > X —_> Ton+1X —————— 


Here we used adsj41 0 dsm = Aad>n+1. 
On the other hand, starting from the lower square ad<p 0 dd<m—| = ad<m— the 
octaeder diagram gives a morphism T” —> T of distinguished triangles: 
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5 3!) aden 
T: 0) > TemtT<nX een TomX ee T>n4+1X ———> 
rN K 
Baas ides id 
ad< ads +1 
TT! —— T<nX =f > NX a Ton41X —_—_> 
ad<m-| adem-| 


T<m—1X ee ee T<m—1X . 
Actually the upper morphism in the right square, whose existence is provided by the 
octaeder axiom, is uniquely determined. It has to be ad>,4 ; by adjunction. 
Now compare the distinguished triangles T’ and T. Both triangles complete the 
morphism adsn41 : T=mX —> T>n41X. Therefore, by Corollary II.1.4, there exists 
an isomorphism (6, id, id) : T 5 T'.In particular we get an isomorphism 


6: T>mT<nX —> T<ntomX . 


For m = n = 0 the existence of this isomorphism proves Theorem II.4.3, except 
that 5 might not be functorial (since a priori it need not be uniquely defined). So the 
proof of Theorem II.4.3 will be completed by the following consideration. 


Functoriality of 5. Put y = ad>m 0 ad<p. This is a natural transformation. 

Claim: a, 6 and 6 (as chosen above) make the following two diagrams commuta- 
tive and this characterizes them uniquely, making them into natural transformations 
as well: 


3! B B 


T<p ——————> T<nT>m T<p_. ———_—_> T<nT>m 


no ad<n ? ale seh 3 
ie a 


T=mTt<n ————> T>m T=mT<n —————> T>m 


The proof of the claim is not difficult and we leave the details of its verification to 
the reader. One has to use the existence of the maps T” — T’ and T” — T defined 
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above (for the convenience of the reader we already have filled in y into the left 
upper diagram) and the following sequence of isomorphisms (given by adjunction 
isomorphisms and Lemma II.2.4 for m <n) 


ye Hom(t<n, T=m) Ss Hom(ten, T<nT>m) >B 
ae Hom(t2mT<n, Tm) a= Hom(t=mT<ns T<nT=m) 36. 


The horizontal maps are defined by the composition yy t+ ad<, o w, the vertical 

map by the composition ¢ > ¢$ o ads». Finally B = 6 oads since ad<,0o B = y 

and dd<n 05 0ddsm =a 0dd>m = y. 
We get as a 


Corollary-Definition 4.5 (Assume n > m). The natural transformation 6 defines 
an isomorphism 6 : T>mT<n = T<nT>m and we obtain a functor 


Tim.n] = T=mT<n = T<nT=m 5 
which is the identity on DI") := D=" 9 D2”. 


Exercise 4.5 Let D be a triangulated category, bounded with respect to some t- 
structure. Suppose given K € Ob(D) and N : K > K anilpotent morphism in D, 
i.e. N” = 0 for some integer n. Then the following statements are equivalent: 


(i) K € Core,(D) 
(ii) The cone of N : K > K is in ‘DI-1.9lcx). 


Hint: Show Cone(N”) e ‘pla.b] (X) if and only if Cone(N') € ‘pl2.l(x), using 
the triangle (Cone(N'), Cone(N~'), Cone(N')), to reduce to the case N = 0. 


11.5 The Triangulated Category D°(X, Q;) 


The triangulated category of Q;-sheaves is not a derived category in the original sense. It is 
obtained as a localization of a projective limit of derived categories, under certain finiteness 
assumptions. We remind the reader, that the triangulated category of Q,-sheaves has already 
been used in Chap. I in order to define the Deligne-Fourier transform. It will play an even 
more important role in the following chapters of the book, in particular for the definition of 
the category of perverse sheaves. A natural way to construct such a triangulated category of 
Q-sheaves is to consider it as the direct limit of triangulated categories of E-sheaves, where 
E runs over all finite extension fields of the field Q;. However it is nontrivial, to define such 
a triangulated category of E-sheaves with good properties. A naive natural candidate to start 
from would be the derived category of the abelian category of 2-adic sheaves introduced in 
this section. Unfortunately this abelian category of 2-adic sheaves does not have sufficiently 
many injectives or even acyclic objects, in order to define the interesting functors f,(—) and 
‘FCom(Y , —), ... as derived functors in the usual way. The authors of this book do not know, 
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whether there is a mysterious way to define such derived functors with reasonable properties 
in a direct way on the derived category of z-adic sheaves or the derived category of the abelian 
category of constructible E-sheaves. On the other hand, Ekedahl [93] has defined a substitute 
of the derived category of the abelian category of z-adic sheaves. It is a triangulated category 
with all the good properties, and which allows to define the “derived” functors of all the 
usual functors in a reasonable way. In fact, Ekedahl’s definition is technically rather involved. 
Fortunately, by the assumptions on the base scheme, which are made throughout this book, the 
definition considerably simplifies. Certain finiteness theorems then allow to define the desired 
category by a kind of projective limit, more precisely a projective limit of 2-categories. We 
start with the notion of 2-adic sheaves. 


The general reference for the following is [FK], chap. I, §12. See furthermore 
[SGA45], rapport 4.5-4.8 and also Appendix A of this book. 

In this section X will denote finitely generated schemes over a finite field or over 
an algebraically closed field. 

Let E be a finite extension field of the field Q; of /-adic numbers, let 0 be the 
valuation ring of E and let z be a generator of the maximal ideal of 0. Let 


0, =o0/m’o , r>1. 
The prime number / is assumed to be invertible on X. 


Excursion on z:-Adic Sheaves 

We freely use notions and results from [FK] in the following. In particular the 
notion of the A-R category (Artin-Rees category) will be of importance. However 
it will be necessary to generalize from the /-adic situation considered in [FK] to the 
m-adic case. The necessary modifications for this generalization are rather obvious. 
See also Appendix A. 

Suppose 


G =(Grsi 


is a projective system of constructible torsion o-module sheaves “Y, on X, such that 
mu" G, = 0. Then ‘%, is a sheaf of 0--modules. 
The system -% is called a -adic sheaf, if the following holds 


G Bo, 0s = %F forall r>s. 


1. The projective system -% is called flat, if all %, have o,-free stalks for all 
geometric points. The projective system % is called smooth2, if all the sheaves %, 
are locally constant sheaves. For a flat 2 -adic system & and integers | < s < r one 
has exact sequences of sheaves 


00> Gis - Go GOO, 


where the left map is induced by multiplication with * and the right is induced by 
the natural quotient map ‘4 > G, @o, 0s = GF. 


2 Called locally constant in [FK] I §12. In French one uses “lisse” or previously “constant 
tordue”’. 
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2. More generally the projective system & is called an A-R z-adic sheaf, if 
there is a 2-adic sheaf .7 = (.%) in the sense above and a homomorphism of 
projective systems 

b:Fo>G , r=l,2,.. 


such that the following associated projective systems 


(Ker(¢r)) , (Koker(¢,)) 


are null systems. For that recall the notion of 
3. Null Systems. A projective system 


(MW r>1 


of constructible o-module sheaves, such that 2". 4;°= 0, is called a null system, if 
for some integer s > 1 the maps 


Mie > Me 


are zero for all r. If A and & are m-adic resp. A-R z-adic as above, they will 
become isomorphic in the A-R category. 


The A-R Category. In the A-R category a null system becomes isomorphic to the 
zero object, which is represented by the -adic zero sheaf. The Artin-Rees category 
is an abelian category. It is the quotient category of the abelian category of projective 
systems (-%,), of constructible sheaves of torsion o-modules %,, divided by the full 
exact subcategory of null systems. See [FK] p. 122. 

Let j : U — X bean open embedding with closed complement Y. A projective 
system & of sheaves on X is A-R z-adic if and only if its restriction to U and Y isa 
A-R z-adic system. It is a A-R -adic system if and only if it is etale locally a A-R 
mt-adic system. See [FK], p. 124. 

In the following we will often relax notation and address A-R m-adic sheaves & 
as zt-adic sheaves. If a distinction is necessary we will stress that 2-adic sheaves, as 
for example the sheaf .Y above, are z-adic sheaves in the “true sense”. 


The Derived Category p>. p(X , 0,) of Perfect Constructible Complexes 
of o,-Modules on X 


As already mentioned, the derived category of E-sheaves is not defined as the derived category 
of the abelian A-R category. The decisive step for its definition is to define the projective limit 
category be (X, 0) 

D(X, 0) = “lim” DP, ¢(X, or) . 


For this definition consider the transition functors 


Db p(X, O41) — DE p(X, or) , r=1,2,... 


L 
K* +> K° @g, or. 
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To define the projective limit of categories correctly and to verify some of the main properties, 
it is useful to introduce a number of useful notions first. 


Let the notation and assumptions be as above. Consider the bounded derived category 
of all etale o,-module sheaves on X. Let then D? (X, 0,) denote the full triangulated 
subcategory of all objects, whose cohomology sheaves are constructible etale sheaves 
on X. 

The category D?,  (X , 0,) is defined to be the full subcategory of D? (X, 0,) of 
those complexes, which are quasiisomorphic in D? (X, 0,) to a bounded o,-flat com- 
plex K°, i.e. all components K” are flat 0--sheaves and almost all of them are zero. 
In particular all cohomology sheaves of K° are constructible. “Bounded” means: all 
K” vanish except finitely many. “Cohomologically bounded” means, that almost all 
cohomology sheaves vanish. The category D>. f (X, 0,) defines a triangulated sub- 


category of the derived category D? (X, 0,) of cohomologically bounded complexes 
of o,-sheaves with constructible cohomology sheaves. 

The larger category D? (X, 0,) has a natural t-structure. The underlying truncation 
operators 


T>m ’ T<n 


are defined as follows: t=mK° is obtained, if we replace K” by zero for v < m 
and by coker(d : K™—! -, K") for v = m. Furthermore (t<nK)” is obtained by 
replacing K” by 0 for v > n and by ker(d : K" — K"*') for v =n. Using these 
truncation operators every complex in D? (X, 0,) turns out to be quasiisomorphic to 
a bounded complex. 

This natural t-structure on D? (X, 0,) is not inherited by the triangulated full sub- 
category D?, f (X, 0,), because truncation does not preserve the o,-flatness condition. 
Nevertheless in some special cases this is still true. See the technical remarks below, 
which the reader may skip on a first reading. 


5.1 Technical Remarks 


(1) For an o,-module M — here we do not mean a sheaf! — the following assertions 
are equivalent: 


(a) M is injective 

(b) M is free 

(c) M is projective 

(d) M is flat 

(e) a’ *M = Kern(x* : M > M) forall 1 < s <r (‘divisibility’”). 


Obviously (b) => (c) => (d) holds for modules over arbitrary rings A. Similarly, 
an injective module is always a direct factor of a cofree module. Hence in our case 
an injective module is a direct product of free modules, since 0, = Hom(o,, Q/Z). 
Cofree or flat, hence (a),(b),(c),(d) all imply (e). 

Assume (e). Consider lifts v;,i € J of a basis of the quotient vector space 
M — M/xM. Suppose ier 4; v; = 0. Choose s < r maximal such that A; € 2*0, 
for all i. Then A; = m*°p;. If s Ar thenz*-w = 0 for w = >); 1; - v; implies 
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w €7'~*M. This gives acontradiction mod z M. Hence the v; are linear independent 
over 0,. Their span N satisfies MC N+2M,hence M C N.So M = N is free. 
Finally a free o,-module M is “divisible” in the sense, that any morphism N + M 
of acyclic module N into M can be extended to a morphism N’ —> M for any cyclic 
module N’ containing N. A “divisible” 0,-module is injective (Zorn’s lemma). 0 


Now some consequences of the facts stated above: Let 


0—~> K > > M —>0 


be an exact sequence of o0,-modules. If any two of the three modules satisfy (a)- 
(e), then also the third. This implies (by induction from below), that for any acyclic 
bounded below complex of injective o0,-modules all the modules ker(d), for the 
differentials d of the complex, are again injective o,-modules. The same is true for 
a acyclic bounded above complex of injective 0--modules (induction from above). 


(2) Suppose M, N are free 0,-modules and suppose ¢ : M — N is an o,-linear 
map. For any natural number 1 < s < r this induces maps ¢; : M; — Ns; where 
M; = M @o, 0s, Ns = N @o, Os, bs = & Bo, Os. The map ¢ = ¢@, is injective iff 
ds is injective. One direction is clear from (1a),(1b): If ¢ is injective, then it is an 
isomorphism onto a direct summand. This implies that @, is injective for all s < r. 
For the converse we can therefore assume s = | and use induction with respect to r. 
The claim follows from the snake lemma, which relates ¢, to ¢,_1 and ¢1. 


(3) For | < s < r an o;-module can be viewed as an o,-module via the surjective 
quotient map 0, — o;. In this sense, any 0,-module M is isomorphic to a direct sum 
of free o,-modules Ns 

M= Bi<s<rNs : 


Proof. Consider the 0,_1-module M;o, = {x € M | x"~!.x = 0}. The quotient 
M/Mtor is an 01-vectorspace. Lifting a basis gives o,-linear independent elements, 
by a similar argument as in (1) above. They span a free submodule N of M. Since N 
is injective by 1) M = N @ (Mior /N O Mior). The claim follows now by induction. 


Let (M,),>) bea projective system of finite 0--modules M,. Let M be the projec- 
tive limit, which is an o-module. If the system is zr-adic, i.e. if M,+1 @o,,; 0, = Mr, 
then M is a finitely generated o-module (Nakayama’s lemma) and M, = M/2’M 
with the obvious transition maps. Let the system be not necessarily 2-adic: Then 


(a) M is flat (7-torsionfree) if the M, are flat (2 -torsionfree). 
(b) Mis finitely generated if dim,,(M,/mM,) < const for some constant indepen- 
dent of r. 


Proof of (b). The condition is inherited by subquotients. One therefore can assume 
that the transition maps are surjective. Then lift a primitive element. It remains 
primitive on each r-level. Divide by it and argue by induction on the length. O 
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(4) Let / be an injective sheaf of o,-modules. Then all stalks are injective o,-modules. 
In particular, J is an o,-flat sheaf. Look at the stalks for the geometric points! 


(5) Let J*® be a bounded (resp. bounded from below) complex with constructible 
cohomology sheaves, such that all J” are o0,-flat sheaves. Suppose given m such that 


FE'(S°)=0 , forv<m. 


Then T>m(J°) is again a bounded (resp. bounded from below), 0,-flat complex, 
which is quasiisomorphic to J°. 


Proof. Recall that t= J° is obtained from J® by replacing J” by zero for v < m 
and by coker(d : J m—l _, 7) for vy = m. Via induction from below coker(d : 
J™—! _, J’) is 0,-flat because.W” (J*) = 0 for v < m.Use (1). Therefore T>mJ° 
is a o,-flat bounded complex. Oo 


Let M be any o,-module. Under the assumptions above J° @5, M = J* @o, M, 
because all J,’ are o,-flat. Furthermore the natural map 


J° Qo, M—-> T>m(J°) @o, M 
is a quasiisomorphism and induces an isomorphism 
T>m(J* Bo, M)-> T>m(J°) @o, M 


(6) Let /* be a complex, bounded from below, of injective sheaves J” over 0, and 
suppose /* is quasiisomorphic (i.e. isomorphic in the derived category) to a bounded 
o,-flat constructible complex J* (with respect to some honest morphism) 


f:IoT?T. 
(For instance let J* be an injective resolution of J°). 
Choose an integer such that 


FOI°)=0 , von. 


The stalks J? are injective o,-modules for all geometric points x. By Remark (1) and 
(5) the mapping cone C = C(fy) has o,;-flat kernels ker(dc). Since f induces an 
isomorphism of stalk cohomologies, we have exact sequences 


0 —> Ker(d” : I? > 12+!) > Ker(dQ) + Im(d@’ : J? > Jt!) +0 


for all v. Therefore ker(d : I? > I Ny is 0,-injective, hence is a direct summand 
of If, since Im(d® : JP > purl is flat for v > n by induction from above using 
FO" (Ip) = FO’ 1,) = 0 for v > n. 
The truncated complex 
K*° =t<,I° 
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is therefore an 0,-flat complex. Recall KY = J” forv <n, KY =Oforv >n 
and K” = ker(d : I" — I"+'), The o,-flatness of all K” implies for an arbitrary 
o,-module M that 


K* @o, M=I° @o, M=I° @E M. 


The first map is a quasiisomorphism. This is checked on stalks of geometric points 
using the o,-flatness of all KY and /?. The second identity holds, because all J’ are 
o,-flat. 


(7) Let J* be a bounded complex of sheaves of flat 0,-modules with constructible 
cohomology sheaves. Suppose given integers m <n such that 


FO'(°)=0 for vem, von. 


Then the truncated complex 
L® = T<nt>mJ° 


is acomplex, which is quasiisomorphic to the complex J*. By (5) and (6) the complex 
L* is a complex with o,-flat sheaves L”. Furthermore L” = 0 for v < mandv >n 
and .7"(L® @o, M) = .Fé"(J* @o, M) for all 0--modules M. 


(8) Let K* be a bounded complex of 0,-flat sheaves with constructible cohomology. 
Suppose for some 1 < s <r that 


FO"(K* @o, 05) =0 forall vem, von. 
Then the following holds 
FE"(K*°)=0 forall v<m,vo>n. 


Proof. Suppose .7”"(K*) 4 0 for some v. Let v = M be the minimal choice. We 
have to show M > m. By (7) we may assume that K” = 0 for v < M. Suppose 
M < mand let d™ be the differential d” : KM — K™T+!, By assumption the 
corresponding map 


aM So.0¢2 K™ @yr0y > KM Ba, 05 


is injective. Then d™ is injective by (2). A contradiction! A similar but simpler 
argument applies for the v > n, where it is enough to use the right exactness of the 
tensor functor. O 


(9) Let us close with the observation that for a bounded complex K ° of o,-flat module 
sheaves with constructible cohomology sheaves such that K” = 0 for v < m or 
v > n, there exists a bounded, o,-flat complex L® in Db’, p(X , 0) with constructible 
sheaves L” and L® = Oforv < morv > nandacomplex map L* > K°, whichisa 
quasiisomorphism. This follows e.g. from [SGA4 5] rapport Lemma 2.4, if we replace 
the infinite resolution (K’)® constructed there, by its truncation L® = t>m((K’)°) 
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using that T>m((K’)*°)” = Cone((K’)® > K*)"—!/Ker(dm—1) is flat by (1). The 
same also holds for the ring A = 0 itself. 


End of Technical Remarks II.5.1. The last Remark (9) implies 


Lemma 5.2 Every complex in D¢1f(X, 0,) can be represented by a perfect complex, 
i.e. a finite complex K° of constructible 0,-flat sheaves K”. 


Lemma 5.3 Letu: K* — J°® be a morphism in D?(x, o,). Suppose K*, J® are 
bounded, 0,-flat with constructible cohomology. Then there exist bounded, 0, ae 
complexes K*, J* with constructible cohomology and maps of complexes v : K ° 

J* and w: kes ee Ee eee J*andk: K* > K° 


Ke ——— 


K° Se J° 
such that in the derived category uk = w and ju = v holds and j,k become 
isomorphisms in the derived category. The complex K® can be chosen to be perfect. 


Remark on Sizes. If K”, J” = 0 for v < mor v > n, the same can be achieved 
for K’, J”. 


Proof. u is obtained by honest complex maps u : K® — I*® <— J*, where /® is an 
injective resolution of J®. Use Remark II.1.8. Naive truncation J* = tenl® forn 
— respecting the size of the finite complexes K® and J* — defines honest complex 
maps 

eK 7° 

gigtsy FP 
such that ju = v holds in the derived category, j being a quasiisomorphism. The 
assertion concerning J°* follows from (6) above. 

The assertion concerning K° is obtained, if we define K* tobe (the perfectifica- 

tion (9) of) the bounded flat complex 


K° = Cone(v+j : K°@J* => J*)[-1]. 


The maps k and w are the obvious projections. Then k is a quasiisomorphism and 
up to homotopy of complex maps the following is true 


vk = wj. 


See e.g. [104] p. 161. Therefore wk = w holds in the derived category. Oo 
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If sizes are to be respected, as claimed in the remark, one better replaces the 
complex K* by the quasiisomorphic complex t<,K°. 


The Derived Category 
b —_ eoys ” b 
D-(X, 0) = “lim” Do, p(X, Or) - 
r 


The field Q, is the direct limit of the finite extension fields E of the field Q, of 
l-adic numbers. Each of the fields is obtained by localization from its ring 0 = og of 
integers. The ring of integers 0 is the projective limit of the finite self injective rings 
0, = o/m’oforr = 1, 2, ... Here w denotes a prime element in E. The construction of 
the triangulated categories D? (X, Q,) follows the same pattern. Whereas direct limits 
and localization are exact functors, projective limits usually are not. So to construct 
D? (X, Q;), the most critical step is the construction of a triangulated projective 
limit category Dy (X, 0) from the system of derived categories D?(x , 0,), where 
r = 1,2, ... runs over all integers. 

See also the references 


Appendix A 
[BBD], 2.2.14 
Deligne [Del], 1.1 p. 149 


The assumptions on X made at the beginning will imply, that this limit category 
D? (X, 0) exists and that it carries the structure of a triangulated category in a natural 
way. 


The Problem. Suppose we have triangulated categories (D,),>1 with triangulated 
transition functors F,41 : D-4; — D,, i.e. compatible with shifts and preserving 
distinguished triangles. We would like to define objects of the limit category D as 
systems A = (A,;, ¢,)->1 Of objects A; and isomorphisms ¢, 1 in the category D, 
such that $41 : Fr41(Ar+1) = Ar. A morphism w : (A,, 64)p>1 > (Br, bP rot 
in D should be given by a system yy = (w;),->1 of morphisms w, : A, > B, in 
D,, such that oF © Fray (Wr41) = Wyo Ene holds for all r. In such a setting 
one could ask, whether D carries the structure of a triangulated category. The cate- 
gory D is obviously an additive category. Define the shift operator .7 (A) = A[1] 
by (A;, @)r>1[1] = (A-[1], ¢-[1]))->1. To define distinguished triangles in D, the 
obvious attempt would be the following: A triangle (A, B, C, f, g, h) in D is dis- 
tinguished if and only if the corresponding triangles (A,, B,, C,, fr, gr, hy) of the 
system are distinguished triangles in the categories D, (for all r). However, with 
this definition it is unfortunately not clear, how to verify for example axiom TR3. 
Only under the following strong finiteness assumption, it is easy to verify the axioms 
TR1-TR4 of triangulated categories. 


Assumption. For all r > 1 the homomorphism groups 
Homp,(X,Y) , X,Y € Ob(D,) 


are finite groups. 
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Under this assumption the limit category D is a triangulated category with the 
definitions as above. The proof is easy and left as an exercise for the reader. Just as 
an example, let us verify axiom TR3: 

For given distinguished triangles (X, Y, Z,u, v, w) and (X’, ¥’, Z’,u’, v’, w’) 
and morphisms f : X’ > X and g: Y’ > Y, such that g ou’ =uo f, we look for 
a morphism 

h:Z'>Z, 
such that (f, g, 2) extends to a morphism of triangles. Let E, be the set of morphisms 
h,:Z : — Z,,such that (f;, g-, 4;) is morphism between the distinguished triangles 
(X;, Y-, Zp, Uy, Ur, Wr) and (X)., Y/, Zi, ui, vi, wi). Then 
(1) The set FE, is nonempty ( axiom TR3 for D,) 
(2) The set E, is a finite set ( the finiteness assumption above) 


The sets E; obviously define a projective system 
> Ey41 2 Ey >... > EY. 
By (1) and (2) it follows, that the projective limit 
E=limE, # @. 
r 


Any choice of h € E C Homp(Z’, Z) now gives the required extension. 

Let us now come back to our original problem. So we specialize to the case of the 
triangulated categories D; = D> (X, o,). The transition functors F,4) : D,+1 > D, 
are given by the tensor product K?, , +> K?, | @5, , or. The construction above gives 
the desired limit category pb? (X, 0), provided the finiteness assumption made above 
holds. In order that this finiteness condition holds, we now need the assumptions, 
made on the base field k. The relevant property is the following: 

Let k’ be a finite separable extension field of k and let G be the Galois group 
of the separable closure of K’ over k’. Then we want, that the Galois cohomology 
groups 

H’(G, Z/1Z) 


are finite groups; here G is assumed to act trivially on the coefficients Z//Z. Of 
course this is a strong assumption on the underlying base field k. 

Let us assume that all the Galois cohomology groups H’(G, Z/IZ) are finite 
groups. Under this assumption on the field k one can deduce from the finite- 
ness theorems, proved by Deligne ([SGA44], finitude; see also Appendix D of 
this book) that for schemes X finitely generated over k and perfect complexes 
K*, L® € Derp (X, 0), the following 


Theorem 5.4 (Finiteness Theorem) Assume all Galois cohomology groups 
H”’(G, Z/1Z) are finite groups. Then the homomorphism groups 
Hompx,0,)(K°*, L°) 


are finite abelian groups. 


96 II. The Formalism of Derived Categories 


There are other cases, where the analogous finiteness statements are valid. Since 
these cases are not relevant for this book, we only mention that the similar statement 
holds for schemes finitely generated over Z, for schemes finitely generated over 
strictly henselian rings or over discrete valuation rings with finite residue fields. See 
Mazur [123]. 

Building on this finiteness theorem we can now define the category D? (X, 0) as 
above as the projective limit 


De(X, 0) = “lim” Dé p(X, or) 
in down-to-earth terms. 
Objects. First of all, an object of D? (X, 0) is a collection 
K = K* =(K;)r>1 
of complexes KY in DP, (X , 0,) together with quasiisomorphisms 
drt: KP.) Bo, oy = KP 


in the categories D? (X, 0,). The v-th cohomology sheaf of K° is by definition the 
induced projective system .7"(K*°) = (.76"(K2)),>1. 


Morphisms. They are given by compatible systems of morphisms for each r: For 
two objects of D? (X, 0) represented by projective systems K® = (K,),> 1 and 
L® = (L?),>1 as above put 


Hom pp x9) (K*, L°) => lim Hom pbo¢x,o,)(Krs L?) . 
r 


In other words, ahomomorphism y : K*® — L*® in Hom po;x 9)(K*, L®) isa family 


w = (W,)r>1 of morphisms w, : K? — L? in the derived categories D(x, or), 
such that the following diagrams for r = 1, 2... commute 


L ‘ e L e L 
Wrti @o,44 a Kray @o,41 aa Ley ®o,41 er 


= OR = br 
Ur: Ks as Le 


Note: A morphism yy = (wW;),->1 between two objects K®° = (KY, OK) >1 and 
L* = (L°, ¢£),> is an isomorphism, if and only if all morphisms y, : K¢ > L* 
are isomorphisms. As a consequence of the finiteness theorem formulated above, two 
objects K®° = (K?, OS sj and L® = (L®, bf), >1 are isomorphic in the category 
D?(X, o) if and only if the objects K, and L, are isomorphic in D(x, o,) for all 
r. In other words, the isomorphism class of an object K®° = (K?, ¢,),->; does not 
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depend on the underlying transition isomorphisms @,, i.e. for any sequence of auto- 
morphisms @, in Hom pe(x,o,) (Kr, K?), there exists a sequence of automorphisms 
Wy in Hom pbx,0,) (Kr Ne ), such that 


OK, 0 (Wr41 BS... Or) = br OW OPM. 


In fact, the obstruction to find such y; is in Jim} Aut po(x,0,) (Kp. K?). See Jensen 


[163]. By the finiteness assumption, this /i m!-term vanishes. 

In order to work with this definition of D(x , 0), it is useful to make some 
preliminary remarks: 

1. By assumption each K* can be replaced by a quasiisomorphic bounded 0, - 
flat complex, whose bounds above and below - its size - may be controlled by the 
cohomology sheaves of Kf only (Remark (7) and (8)). So all the complexes (K. rel 
can be chosen of uniform size, i.e. uniformly bounded. 

2. Next one can use Remark (9) to replace each complex K? by a quasiisomorphic 
perfect one, without altering the size. 

3. So let us suppose that all opens. K? are uniformly bounded perfect com- 
plexes. Flatness implies K® K?, | @o,,,0r- This gives induced transition 
morphisms 


24185, 419r 
e e ~ e 
Kraut ag Kray @o,41 Or = K;. 


These morphisms, induced by @,, are only morphisms in the derived category 
D> (X, 0,41). One can choose perfect complexes Ke * by modifying K°® up to quasi- 
igomorphism without changing the size, such that the transition maps are honest 
complex maps K°® eS ad KS * instead of being just morphisms in the derived category. 
This is an immediate consequence of the Lemma II.5.3. We may therefore assume 
K* = K°, with “honest” transition maps 


Kg Kes 
With the preparation 1.-3. above one can show 


Lemma 5.5 Let K®° = (K?),>1 be an object of D? (X, 0). Then its cohomology 
sheaves 


FO'(K*) = (FO"(K?)) p> 1 


are A-R m-adic sheaves. 
Remark. .7"(K°) is a z-adic sheaf in the relaxed way of speaking (see the com- 
ments on the A-R category). 


Sketch of Proof of I1.5.5. Over an open dense subscheme there exist locally constant 
sheaves. @,.7 of 0,-modules independent from r > rg such that 


0 —>. 6 > FO"(KP 1) > FO"(KP, | ® 0,41 8) —> . B——>0. 
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Since 
FO Ke @o,41 Or) = FO (KP) ’ 


.76"(K*) is smooth on an open dense subscheme U c X, which is shown by 
induction on r; for all r the sheaves .7”(K°)|U are locally constant. 

The sheaves ..4, .# are constructed from the cohomology sequences of the 
distinguished triangles (27’ K? eK s wp K be 1 Bo-41 0,) as follows: They are obtained 
as constituents of .W* (29 - K ;) using the isomorphisms 


FO (n'—!. KK) —> FO'(n" - KP) , 


that are induced from the z”~! multiple of 


Kf <— K},1 @oru1 OF “SK Boras Ort = Key - 
The left map is the transition map (a quasiisomorphism), the next map is multi- 
plication by id @ x, which after multiplication by ’~! becomes an isomorphism 
(divisibility of KY ‘el !). For the details confer [FK], lemma 12.14. 

By noetherian induction one therefore reduces to the case, where X is the spec- 
trum of a base field. This field may be replaced by a separably closed field. For this 
case see [FK], lemma 12.5, or the discussion in the next section below. For further 


properties of these cohomology sheaves see also Appendix A resp. [FK], 1 §12. 


Corollary 5.6 .#"(K°) is a smooth n-adic sheaf on an open dense subscheme 
UCX. 


On one hand, as already observed, the triangulated categories D>. f (X, 0,) do 
not have natural f-structures by naive truncation of complexes. Therefore the naive 
truncations 


(T<m K es > 1 
do not yield an object in the category D?(X, 0). A natural t-structure on D?(X, 0) 
therefore a priori seems not to be present! On the other hand it is tempting to define a t- 


structure on pb? (X, 0) by imposing vanishing conditions for the cohomology sheaves 
(considered in II.5.5). We will see, that this provides the required good substitute. 


11.6 The Standard t-Structure on D?(X, 0) 


Let the situation be as in the last section. Our aim to define a t-structure on D> (X, 0), 
which will be called the standard t-structure. 
We first deal with the case of a point 


Xo = Spec(k) , k separably closed field. 
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Then objects in De (X, 0) can be represented by uniformly bounded projective sys- 
tems (K°),> 1 of perfect complexes of finite 0,-modules with transition maps 


Ky41 = K, , 


(a) Let K® = lim, K? be the inverse limit complex. Since all the K } are finite 
groups (!) the Jim!-terms of such projective systems vanish (Mittag-Leffler condi- 
tion). Therefore 


H"(K*) —> lim H°(K$). 
Ss 


The modules K} are free, so the transition maps K?,, @o,,, 0s > K¢, obtained by 
composition, are quasiisomorphisms. Furthermore 


e nr e e 
0- Kris Borss Os > Krys og Kris Bor4s 0; > 0 


is exact. This holds for all 1 < r,s. Take the cohomology sequence. The projective 
limit of these sequences for s > 00 is still exact by the finiteness assumptions made. 
This gives the exact sequences 


0 —> H°(K*))/x" —> H*(K?) —> H°+!(K*))[2"] —0. 


Tt will be called the Tor-sequence. Note Tor§(M, o/m'o) = M/x" and 
Tor} (M, 0/x"o0) = M[x"] for an o-module M. 


(b) Now dimo,(H’(K~)/m) < dimo,(H’(K})) + dimo,(H’*!(K®)), since 
dimo,( H’t!(K*)[2"]/z) < dimo,(H’t!(K*)/m) and H’(K*)/7 — H”(K}), 
H+! (K*)/x — H’*!(K®). Thus the projective limits H” (K°) are finitely gener- 
ated o-modules by Remark II.5.1(3). Hence by the last sentence of Remark II.5.1(9) 
one can choose an o-perfectification L° — K°® of the inverse limit complex K®. In 
particular H “\(L*) > H *(K°). The composed map L® — K®* — K? induces the 
quasiisomorphisms L? := L*/m"L® —> K? for all r (S-lemma) 


0 ——> H°(L*)/x" ——> H”(L?) —+> H°t!(L*)[x"] —~0 


; | 


0 ——> H°’(K°)/x” — > H°(K?) —~> H"t!(K*)[x"] —~0 
We may therefore replace (K,),>1 by the quasiisomorphic system 
(Lr )r>1 = (L°/2"L*),>1 
(c) Let A be the abelian category of finitely generated o-modules. Let D?(A) be 


the derived category of A with bounded complexes. Any object in D°(A) can be 
represented by a perfect complex of o-modules. 
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Hence there exists a functor 
D’(A) > D?(Specik), 0) , 


which maps an o-perfect complex L® to the projective system (L°/m"L®), 1. Since a 
perfect complex is now its own projective resolution, any morphism between perfect 
complexes in D(A) is induced by a complex map. Therefore isomorphic 0-perfect 
complexes in D?(A) give isomorphic projective systems. This is true also in the 
converse direction by taking the projective limits. From the preceding discussion in 
(b) we therefore see, that this functor induces an equivalence of categories D° (A) = 
D® (Speck), 0). 

Recall the equivalence of categories ({FK], 12.3) of the abelian category of A-R 
m-adic sheaves on Spec(k) and A, established by the functor (F;),->1 +> lim, F,. 
The projective systems N, = (lim,H’+!(K :))L2"] arising in the Tor-sequences 
define null systems; their objects become stable and the transition maps have an 
additional factor 2. So the equivalence pD° (A) = D? (Spec(k), 0) is compatible 
with the cohomology functors defined on both categories (see Lemma II.5.5). 


Exercise. How do the natural truncation operators t<n, T>m of the category D’(A) 
look like on the level of the category be (Spec(k), 0)? 


Deligne’s Truncation Operation 


We now show, how things carry over from the special point case to the general case. 
The following two constructions of Deligne utilize that the homological dimension 
of a discrete valuation ring o is one. 

Let (K?) € pb? (X, 0) be given. For simplicity we assume, that the system K? is 
uniformly bounded and that all the K;’ are constructible and o,-flat and the transition 
morphisms K?,, — Ky are complex maps. For 


K?: >... Kh! Kk8 4 Kel, 


let." © ker(K" — K+!) be the subsheaf of those “elements”, whose images 
in .7"(K?) are in the intersection of all images of the maps 


FO"(Ke,.) > FOK) » 8 20. 


This is well defined, and defines a constructible sheaf .7;", since for the A-R z-adic 
sheaf 
(FO"(K?P))r>1 


the MitTAG-LEFFLER condition is satisfied: There is a natural number ¢ such that 


Im(.F6"(Ke,,) > F6"(K) = Im. FO"(K8,,) > FOKS)) 5s St. 


We then define eon (K?) to be the complex 


peg ae Bui ROSS OSes, 
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and 


ie, Se (Si 


Lemma 6.1 The sheaf .7," is an 0,-flat sheaf. The map Te Kes) ®o,41 Or > 


i 
we K? is a quasiisomorphism, hence 


tPelK® © D?(X,0). 
We consider the homomorphism 
tDIK® > K°. 
The induced homomorphism 
FO" (cP K*) > F6"(K°) 


is an isomorphism in the A-R category, i.e. kernel and cokernel of this homomorphism 
of projective systems are null systems. 


How to prove this: Deligne’s construction is compatible with taking stalk limits 
at geometric points. For an arbitrary geometric point x of X consider the projective 
system 

(KP )x)r>1 


of o,-modules. For this particular projective system the corresponding assertion was 
essentially proved in the last section. From this result for the geometric points x of 
X, all assertions made follow now immediately. 


Another Construction of Deligne. Let ‘6 = (-%,),> 1 be a -adic sheaf. We will 
assume, that “¥ is a z-adic sheaf on X in the honest sense. If ‘% is flat, ie. if all %, 
are o,-flat, then each “%, can be considered as a complex 


0O-..7 039 G OOP. OS 


concentrated in degree 0. The projective system associated to these complexes, which 
is denoted % in the following, is contained in D?(X, 0) 


G € D(X,0). 


The same construction fails, if the given 2-adic sheaf is not supposed to be flat any 
longer. Then instead we look for a complex ‘4% € pD? (X, 0) such that 


—in the A-R category. This means for instance for n # 0 only that the projective 
system (.70" (-G,)),->1 is a null system. Such an object % € D(X, 0) is provided 
by another construction of Deligne. 
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The Deligne Operator 
Choose a natural number ft > 1 such that z’ kills the torsion of ‘¥, in other words 


such that in the A-R category 


' a 
G [Ker(G > G) 


is flat. This means that the associated z-adic sheaf is flat by [FK], lemma 12.13. Let 
s 2 t and choose a flat constructible resolution .F,$,, of “%,4s such that .F$, € 
Do (X, Ons). 


> © _ & L 
Fass Bones On = Gass Bons On 


Lemma 6.2 (The Deligne Operator Del(-7)) The complex t>~\(-F.$.5 ®on45 On) 
is flat, in other words TCA: Bonss On) € DP, (X, 0,) and is up to quasiiso- 
morphism independent from the chosen s > t. This means 


Torr (Fis51 On) = Tor,*** (aos Ony 9. “8s gs’ >t. 
Now study for fixed s and varying n the morphisms 
tA 4s) Bonsizs On > te} 5) Bony, On 
in the derived category. The projective system 
DelF) = (t= (Fi, @onz5 On) )n>1) 


is an object of D?(X , 0). Evidently Del(:& ) is concentrated in degrees 0 and -1. We 
have 
WH (Del(G)) = G 


FO (Del(‘G)) =0. 
Concerning the Proof. By passage to the stalks the assertions of this lemma are 


reduced to the corresponding results for modules. 
Suppose given a projective system of finite 0,-modules M, such that 


(M,)->1 


is w-adic: M,41/m"M,4, = M,. 
Then M = lim, M, is a finitely generated o-module and we have 


M,=M/x'M . 


Without restriction of generality we can assume, that M is a torsion module and even 
of the special form 
M =o/nx'o. 
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In particular M, = o/z'o for all r > t. On the level r =n +5 for s >t we can use 
the following o,,45-flat resolution of the 0,4,;-module My+s 


xt _nts—-t cad 
++ > On45 ——> 9n+5 ——> 0n45 ——> () ——~> >: 


Using these complexes the proof of the lemma, in the special case of the projective 
system of modules 


(M,)>1 


under consideration, is a straight forward exercise. 


Short Notation. We define D(X, 0) = D(X, 0) 
Definition 6.3 (The standard t-structure on D? (X, 0)). 
D=9(X, 0) = {K*® € D(X, 0) |. H"(K*) =0Wv > 0} 


D*°(X, 0) = {K° € D(X, 0) |.H"(K*) =0v <0}. 


Theorem 6.4 D<°(X, 0) and D29(X, 0) define a t-structure on D(X, 0). The core 
of this standard f-structure is the full subcategory of D(X, 0) 


Core(standard) = {K° € D(X, 0)|. H#°(K°) =0v 40}. 
The functor 
Core(standard) — {1 — adic sheaves} 
K° +> .°(K*) 
defines an equivalence of categories between the core of the standard t-structure and 
the abelian category of m-adic sheaves on X. The lower truncation operator 


St F Del 


T<n 2= Tey 


of this t-structure is the Deligne truncation operator defined in Lemma 6.1. The upper 


truncation 


St 
Ton 


is obtained by completing the natural map 
eK) as K* 
into a distinguished triangle. 


Remark. We can and therefore will identify the cohomology objects of the stan- 
dard t-structure with the “ordinary” z-adic sheaves. We identify *t3,°'t<,K* = 
Ten To, K* = .H6"(K°). This being said we will later omit the index and write 
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We now give a sketch of the proof of Theorem II.6.4. 
1) First Step. We have 


K* = (K¢) € D£°(X, 0) => W'(K%) =0v>1r2>1 


K* = (K*) € D7°(X, 0) => .W%"(K*) =0v < -2,r > land. W%~'(K*) =0. 


Considering the stalks, the proof is reduced to the case of the corresponding statement 
for modules. This case is an easy consequence of the Tor-sequence in subsection (a) 
at the beginning of this section. 


2) Second Step. For K® € D£°(X, 0) and L* € D2!(X, 0) we have 


Claim. Hom p:x,0)(K°, L®) = 0. 
By step 1) and the remarks at the beginning we can assume that K*® = (K?) and 
L*® = (L?), such that K? is uniformly bounded, constructible and o,-flat and 


K’=0 , v>0O. 


Then a morphism 
K*°>L° 


is given by a homotopy compatible family of complex homomorphisms 
Kr > Le, 
hence by a family of sheaf homomorphisms 
Wi Kyo Lp , v=0 


such that 
Ur (K®) Cc Ker(L® > L}) = FL’). 


However .#°(L*) = 0 implies, that the projective system (FO9(L8)) 1 is a null 
system. Therefore for some (sufficiently large) natural number t > 1 the sheaf 
homomorphism 


FOL? ,,) —> FO(L9) 


is the zero map forall r > 1. 
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By definition and flatness 
Kr44 @o,4, Or —> KP 
is a quasiisomorphism. By Remark II.5.1(6) we also have a quasiisomorphism 
Li 41 Bor4, Or —> LP 
The map induced by wW,+; 
KP 41 @orae Or —> Lest @or4s Or 


is the zero map! We may replace K°, L® by isomorphic objects in the category 
D?(X , 0), e.g. by the shifted systems 


R= (Kp Borys Or)r21 
Eig =(L° @ops: Ordr>1 - 
Hence the underlying morphism of the projective systems is shown to be zero. 


3) Third Step. The truncation axiom for the standard f-structure is an immediate 
consequence of the properties of Deligne’s operator eee (Lemma II.6.1). 


4) Last Step. A right inverse functor for the functor 
Core(standard) — m — adic sheaves 
Ks FOR) 


is the Deligne operator 
Del(:F) 


(Lemma II.6.2). It is therefore enough to show the following: Let 
h:K* > L® 


be a morphism between objects in the core of the standard t-structure, which induces 
the zero map .W°(h) = 0 


Oh): FO(K*) > HL) 


—in the A-R category. Then we claim h = 0 in D?(X, 0). 
First of all the functor 


Core(standard) > K* '—> .#%°(K°) 


is an exact functor. This follows from the long exact cohomology sequence. Applied 
for Ker(h), Koker(h) it is therefore enough to show: A morphism 


h:K =(K*) > L=(L) 
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in the abelian category Core(standard), for which 
O(n): FO(K) > .FO°(L) 


is an isomorphism — in the A-R category — is itself an isomorphism. For this we can 
assume that the complexes K, L? are bounded, o,-flat and that the morphism h is 
represented by complex homomorphisms h, : K? — L?. We then have to show, that 
the morphisms h, are quasiisomorphisms. Passage to the stalks, reduces to the case 
where X is replaced by a geometric point of X. The corresponding statement in this 
particular case of modules is an easy consequence of what was proved already. O 


The category 
D?(X, E) 


is deduced from D?(x , 0) by “localization”, the category be (X, Q,) on the other 
hand by a direct limit 


D?(X,Q) =“ lim ” D?(X, E) 
EQ, 
(See Appendix A). 
In an evident way, the distinguished triangles of Db? (X, 0) carry over to distin- 
guished triangles and hence structures of triangulated categories for D(X , E) re- 


spectively bD? (X, Q,); and similar for the t-structure. The corresponding truncation 
operators are again denoted “ts, “'t<, or shorter 


Again for K® € D? (D, Q)) we identify 
T<nTtonK° => FO" (K°) 
with a Q,-sheaf on X. We often write 


Short Notation. D(X) = D?(x, Q). 


II.7 Relative Duality for Singular Morphisms 


In the next Chap. III we will consider the theory of perverse sheaves in the sense of [BBD]. One 
of the cornerstones of this theory is the formalism of Poincare duality in its relative version 
for arbitrary, i.e. possibly singular morphisms between schemes. It gives rise to functors D 
and f ! which have remarkable properties. 


To begin with, we want to formulate the main results of this duality theory. These are 
formulated in terms of the derived categories D?(x , Q)) of bounded complexes of 
Q,-sheaves with constructible cohomology sheaves ona scheme X. For the purpose of 
this book it is enough to restrict oneself to the category of finitely generated schemes 
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over a fixed finite field or algebraically closed field. This restriction allows to define 
the derived category D> (X, Q;) in a simple and naive way. See also Chap. II §5 
and Appendix A. The prime / will always be assumed to be different from the 
characteristic of the residue field. After stating the main results we present the main 
steps of the proofs. 


Theorem 7.1 (Deligne [SGA4], exp. XVIII) Lert 
f:x oS 


be a compactifiable morphism between finitely generated schemes over a finite or 
algebraically closed base field. Then the functor 


Rf: D2(X,Q) > DES, Q) 
admits a right adjoint triangulated functor 
f': D°(S,Q) > D(X,Q). 


This means, that we have functorial isomorphisms 


Hom(K, f'(L)) —> Hom(Rfi(K), L) . 


forall K € D(x, Q)) and all L € D°(S, Q,). The functor Hom(-—, —) denotes the 
functor of homomorphisms in the derived categories D? (-, Q). 


A slightly stronger statement — including the adjointness statements also for all 
etale schemes S’ over S and X’ over X — is the following sheafified version: 


Relative Poincare Duality. There exists a functorial isomorphism 


RfRWHomK, f'(L)) —> RHom(Rfi(K), L) . 


At this point remember the similar, but comparatively trivial adjunction formula 


Hom(f*K, L) —> Hom(K, Rf,(L)) 


respectively 


R/RWMom(f*K, L) —> R.WHom(K, Rf AL)) . 
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For the definition of the complexes RWom(K, L) we refer to [FK], appendix AII, 
p. 300. Now Poincare duality in the singular case is formulated by means of the 
dualizing complex. 


Definition 7.2 Let 
f .X > S = Spec(k) 


be a finitely generated scheme over the fixed base field k - with the restrictions on k 
made at the beginning. The dualizing complex of X is 


Kx = f'Qs) € DO(X,Q). 


The dualizing complex is compatible with base change for the ground field k. One 
defines the contravariant dualizing functor by 


Dy(L) =RWHom(L, Ky) . 


We will often write DL = D(L) = Dx(L), if the scheme X is fixed. 


Corollary 7.3 (Poincare Duality) Under the assumptions of Theorem II.7.1 for 
f :X > Sand K € D’(X, Q) the following holds 


Rf.(Dx(K)) = Ds(Rf(K)) . 


Proof. Apply relative Poincare duality for L = Ks and use the functoriality f ‘Ks = 
Kx of the adjoint functor f'. O 


Theorem 7.4 (Biduality) (Deligne, SGA4}4, Theoreme de finitude) 
The natural functorial homomorphism 


K > Dx(Dx(K)) 


Dy o Dy =I1d. 


Therefore the dualizing functor defines an anti-equivalence of categories 


is a canonical isomorphism 


Dy : D°(X,Q) — D°(x,Q). 


Hom(K,L) = Hom(Dx(L), Dx(K)). 
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We now collect some formulas, which will be frequently used later. They are 
immediate or formal consequences of the adjunction Theorem II.7.1, the biduality 
Theorem II.7.4 and the well known elementary tensor identity f*(K @/ K’) = 
f*(K) @© f*(K’) and the R.Wom-formula 


R.W%om(K,R. Hom(M, N)) =R.Hom(K @" M,N) 


for K, M,N e€ De (X, Q,). These tensor identities are easily verified. The first is 
reduced to the corresponding statement for the stalks, since tensor products and pull 
back commute with passage to the stalks. The R#om-formula is reduced to the 
corresponding identity for the functors .Wom instead of the functors R#om. The 
remaining verification is then an obvious fact already on the level of presheaves. 
However for the reduction to the case of that #om-functors - which is done by 
replacing the complex N = N° by an injective resolution 7° - one has to use that 
for a complex M é€ D?(x, Q,) the complex RWom(M°, [*) = .Hom(M*, I*)* 
has flabby, hence RWom(K, .)-acyclic components! The details of the argument 
are left as an exercise to the reader. 


Corollary 7.5 Suppose 
f[ix-oS 


is a morphism satisfying the assumptions of Theorem II.7.1. Then the following 
formulas hold: 


a) DoD=id 

b) DoRf, =Rf,0 D oralternatively DoRfio D=Rfx 
c) DoRf, =Rfio D oralternatively DoRf,o D=Rf; 
d) Do f* = f'oD oralternatively Do f'o D = f* 

e) Do f! = f*oD oralternatively Do f*oD= f' 

f) RFom(A, B) = D(A ®! D(B)) 

g) Rfi(A @” f*B) =RfiA @” B (Kiinneth type formula) 
h) f'R.Wom(A, B) = RH%om(f*(A), f'(B)) 


Proof. a) andb) are stated in II.7.3 and II.7.4. c) is an immediate consequence of a) and 
b). d) and e) follow from b) and c) and Hom(K, L) = Hom(Dx(L), Dx (K)) by the 
adjunction formulas stated in II.7.1. f) is the RA#om-formula if we put B = D(C) 
and use a), i.e. the biduality D(B) = C. For g) restate the relative Poincare duality 
theorem using f) in the form 


Rf,D(A @* Df'C) = D(RfiA @ DC) 


and use Df'C = f*B for DC = B applying e). Now use Do Rf, 0 D = Rf. 
Statement h) finally is equivalent to 


f'D(A @" DB) = D(f*A @ Df'B) 


via formula f). Now d) and a) reduce this to the obvious statement, that f*(A @t 
DB) = f*A@" f*DB. 0 
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We remark, that formula g) above was obtained purely formally as a consequence 
of the duality theorems. However, the reader should be aware of the fact that formula 
g) has to be proved independently at an early stage of the theory. See [FK], chap. I, 
proposition 8.14. This formula implies the Kinneth formulas (see [FK]) and it is also 
one of the ingredients for the proof of the fundamental duality Theorem II.7.1. This 
will be explained in the next section. 

After having stated the duality theorem, a general remark concerning the proofs 
of the statements of Theorem II.7.1 and II.7.4 is in order. These two theorems were 
formulated in the Q)-adic setting, i.e. for the Q,-adic derived categories. The usual 
techniques explained in Appendix A (projective limits, localization etc.) actually 
allow to reduce the statements made for Q)-sheaves, to analogous statements for 
etale sheaves over finite commutative self injective rings. On that level the restrictions 
made on the base field — which had the purpose of defining the Q,-derived categories 
—are no longer necessary. So for the rest of this section, which is devoted to the proof 
of the duality theorems, we can therefore completely ignore Q,-sheaves. 

As already explained, it is enough to consider the corresponding statements for 
etale sheaves of A-modules. Here A means a finite commutative self injective ring. 
It is enough to consider the case, where A is a finite factor ring of the ring of integers 
of a finite extension field E C Q, of the field Q; of /-adic numbers. We will only 
consider etale sheaves of A-modules on noetherian schemes such that the prime / is 
invertible on A. 

The proof of the duality Theorem II.7.1 in the absolute smooth case, i.e. in the 
case of a smooth morphism 


ff: X — Speck) 


from X to the spectrum of a field k, is contained in [FK]. See also the Appendix A 
of this book. Without restriction of generality we can assume k to be a separably 
or even algebraically closed field. Our intention for the following is to show how 
the general statement of Theorem II.7.1 — now in the case of A-sheaves — can be 
deduced from the special case of an absolutely smooth morphism, at least under the 
slight restriction that the morphism f can be extended to a smooth compactifiable 
morphism g. This includes — for instance — the case of a quasiprojective morphism 
J. This is a setting which is sufficiently general for our purposes. Secondly we will 
prove the biduality Theorem II.7.4 — always assuming, that the underlying scheme 
is finitely generated over the base field. 

We begin by formulating two fundamental finiteness theorems. Both these finite- 
ness theorems are supplements to a finiteness theorem proved in [FK] for proper 
morphisms. 


Theorem 7.6 Let 
[:x-S 


be a morphism between finitely generated schemes over an arbitrary base field. Then 
the direct image functor f, has finite cohomological dimension independent from K. 
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Proof. This statement is an immediate consequence of M. Artin’s theorem on the 
cohomological dimension of affine algebraic schemes over a separably closed field. 
See [SGA4], expose X or [FK], chap. I, theorem 9.1. O 


Theorem 7.7 (Deligne, [SGA45 ], finitude) 
Let 


fi:xoS 
be a morphism between finitely generated schemes over a field and let ‘& be a 


constructible sheaf on X. Then all higher direct images R” f,.(‘¥ ) are constructible. 


Proof. The proof is similar to the proof, which gives the permanence properties for 
mixed sheaves (Theorem I.9.4 at the end of Chap. I). We leave it to the reader to fill 
in the details of the argument. See also Appendix D. O 


Remark. Be aware of the fact, that the argument for the proof of Theorem II.7.7 
uses special cases of the Poincare duality theorem — namely the case of smooth 
morphisms considered in the next section! 

The last theorem now has the following consequence 


Corollary 7.8 (Deligne, [SGA43], finitude corollary 1.6) 
Let X be a finitely generated scheme over a field and let F , F be constructible 
sheaves on X. Then also the Ext-sheaves 


Exty(F, G) 
are constructible. 
Further consequences of I.7.6-II.7.8 are 
Corollary 7.9 Let the assumptions be the same as in II.7.7. 
(1) R.F6om(—, —) defines a bifunctor 
Dz (X, A) x Di (X, A) > DE(X, A). 


(2) The functors 
Rom (—, —), R fx , Rf 


preserve the derived categories D? (—, A) and Derg (—, A). 


Recall that Di (X , A), Do (X, A) denote the full subcategories of D(X, A) 
of complexes of A-module sheaves with constructible cohomology sheaves, which 
are bounded to the left respectively to the right. Similar be (X, A) denotes the full 
subcategory of bounded complexes, Der (X, A) the full subcategory of complexes 
with finite Tor-dimension. For further details see also Appendix A and Appendix D. 
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II.8 Duality for Smooth Morphisms 


After our preliminary statements made in the last section we now come to the proof 

of the first reduction step: Under the additional hypothesis, that f : X > Sisa 

smooth morphism, we prove Theorem II.7.1 by reduction to the absolute smooth 

case, where f is smooth and S is the spectrum of a field. This remaining case is 

covered in [FK], chap. II, §1. Recall that all sheaves are now sheaves of A-modules. 
Let 


f[f:x-S 


beasmooth finitely generated compactifiable morphism between noetherian schemes. 
Further assumptions on f — except that / is invertible in A — will not be necessary. 

1) We begin by assuming, that f has constant fiber dimension. All nonempty 
fibers of f are then equidimensional of dimension say d. Hence for all sheaves .F 
we have 


R’f(F)=0 , v>2d. 


For v = 2d one has the functorial trace map 
Trp: R4fi(Ax(d)) > As. 


See (FK], chap. II, theorem 1.6. This trace map has obvious permanence properties, 
which are stated in loc. cit. and which will subsequently be used without further 
mentioning. On the level of complexes the trace map may be viewed as a complex 
homomorphism 


Rfi(Ax[2d](d@)) > As 


due to the vanishing of the higher direct images with compact support for v > 2d, 
stated above. 
Recall that 


1. the functor f; has finite cohomological dimension 

2. Rfi(Ax(d)) € DE, -(S, A) 
Now the sought for functor f t, D(S, A) > D(X, A) is in the first case 1) simply 
defined to be 
Definition 8.1 For smooth f put f'(K) = f*(K)[2a](d). 


The proper base change theorem implies the projection formula [FK], chap. I, 
proposition 8.14 


Rfi(Ax(d) @” f*(K)) =Rf(Ax(d)) @* K 


for any complex K € D(S, A). From this projection formula we obtain a new “trace 
map” Rfi(f'(K)) > K via 
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Rfi(f'K)) >K 
| [reset 
Rfi(Ax[2d](d] @! f*(K)) == Rfi(Ax[2d](d)) @” K 


2) Suppose now f is smooth, but does not have constant fiber dimension. Then 
f decomposes into morphisms of constant fiber dimension 


X=X,U....UX, (disjoint decomposition) . 


The X, are open subschemes of X such that f, = f | X,: Xy — Shas constant 
fiber dimension d,. We then define for a complex K in D(S, A) 


PK) =@B AIX. 


By a term by term addition we again obtain a trace map of the form 
Tree: RACf(K)) > K. 


All results stated in [FK], chap. II, §1 remain true. They carry over from the case of 
constant fiber dimension - considered in loc. cit. - to the slightly more general case 
of nonconstant fiber dimension. The so defined trace map turns out to be the desired 
adjunction map. The trace map Tr ¢,x defines a duality homomorphism 


a: Hom(L, f'(K)) > Hom(Rfi(L), K) , 


where Hom(—, —) denotes the homomorphism functor in the derived categories 
D(—, —). By definition this homomorphism maps @ : L > f'(K) to Trx,f 0 
Rfi(@). 


3) By a sheafification we also get a duality homomorphism 
B: RfRHom(L, f'(K)) > RHom(Rfi(L), K) . 


To be precise we demand L € D~(X, A) and K € DT(S, A). 

4) Claim. These two duality homomorphisms « and 6 are isomorphisms. In the 
second case the map # is an isomorphism in the derived category. 

As already explained in stating Theorem II.7.1, both statements are more or less 
equivalent. The proof for the absolute case — that is the case of a scheme X over 
the spectrum S of a field — is contained in [FK], chap. II, §1. We deduce the general 
case from this case. See also Verdier, A duality theorem in the etale cohomology of 
schemes [306]. The proof of the claim 4) is established by noetherian induction with 
respect to the base S and will occupy the rest of this section. 

5) We start with a remark, which allows reduction to the case of constructible 
sheaves. This will be used for the noetherian induction later. Every sheaf is a factor 
sheaf of the — possibly infinite — direct sum of all its constructible subsheaves. See 
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[FK] I §4 for a proof. This in particular implies, that every complex L = L® in 
D~(X, A) has a resolution L € D~(X, A), which has components L” that are 
direct sums of constructible sheaves. Obviously one can therefore reduce the proof 
of claim 4) to the particular case, where L is a single sheaf, which is furthermore a 
direct sum of constructible sheaves. The functors R” f; commute with direct sums. 
The hyper-ext functors 

Ext’(F, K) 
transform direct sums of sheaves in the first variable to direct products. Therefore 
the Hom-functor 

Hom(A, B) 
of the derived category transforms direct sums of sheaves in the first variable into 
direct products of abelian groups. Hence we will assume in the following, that for 
the given fixed morphism 

f[:ix-S 
the complex L — in the first variable — is a single constructible sheaf 

LaF. 


6) Let.” be the v-th cohomology sheaf of the given complex K € Dt(S, A). 
The first isomorphism claimed is a consequence of corresponding statements where 
the complex is replaced by certain translates of sheaves 


Hom(F, fii FOW) > HomRf(F), Hiv), Ww. 


Now, since .¥ and all cohomology sheaves of Rfi(-¥ ) are constructible sheaves, 
both sides of the identity which shall be proved commute with direct limits in the 
second variable .%. This is easily deduced from the corresponding fact for the 
hyper-ext functors Ext’(A, B). It is therefore enough to prove the theorem for all 
constructible subsheaves of the cohomology sheaf 


Fb = FO(R). 


We can and will furthermore assume that S is reduced. 

7) If S is the spectrum of a field, then the statement of the claim is contained 
in [FK]. This is the start of the noetherian induction. By induction assumption the 
following may be assumed to be proven already: The claim is true for all proper 
closed subschemes S’ of S and the corresponding morphisms 


flaHf@sS': X'=X@sS' — 8’. 


x 
S 


We consider the cartesian diagram 


Se 


i 
i 
S 


1 > 
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with closed embeddings i, i. By the base change theorems and elementary adjunction 
properties for the ay L € D-(X,A), M € D*(S', A), K = i,(M) € 
D*(S, A) we get 


Hom(L, f'(K)) = Hom(L, ix(f""(M))) = Hom@*(L), f”(M)) 
= Hom(Rfi (i*(L)), M) = Hom(i*(Rf(L)), M) = Hom(Rfi(L), K) . 


Therefore — by the reasoning above — the claim is true also for f itself and all 
complexes K € D(S, A), for which all constructible subsheaves of the cohomology 
sheaves have support in a proper subscheme of S (depending on K). Let F be the 
function field of one of the irreducible components of 5 which has a nonempty fiber 
over the generic point. If such a component does not exist, then the image of f is 
already contained in a proper closed subscheme of S and we are done by the induction 
hypothesis. Else consider the inclusion map 


j :.T = Spec(F) > S 


induced by the generic point of the component. Consider the cartesian diagram 


Cn ey ee ee 


f f 
T a 
Let B be acomplex in Dt(T, A) and put 
K =Rj,(B). 


The smooth base change theorem implies f*Rj,(B) = Rj.(f*(B)), hence by defi- 
nition of f! = f*[2d](d) 


1K = f'RxB) =Rif'(B). 
Using the elementary adjunction property of Rj, and j*, we thus obtain 
Hom(F, f (K)) = Hom(j*(F), f'(B)) . 


Since T is the spectrum of a field we already know by the induction assumption the 
adjunction formula Hom(j*(F ), f'(B)) = Hom(Rfi(j*.F), B). This implies 


Hom(F, f'(K)) = Hom(Rfi(j*.F), B) = Hom(j*Rfi(F), B) , 


where for the second equality we have used the proper base change theorem 
RA(i*(F)) = j*Rfi(FZ) for the functor R f;. By the elementary adjunction prop- 
erties of Rj, and j* then Hom(j*RfiCF), B) and Hom(R fi(-F ), Rj.(B)) can be 
identified. Therefore 
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Hom(F, f'(K)) = Hom(Rf(F), K). 


We leave it as an exercise to verify the equalities stated above by checking diverse 
commutative diagrams! 

8) Let now K be an arbitrary complex in Dt (S, A). Consider the distinguished 
triangle 


K —>Rjxj*(K) —> P —> K{1] 


which is defined by the adjunction map in the obvious way. By definition j*(P) 
is a zero object in D*(T, A). In particular, every constructible subsheaf ./” of 
a cohomology sheaf of the complex P has vanishing pullback j*(./’). All such 
constructible subsheaves therefore have support in some proper closed subscheme 
of S. The isomorphism claim is therefore true in this particular case by the induction 
assumption. On the other hand the isomorphism claim for the complex 


Risj*(K) 


has been verified in the last step 7). Hence the claim 4) now follows for arbitrary K 
as above by the 5-lemma. O 


II.9 Relative Duality for Closed Embeddings 


In this section we continue and complete the proof of the relative duality Theorem 
II.7.1, which was proved for smooth morphisms in the last section. We also continue 
the numbering of steps in the proof, which started in the last section. 

9) We consider closed embeddings 


i:Y>o xXx. 
For an etale sheaf F of A-modules on X let 
ly (9) =.Hom(ix(Ay), F) 


be the sheaf of sections with support in Y. 
For a sheaf .¥ on Y there are canonical identities 


Hom(ix(F ), F) = Homix(F ), Vy CF)) = Hom F, i*(Ty(F)) . 


The functor 
i* oly 


is therefore right adjoint to i, = i). So for injective sheaves on X also i*(Ty(F)) 
is injective, since the functor i, is an exact functor. In particular, the hyper-ext functors 
Ext” for complexes L € D~(Y, A) and K € D*(X, A) satisfy 


Ext’(L,i*RTy(K)) = Ext’ (i,(L), K) . 
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Therefore 
Hom(L, i*RTy(K)) = Hom(i,(L), K) . 


Again — the homomorphism groups are understood to be the homomorphism groups 
in the derived category! In other words 


Lemma 9.1 The functor 
i':=i* oRTy : Dt(X, A) > Dt(Y, A) 
is a (partial) right adjoint functor for the functor 


i) =ix: D’(Y, A) > D(X, A). 


Remark. For smooth morphisms f : X — Sand g : Y — S and closed embed- 
dings i, such that 


we get canonical isomorphisms 
g(K)=iof(K) , KeD*(S,A), 


an immediate consequence of the relative duality theorem for the smooth case, proved 
in claim 4)! 


The General Case 
10) Let be given a smoothly embedable morphism f, i.e. 
f =8 oi: X 5S ; 


can be written as the composite of a closed embedding i : X — T and a smooth 
(finitely generated) morphism g : T > S. 

For Rg; and also for Ri; = i; we have already constructed partial right adjoint 
functors g' and i!. The composite functor 


fi =i'og': Dt(S, A) > Dt(X, A) 
is the desired partial right adjoint functor for 
Rfi: D(X, A) > D'(S,A). 


We now restrict ourselves to the category of finitely generated schemes over 
a fixed base field. Then the functor f, has finite cohomological dimension (see 
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Theorem II.7.6). This permits to conclude that for a closed embedding i : Y > X 
the functor I'y, hence also the functor i’, has finite cohomological dimension. Note 
that this is a consequence of Theorem II.7.6, using the distinguished triangle 


RI'y(K) —> K —> Rj j*(K) — Ry (K)U1I. 
Here j : U = X \ Y — X denotes the embedding of the open complement of Y 
in X. 


11) The same distinguished triangle allows to deduce from Theorem II.7.7 re- 
spectively its corollaries II.7.8 and II.7.9, that for a complex 


K € De, (X, A) 


also 
i'(K) € Def (Y, A) 


holds. More generally for a smoothly embedable morphisms f : X — S as in 10) 
(in the category of finitely generated schemes over a fixed base field) the functor f 
defined above is a functor which preserves the subcategory of complexes of finite 
Tor-dimension 

fs DP (S, A) > DP (X, A). 


In other words f' is a right adjoint functor for the functor 
Rf: De (X, A) > DP, (S, A). 


12) Finally let A’ be a different coefficient ring, subject to the assumptions made 
earlier, and let 
A> A’ 


be a ring homomorphism. Let 
fx: DP. g(S, A) > DP, -(X, A) 


fy) Dep (S.A) > DP p(X, A) 


be the adjoint functors, that were constructed for the underlying rings A and A’. It 
is easy to see from the definitions that 


fi(K) = f,(K) @K A’. 
This observation now implies the existence of the functor 
fi: DES, Q) > DEX, Q 


under the hypothesis of Theorem II.7.1 and with all the required properties. This is 
shown by the limiting argument explained e.g. in Appendix A. Thus Theorem II.7.1 
is proved. C 
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11.10 Proof of the Biduality Theorem 


After having proved Theorem II.7.1 we now turn to the proof of the biduality Theorem 
IL.7.4, again for etale sheaves of A-modules. The biduality theorem for Q)-sheaves 
is then deduced from this by a limiting process. 

We now restrict ourselves to consider only finitely generated schemes over a 
given base field k and morphisms between such schemes over k. Let 


f i: X — S = Speck) 


be a finitely generated smoothly imbedable compactifiable scheme over the base 
field k. 


Definition 10.1 The complex f '(As) = Kx will be called the A-dualizing complex. 


Lemma 10.2 The A-dualizing complex K x is an object of the category D>. acs , A). 
It has the following finiteness property: 


There is a natural number N such that for all constructible sheaves ‘4 
on X the following holds 


FO" (RH om(G,Kx))=0 , forv>N. 


Alternatively: Kx has a finite resolution by a complex P*, whose components 
P” are acyclic with respect to all functors 


Hoom(G ,-), 


where “& is a constructible sheaf on X. 


Remark. If the base field k is separable closed we prove below, that the A-dualizing 
complex Ky has finite injective dimension. So there is a number r such that 


Ext,(9,Kx)=0 VA-sheaves'% , v>r. 


Equivalently Kx has a bounded injective resolution. Indeed for all A-sheaves -¢ we 
have 
Exty(%,Kx)=0 , if v>Oorv < —2-dim(X). 


Without restrictions on the base field the following holds: 


KO’(Ky)=0 , if v>Oorv < —2-dim(X). 


Proof of the Second Assertion. The construction of the dualizing complex K x is com- 
patible with arbitrary base field extension. The construction of the hyperext-sheaves 
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&xtp(-Y, Kx) is compatible with finite separable (= etale) base field extension. 
For an affine projective limit X of schemes the global group Ext, CF, F) is 
the direct limits of the corresponding group for the schemes of the projective sys- 
tem, provided the sheaves ¥ and .F are constructible ([FK], chap. I, proposition 
4.18). The proof remains valid for more general rings A than the ring Z/nZ con- 
sidered in loc. cit. Hence the construction of the sheaves & XOV(G ', Kx) is com- 
patible with arbitrary separable base field extension. Without loss of generality we 
may therefore assume, that the base field k is separable closed. We now prove the 
claim of the remark. Since A is a self injective ring, for a bounded complex M 
of A-modules satisfying H’(M) = 0 for all v > r,v < s, the hyperext-groups 
Ext, (M, A) vanish for all v > —s,v < —r. For acomplex K € D (S, A) we 
have Exty (K, As) = Ext, (I'(S, K), A). Since the cohomological dimension of 
the functors f; and [,(X, —) is bounded above by N = 2dim(X), we obtain from 
Poincaré duality for all A-sheaves ‘¥ on X 


Ext) (G, Kx) = Ext\(RACY), A) = Ext, (RT(X, Y), A) =0 


forallv > 0,v < —N. O 


Lemma II.10.2 has the following consequence: For any complex L € p? (X, A) 
the dual complex D(L) = Dx(L) 


Dx(L) =RHom(L, Kx) 


is again contained in D? (X, A). If furthermore L € Oye 7 (X, A), then also 
Dx(L) € Dé, .(X, A) 


(Corollary II.7.9). 
For a complex L € D? (X, A) there exists a natural functorial homomorphism, 
the biduality map 
L— Dx(Dx(L)). 


This defines a natural transformation 


Id > Dx o Dx. 
Theorem 10.3 The biduality map is a canonical isomorphism. 


Remark. For our purposes it is enough to restrict to the case of complexes L in 
DP, -(X, A). 


Proof. We will make use of the formula 
(x) Rf,oDx =DyoRf, 


for morphisms 
fix oY. 
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This was obtained in II.7.3 as a corollary of the relative duality theorem, which we 
proved in the last two sections. 

The assertion of the theorem is local on X and S with respect to the etale topology 
and it is enough to consider the case where L = .¥ is an etale sheaf (5S-lemma). We 
may furthermore assume .¥ to be A-flat (use a resolution). 


The Smooth Case. Suppose X is smooth over the base field k and .F is locally 
constant. 

As the statement is of local nature we can assume that .Y is constant, i.e 
YF = .by for some finite A-module ./%. Furthermore we may assume that X 
is equidimensional. Recalling the definition of Ky = f'(A) and the definition of f' 
in the smooth case, we get for any geometric point x of X 


RHom (Uy, Kx) = RHomy,(M, (Kx)z) = Homy(4, A)[2d](d) _ 


This follows from the definition of R Wom(—, —) and the Remark II.1.8. Here we 
used, that A is an injective A-module. We therefore get 


RHom(. by, Kx) = Hom(M, A)x[2d](d) . 


Hence the biduality theorem is an immediate consequence of the corresponding 
biduality theorem for finite A-modules 


Homa,(Homy,(4@, A), A) = 4. 


This identity holds for all finite A-modules ., since A is by assumption a quasi 
Frobenius ring (Gorenstein of dimension 0). 


The General Case. As the statement is of local nature with respect to the etale 
topology, we may assume that X is affine, hence aclosed subscheme of some standard 
affine space A” over k. However, because of formula (*) above we can actually 
assume without restriction of generality, that X = A”. Now the plan of proof is 
induction on m. We want to show that for constructible sheaves .¥ on A” we have 


F = Dan(Dan(F)) - 


The case m = 0 is a trivial case of the smooth case, hence already considered. So 
suppose m > 0. We can find an open dense subscheme 


j:UucoxXx 
of X such that .¥ |U is locally constant. In this case we already know 
Du (Du F |U)) = FU . 
If we extend the biduality morphism on X to a distinguished triangle 


F —> Dx(Dx(F)) > A—> Fl], 
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therefore A|U = 0. Hence A can be considered as a complex with support on the 
complement Y = X —U, where Y is endowed with the reduced subscheme structure. 
We have to show A = 0. 

By assumption dim(Y) < m = dim(X). The Noether normalization theorem 
implies the existence of a linear projection — after a linear coordinate change and 
possibly a base field extension 


GET SA AY SS ANH, 
such that the restriction 
AHrers Ae 


is a finite morphism, i.e. proper with finite fibers. The strategy is now to show that 
the direct image complex of A with respect to g is zero using induction and then to 
conclude that A = 0. 

To be precise embed A! <> P! into projective space and consider the partial 
compactification X = A”—! x P! of X = A”. Extend the sheaf .F to a sheaf .7 
on X (extension by zero) and put Y = Y U(A”~! x {o0}). The analogous projection 


gx 


has now the advantage of being a proper map, and its restriction g|Y > Am! is 
still finite. In particular Rg; = Rq, holds and by formula (*) also 


RG, 0 Dz = Dan-1 ORG, - 


So, if we consider the analogous distinguished triangle 


¥F ——> Dy(Dx(F)) —> A —— FU), 
applying Rq,, gives the distinguished triangle 
RG,(F ) ——> Dam-i(Dam-1(RG,(F ))) —> RG, (A) —> RG, (FIN. 


One has to verify, that the first morphism of this distinguished triangle is still the 
biduality map, now on A”~!! We leave it to the reader. By the induction assumption 
the biduality theorem holds on A”~!. This implies 


Rq,(A) =0. 
However Rq, (A) = 0 forces 
A=0, 


since the morphism g becomes a finite morphism, when it is restricted to the support 
Y of A. For the necessary facts on the direct image functor for finite morphisms 
see [FK], chap. I, §3. This completes the proof of the biduality theorem, since the 
obstruction A = A|Y was shown to be zero. See II.1.6. O 
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Remark. The functor Dy and also the biduality map 
Lo Dx Dx(L) 


can be defined for arbitrary complexes in the derived category D.(X, A) of arbitrary 
complexes with constructible cohomology sheaves, by reasons of finite cohomolog- 
ical dimension. The proof of the biduality theorem carries over to this more general 
setting. 


II.11 Cycle Classes 


Let f : X — S be a smooth morphism, equidimensional with fibers of dimension 
d. By the proof of Theorem II.7.1 (case of smooth morphisms), we may identify the 
two functors f' and f*[2d](d). For any sheaf complex K on S we have functorial 
isomorphisms 

Oxjs: f (L) = f*(L)[2d|(d) . 


In fact — using Poincare duality — we even had identified both sides. So, by its very 
definition, we see that in our special case f' is compatible with tensor products in 
the following sense 


~ 


f'(K' @& K) —————> f'(K’) @£ f*(K) 


Ie 


Ox/s5 = | 9x/s@id fx(Ky 


f*(K' ®! K)[2d](d) —=+ f*(K)[2d](d) @* f*(K) 
which follows from the obvious fact f*(K’ @ K) = f*(K’) @* f*(K). 


Suppose f : X — Sisas above, andleti : Y —> X beaclosed embedding with 
open complement j : U — X and the restrictions g and q of f to Y respectively U 


Then there exist distinguished triangles 


ll adj be a bd 
i,i' (K) ——> K are (K) ——> i,i'(K)[l], 
Rj j*(K) —> K ——$ i,i*(K) ——> Rj *(K)[I, 


which are dual to each other in the following sense: 
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Lemma 11.1 The dual D(adjpx) of the adjunction morphism adj = adjpxK : 
DK -> ixi* DK becomes the adjunction morphism adj = adj :ixi'K > K. 


Proof. D(idix(pK)) = id;\x by IL.7.5. Hence D(adjpx) = adjx, since the two 
adjunction morphisms correspond to the identity morphism id;! x resp. idj«x. We 
have 


adj € Homp:x)(K, i,i*K) = Homp x) (i*K, i*K) D idj«x , and 
adj € Hompyx)(isi'K, K) = Homp,xy(i'K, i'K) > idjix 


O 


Theorem 11.2 Let X — Spec(k) and Y — Spec(k) be smooth morphisms and 
suppose, that i: Y <> X is a closed embedding of pure codimension r in X. Then 


for 
i'(K) =i*RTy(K) , K € D2(X) 


there exist natural morphisms 


w:i*(K) > i (K)[2r\(r) . 


Supplement. /f the complex K is (locally) the pullback 
K=f*(F) , Fe DS) 


of a complex F under a smooth equidimensional morphism f : X — S (defined 
locally on X ), such that g = f oi is also smooth, then « is an isomorphism 


wit (K) Xi (K)[2r](r) . 


Proof. (of Theorem I1.11.2) i 'K) = = i*RIy(K) was obtained in the Poor? of 
Theorem II.7.1 (case of a closed embedding). 


Definition of j:. To define ~ we use the adjunction formula of the duality Theorem 
IL.7.1. It implies 


Hompyy)(i*(K), i K[2r\(r)) = Hompyxy (isi*(K), K[2r1@)) , 
via 
[b> adj oi,(). 


So it is enough to specify the corresponding term on the right side. By Corollary 
II.7.5(g) we have i,(i*K) = ix(Qyy) @" K. Hence it is enough to define jz corre- 
sponding to jz with respect to the following identification 


LE Hom pvyy(i* K, i'K[2r](r)) = Hom px) (isi* (Qy) @” K, K{2r](r)) > pL. 
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To define ji put @ = fio @/ i dx, where jig is the morphism in the special case of 
the constant sheaf complex K = Q, 


uo 21 (Qhy) > EQry2r](r) . 


Then it only remains to define jo. In the case of the constant sheaf K = Q; we 
are, by our assumptions, in the situation of the supplementary claim of Theorem 
1.11.2, if we put S = Spec(k) and F = Q,. In particular, (49 should therefore 
be an isomorphism. Hence for the definition of jg it only remains to consider the 
supplementary claim of the theorem. 


Proof of the Supplementary Claim. Suppose, that we are in the situation of the 
supplementary claim. In particular, K = f*(F) and F € D? (S). Then i*(K) = 
i*(f*(F)) = g*(F). Put d = dim(X/S). Since g is smooth and equidimensional, 
there exists an isomorphism induced by 6), i 
g*(F) = g'(F)[2r —2d](r —d). 
By functoriality g' =i' f' wehave g'(F) =i ' f'(F). Thus we get another isomor- 
phism i! (0x/s) 
Uf (Flr — 2dr — a) = UP PRO), 


induced from the duality isomorphism 6y/s5 on X for the sheaf complex F[2r — 
2d\(r — d). If we put things together, we obtain a composed morphism 


i*(K) = 9*(F) & g'(F)[2r — 2d|\(r — d) =i'(f' F[2r — 2d](r — d)) 
=i'(f*(F)2rlr)), 


which defines an isomorphism v = 6y, is oi ‘(Ox /S) 


vii (K) = i(K)2rli) , K=f*(F), 
which is functorial in F. 


Definition of (49. We put (49 := vo in the special case f : X — Spec(k) and 
F=Q,. 


Compatibility. We have now defined two such maps — py as defined above in the 
general case — and v, as defined in the situation of the supplementary claim. In fact, 
both maps actually coincide. For this consider the diagram 


UL @ idj«x 2 i*(K’) @* i*(K) =i'(K)[2r](r) @! i*(K) 
l= { 
Le: *(K'@! KK) = i'(K’ @* K)[2r](r) 


The vertical maps are defined by the cup product. The cup product has natural prop- 
erties. See [SGA45], page 133 ff. The diagram commutes by the definition of the 
map /L. 
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Tensor Products. The map v defined in the special situation is also compatible with 
tensor products 


V@idj*(K) ' 


i*(K') @" i*(K) > (K)[2r]r7) @" i*(K) 


~ 


v 


i*(K'@’ K) —— >> i'(K' @ K)[2r](r) 
where now K and K’ are assumed to be of the form K = f*(F) and K’ = f*(F’). 
This holds, since v is constructed from 6x/s and 6y;s. Use that for the smooth 
morphism f the natural isomorphisms f'(K’ @£ K) = f'(K’) @© f*(K) are 
compatible with the duality identifications 6/5; and similar for the smooth morphism 
g. See the beginning of this section. 


End of the Argument. In the last two commutative diagrams put F’ = h*(Q,) for 
h:S — Spec(«). Then for K' = f*(F’) we are in the case v = v9 = Uo = HL, 
hence the upper horizontal maps in these diagrams coincide. By the commutativity 
of the diagrams, then also the lower horizontal maps coincide. O 


The Chern Class 


After these preliminary remarks we give a short review of properties of the Chern 
class attached to a divisor in the etale cohomology. For further information we refer 
to [FK], chap. II, §2 and [SGA44]. We will see, that this Chern class is related to the 
map 4 defined above (Theorem IT.11.2). 

Let Y be a line bundle on the scheme X. Using the Kummer sequence, one 
defines the Chern class cly(%) € H 2X : Q(1)) or alternatively 


elx(L) € Hompx)(Qx, Dxl210) . 


We will not repeat the general definition here (see for instance [FK]). Assume instead, 
that f : X — Spec(k) is smooth of dimension d. Furthermore assume, that the line 
bundle .% has a section, such that the zero set Y is of pure codimension | in X. Let 
i: Y + X denote the inclusion map, let g denote the map of Y to the spectrum 
of the base field «. Assume that g is a smooth morphism. In this special situation, 
one can also define a cohomology class cl’ es ), as explained below. It is shown in 
[FK] lemma 2.6, II §2 and proposition 2.7, II §2, that the two cohomology classes 
cly(Y%) and cl/°(¥) coincide. 


Definition of cl’(Y). Put S = Spec(x) and As = (Q))s, then put Ay := f*(As) 
and Ay :=i*Ay = g*(As). Consider the trace Tr, € Hompys)(Rai(g'As), As). 
Then the class 

cl! (Y) € Hompyx)(Ax, isi Ax[2](1)) 
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is defined from the trace map Trg by the left chain of identifications in the diagram 


Hompys)(Rgig'As, As) > Tre 
idé Hompvyy(g'As, 8'As) 
bys t= 
Hom pyy)(Ay [2d — 2\(d — 1), g'As) 
Hompyy)(Ay, 'As[2 — 2d](1 — d)) 
t ae 
Hom pyy)(Ay,i' f' As{2 — 2d](1 — d)) Hompyy)(Ay, Ay) > id 
= )x;s | 
Hompvyy(Ay,i' Ax[2](1)) <——-—— Hom pvy (Ay, i* Ax) 


Hompyyy(i* Ax, i Ax (211) Hom piyy(i* Ax, i* Ax) 


ix (KL) ae . 

Homp x) (Ax, isi’ Ax[2]0)) es Hom px)(Ax,ixi* Ax) > adj 
fadj{21() 

Hompxy)(Ax, Ax[2](1)) 3 ¢ 


S 


Ie 


In this commutative diagram we have identified homomorphism groups, whenever 
there exists a canonical identification or an adjunction formula. The elements Trg, id, 
adj and cl'°(Y) correspond to each other under the isomorphisms and identifications 
used in this diagram. 


An Alternative Definition 


We still maintain the assumptions made in the last paragraph, i.e. we assume that f 
and g are smooth morphisms. Let us reformulate the definition of the Chern class 
cl!(Y) = cly(Y% ) via the right side of the diagram above. In this way one obtains 
a new description of the Chern class 


n=clx(Z). 
The new description gives n € Homp,x)(Ax, Ax[2](1)) as the composite of the 
following three morphisms: 


. dj ix daj[2jd 
ne. Rye ey OE ply ii => Avid) = 


The homomorphism 7 is a morphism in the triangulated category be (X, Q)). It 
depends only on the Chern class of “% , and induces corresponding homomorphisms 
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n @! idx : K —> K[2](1) 


for every complex K on X, via the tensor product (—) @’ K.The homomorphisms, 
obtained in this way, are compatible with base change, since the Chern class of 4% 
has this property. 


Lemma 11.3 Suppose K is a complex on X, where X is smooth over the base field 
x. Suppose % is a line bundle on X with section s, whose zeros define a divisor 
i: Y — X, which is smooth over x. Let n = cly(%) be the Chern class of Z. 
Then the map n ®" idx factorizes in the form 


by.K: pe abi el 


Under appropriate assumptions on K — see Theorem II.11.2 — the map i,,.(2) in 
the middle is an isomorphism. 


Proof. This follows immediately from the definition of the map jz, which was given 
in the proof of Theorem II.11.2, and the following diagram 


ix (Mo) @idx 
————_—> 


K —>i,i*Q, @! K i,i'Q,[2]1) @£ K ———> K[2](1) 


~ 


adj 


igh * K 


izi'Q,[2]) @! K K(2]() 


U 
ix (WW) 


ni RPI) SRI 


O 


Let us now consider direct images with respect to a relative situation. Let f be a 
map 
[ix—S, 


where now S is an arbitrary base scheme again. Let g denote the restriction of f to 
the divisor Y. The “cohomology class” 7 induces a homomorphism 


by xp =Rf(n ®" idx): Rf(K) — Rf(K)[2]() . 


From the last description of this map, one derives the following result 


Theorem 11.4 Let the assumptions be as in 1.11.2 and I.11.3, and let the notations 
be as above except that K is denoted G: In particular G = f*(F) is a complex on 
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X obtained from a smooth map f : X — S, whose restriction to Y is also smooth, 
and some complex F on S. The cohomology class of the line bundle 4 defines a 
homomorphism in the derived category 


$%,0,f -Rf(G) — RfA(G)I2M) 
which is the composite of the natural restriction map 
ag : Rfx(G) —> Rg,i*(G) , 
an isomorphism Rg,i*(G) = Rg,i'(G)[2]|(1) and the natural map 
Bo : Rgxi'(G)I211) — Rf.(G)I21() . 


Remark. If f is proper, then Rf, = Rf}. By Lemma II.11.1 and the results of 
Corollary II.7.5 the map fg is the dual of the natural restriction map 


ag > Rf(G) — Rgxi*(G) = G = D(G)[-2(-1). 


Iterating the map ¢, Gg, ¢ and its twisted shifts r times, one obtains 
Lemma 11.5 Under the preceding assumptions and with the notations of the second 
part of Theorem II.11.4 the following diagram is commutative for 6 = 6G, and 
9 = bi*(4),i*(G), 8° 

¢ ¢ ¢ 
Rf.(G) ——> +.» ——> Rf (G)[2r —2](7 — 1) ——> R fa (G21) 
a ' a Be 
Rgui*(G) > +» > Rgai*(G)[2r -21r = 1) ——> Rei (G)L2r\(r) 


Proof. For the right square use II.11.4, for the other squares use compatibility with 
pullback. O 


1J.12 Mixed Complexes 


Definition 12.1 Let Xo be an algebraic scheme over a finite field. Then an object of the 
category D? (Xo, Q,) is said to be t-mixed respectively mixed, if all its cohomology 
sheaves are t-mixed respectively mixed sheaves on Xo. 


Theorem 12.2 In case of algebraic schemes over a field, the operations 


Rfi. Rf f*, f',@",D 
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preserve boundedness, constructibility and in case of finite base fields t-mixedness 
respectively mixedness of complexes. 


Proof. We restrict ourselves to the mixedness statements. t-mixedness and con- 
structibility statements are proved literally in the same way. In fact, since the defi- 
nition of mixedness requires constructibility statements, these corresponding state- 
ments have to be proved first. Therefore it is assumed, that the corresponding proofs 
have been established before. So this allows to restrict ourselves to the proof of the 
mixedness statements. 

The first two cases of the theorem involving the functors Rf; and Rf, are the 
essential cases. They are covered by I.9.3 and 1.9.4. The third case of the functor f* 
is trivial. The fourth case involving f' is reduced to the case f* by biduality, using 
the formula 

Dof'=f*toD 


and the assertion, that D preserves mixedness. The fifth case of the tensor product 
@/ follows using the Kiinneth formula. So it remains to prove the last case: D( Ko) 
is mixed if Kg is mixed. 

For the proof, that D( Ko) is mixed, we can assume Ko = “% to be a mixed sheaf 
on some algebraic reduced scheme Yo. We will prove the assertion by induction on 
dim(Yo). The assertion is true, if Yo is smooth and if “% is a smooth sheaf on Yo. In 
general there exists an open dense smooth subscheme 


Jo: Uo — Yo 


of Yo with the complement 
in: Zo > Yo, 


such that jg (“%) is smooth. We have: dim(Zo) < dim(Yo). Then D( jj (-%)) is 
mixed by our smoothness assumption, hence according to Theorem I.9.4 also 


D(jo1ig ()) = Riox(DUig C))) - 
By the induction assumption also 
D(ioxig (H)) = tox Dig (H)) 
is mixed. We dualize the admissible triangle 
joie) —> % —> innit (H) —— joie (DU 
to obtain the admissible triangle 
ioe D(i§(%)) —> D(%) —> RioeD UCM) —> iow Dif) - 


Therefore also the second complex D(‘%) of this triangle is mixed. This completes 
the proof. O 
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Definition 12.3. Let Xo be a scheme over a finite field x. Fix an isomorphism t : 
Q, = C. For a t-mixed sheaf By on Xo remember Definition 1.2.3 of w( Bo), i.e. 
the maximum of its punctual t-weights for nontrivial Bo. For a t-mixed complex 
Bo € D?(Xo, Q) let 


w(Bo) = max, (w(.%" Bo) — v) 


denote the maximum of all the w(.H” Bo) — v. 


For a finitely generated scheme Xo over a finite field « let 
Dmixed(X0) = Dyrixea Xo, Q) 


denote the triangulated category of mixed complexes of sheaves. If t is fixed, this will 
denote the triangulated category of t-mixed complexes of sheaves in D? (Xo, Q). 
Let 

DE, = D2,,(Xo) = {Ko € Dnixea(Xo) | w(Ko) < w} 


be the - non triangulated - subcategory of (t-)mixed complexes of (t-)weight smaller 
or equal to w. Finally define 


Dé, = Db,,(Xo) = (Ko € Dmixed(Xo) | w(D(Ko)) < —w} . 
Here w may be any real number. 
Remark. Note, that w( Ko) > w does notimply Ko € D2, (Xo). However it is shown 
in II.12.7 below, that in the other direction Ko € De, (Xo) implies w(Ko) > w. 
This is trivial for Xp = Spec(k). 
We have the following elementary properties 


(1) w(Koln]) = w(Ko) +2 
(2) w(Ko(m)) = w(Ko) — 2m (Tate twist) 


and the permanence properties 


(3) R fos(D2,,(X0)) C D2, (Yo) for a morphism fo : Xo —> Yo defined over «. 
(4) fg Dey (Yo) al D8,,(Xo) for a morphism fo : Xo > Yo defined over « 


which follow by duality from the Weil conjectures I.9.3 and I.9.4: 


(5) R fo D2, (Xo) Cc D®.,,(Yo) for a morphism fo : Xo — Yo defined over x. 
(6) IF (D);,(%o)) Cc D2, (Xo) for a morphism fo : Xq — Yo defined over k. 


Homomorphisms. In particular, as a consequence 
Ky =R.Hom(Ao, Boll) € Dey y41(Xo) 


for Ag € D%,,(Xo) and Bo € D2,,,(Xo). Recall that RWHom(Ao, Boll}) = 
D(Aop ® D(Bol1))). 


132 II. The Formalism of Derived Categories 


The Galois group Gal(k/k) is the profinite completion of the cyclic group gen- 
erated by the Frobenius element F’. This implies: 
Let Kg € D?(xX 0). Then there is an exact sequence 


0 > H7!(X, K)p > H°(Xo0, Ko) > H°(X, K)* +0 


in terms of coinvariants and invariants under F (Leray spectral sequence). By property 
(3) above we have for Kg € DES cid (Xo) 


w(A"(X,K))>w’—-w , forv>—-1. 
Suppose now w’ — w > 0. Then this forces H (Xo, Ko) = 0, because 
H7'(X, K)p =0= HX, K)* . 
Consider Hom D>(Xo) (Ao, Bo[1]). To compute this group, we replace Bg by an injec- 
tive resolution Jp. Then Hom po(xy)(Aos Bo[1]) is the group Homx x,y) (Ao, Jol!) 
of complex maps up to homotopy. See Remark II.1.8. Under our assumption 
on Bo this is the same as the hypercohomology group H°(Xo, Ko) = 


H°(Xo, R.Hom (Ag, Io[1])). See Verdier [308] and also [FK], p.300. Furthermore 
we have 


Hom px) (Ao, Boll]) = H°(Xo, R-W%om(Ag, Boll) - 
Proposition 12.4 Let Ag € D2,,(Xo) and Bo € D2, (Xo). Then 
Hom p»x,)(Ao, Boll}) = 0 
vanishes if w' > w. 


Proposition 12.5 Let Ag € D®.,(Xo) and Bo € DP? (Xo). Then base change to 
the algebraic closure k of k Z 


Hom pox.) (Ao, Boll]) > Hom py x)(A, BI)" = 0 
is the zero map, if w' > w — 1. 
If K = RHom(Ao, Boll]) happens to be in D=°(Xo), i.e has nontrivial co- 
homology sheaves only in degrees > 0, then H~!(X,K) = 0. We then get the 


stronger 


Proposition 12.6 Suppose R.WHom(Ao, Co) € D=°(X0) and furthermore assume 
that Ay € D2,,(Xo) and Cy € D8.,,(Xo). Then 


Hom pbx,)(Ao, Co) = Hompr.x)(A, Cy" , 


and this group vanishes for w' > w. 
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This is a variant of the last proposition, if we put Co = Bo[1]. It holds, since the 
kernel of the base change restriction map of the last proposition is the cohomology 
group Ho! (X,R.Aom(A, B[1]))- and vanishes by assumption. 


Lemma-Definition 12.7 Let Ko € D?(Xo, Q,) be a mixed respectively t-mixed 
complex with upper weight w = w(K9). If Ko 4 0 is nontrivial, then the following 
holds 

w(DKo) = —w(Ko) . 


In particular, if Ko € D8,,(Xo) holds for some w, then w < w(Ko). 
The complex Ko - suppose Ky # 0 - is called pure resp. t-pure of weight w if 
equality w(DKo) = —w(Ko) holds, i.e. if 


Ko € D2,,(Xo) 9 D8, (Xo) . 
It is also convenient to define Ky = 0 to be (t-)pure of weight —oo. 


Remark. If Ko is t-pure of weight w, then w necessarily coincides with the upper 
weight w(Ko) 
w = w(Ko) = max, (wi. H%"(Kg)) — v). 


Warning. In case of sheaves concentrated in degree zero the notion of being t-pure 
of weight w given in II.12.7 above does not coincide with the notion of (point- 
wise) T-pure sheaves in the sense of Definition I I.2.1. In the following we will have 
to distinguish these two notions. We will therefore always add “point-wise’’, if the 
meaning of pure or T-pure is not to be understood in the sense of the definition above. 


Proof of 1.12.7. Put Ag = Ko and Bo[1] = Ko. Then w = w(Ag) = w(Ko) and 
w’ = —w(D(Bo)) = —1 — w(D(Ko)). Now either w’ < w — 1, i.e. —w(D(Ko)) < 
w(Kg). This is the assertion of II.12.7. Or w’ > w — 1. Then Proposition I.12.5 
implies 

idx € Hom(K, K)’ =0, 


hence K = 0. Then the stalks of the cohomology sheaves in all geometric points 
vanish. Therefore Kg = 0 contrary to the assumption. 
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III.1 Perverse Sheaves 


The theory of perverse sheaves historically emerged from several independent directions. One 
of them was the theory of intersection cohomology of Goresky-MacPherson, which originally 
was not defined in terms of sheaf theory but rather using explicit chain complexes. Perhaps 
stimulated by the Kazhdan-Lusztig conjectures it was Deligne, who gave a reformulation of the 
notion of intersection cohomology within the setting of sheaf theory. In this form intersection 
cohomology can be defined also for finitely generated schemes over a field of characteristic 
zero, over a finite field or over the algebraic closure of a finite field. The theory found its 
final form in the fundamental treatise [BBD], soon after it was realized that perverse sheaves 
define an abelian category inside pb? (Q;). This was suggested by the algebraic theory of H- 
modules due to Bernstein, where it turned out that the category of holonomic “-modules with 
regular singularities provide an analog via the Riemann-Hilbert correspondence. In this book 
we only consider the so called middle perversity. Middle perverse sheaves turn out to be most 
interesting perverse sheaves, since their notion is self dual with respect to Verdier duality. It 
is the abelian category of middle perverse sheaves, which also fits perfectly with Deligne’s 
theory of weights. In particular, one has for it the decomposition theorem due to Gabber. 
The more general perversities, which are defined in [BBD], do not have this particular rigid 
structure. Their definitions and properties can be dealt with more or less in the same way as for 
the case of the middle perversity. Although they are important, we therefore do not consider 
them in this book. For their definition and properties we refer the reader to the original source 
[BBD]. 


Notational Remark. Throughout this chapter on perverse sheaves we often write 
D(X) instead of D? (X, Q) (derived categories of a scheme X) and D(K) or DK 
instead of Dy (K) (Verdier dual of a complex K on X) and @ instead of @*, in order 
to simplify notation. It seemed to us, that there is little danger of confusion. 

Let X bea scheme over a base field, which is either a finite field or an algebraically 
closed field. Let D be now the triangulated category D(X) = pbb (X, Q). The 
selfdual (middle) perverse t-structure is defined by 


B € ?D=9(X) <=> dimsupp(H-'B) <i , WieZ 


Be ?D=°(X) <— > dimsupp(\H DB) <i , VieZ. 


The index ” refers to truncation with respect to the perverse t-structure. For the 
moment let us assume, that these definitions induce a f-structure on D(X). The proof 
of this fact will be postponed to §3. From this definition is then clear, that every object 
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of D(X) is bounded with respect to the perverse t-structure. In particular almost all 
perverse cohomology groups of an object in D(X) vanish. 


Lemma-Definition 1.1. The abelian category Perv(X) of perverse sheaves on X 
is the core 
Perv(X) = ?D=°(X) N PD?°(X) 


of the category D(X) = D(x ,Q)) with respect to the perverse t-structure. The 
corresponding cohomological functors are 


PH” : D(X) —> Perv(X). 
For any distinguished triangle (A, B, C) in D(X) this gives a long exact sequence 
Gece PH-'(C) =s PHA) —s PHB) — PHC) = PH}(A) Ses 
in Perv(X). 
Warning. In general a perverse sheaf on X is not a sheaf, but only represented by 
a complex of sheaves on X. 
In the following the truncation operators ’c and t in the category D(X) will be 


always understood as truncation operators with respect to the perverse t-structure 
respectively with respect to the standard t-structure, if not stated otherwise. 


Remark 1.2 By definition the perverse t-structure is self dual on D(X), i.e. 


B € D=9(X) iff DB € D=°(X). 


Let x be an arbitrary point x of X, let i : Y — X its closure in X with 
reduced subscheme structure. Any B € D(Y) becomes a smooth complex on 
a suitable smooth open neighborhood U of x. For such U the dualizing com- 
plex is Ky = Qyl2d(x)](d(x)), where d(x) = dim(Y). Hence (Dy(B)), = 
(B,)’ [2d(x)](d(x)) for any geometric point 7 over x. Here MY denotes the dual 
of M as a complex of Q,-vectorspaces, where stalk complexes are considered as 
complexes of Q)-vectorspaces. 


Definition 1.3 For L in D(X) define 
ijL=(@'L), » L=@*L,. 


Since if(Dx(L)) = (i*(Dx(L))y = (Dy@L))n = i-(L)[2d (x) (d(@)), an- 
other characterization for the perverse t-structure on D(X) is provided by 


Be D(X) — > .%'i*B = 0 for v > —d(x) 
Be D(X) => Wi B =O0forv < —d(x), 
where this should hold for all points x in X. 
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III.2 The Smooth Case 


Let X be a scheme over some arbitrary base field. Let X denote the scheme obtained 
from X by base change to the algebraic closure of the base field. The scheme X is 
called essentially smooth, if the reduced scheme X;eq is smooth. Under the assump- 
tion that the base field is finite or algebraically closed, the scheme X is essentially 
smooth if and only if the reduced scheme X;¢q is smooth. 

Suppose X is essentially smooth, and suppose X is equidimensional of dimension 
d. Then the dualizing complex on X has the form 


Qyl2d](d) . 


It is acomplex Kx, whose cohomology is concentrated in degree —2d and such that 
its cohomology sheaf .7 ~2d(Ky) is isomorphic to the smooth sheaf Q,(d). For a 
smooth sheaf -@ on X — sheaf to be understood in the ordinary sense — the dual sheaf 
was denoted <& Y 


GY = Hom(G,Q). 
A sheaf complex K € D(X) = D°(X, Q)) will be called a smooth complex, if all 
its cohomology sheaves .7"(K) are smooth sheaves on X. 
Proposition 2.1 


(1) Let X be an essentially smooth equidimensional scheme of dimension d and let 
K € D(X) be a smooth complex on X. Then 


FO" (DK) =. H--*4(Ky(d) . 


In particular .¥@" (DK) vanishes if and only if .F6~-”~4(K) vanishes. 
(2) Suppose X is irreducible and let K be in D(X). Then there exists an open dense 
essentially smooth subscheme 


j:Ucx 
of X, such that 
J(K) 


is a sheaf complex, which is smooth on U. 


Proof. Use induction on the cohomology degree in which there are non vanishing 
cohomology sheaves, using the “ordinary” truncation operators t<, for the standard t- 
structure on the triangulated category D(X). For K € D(X) we have. #*(K)[—s] = 
T>sT<sK. See Chap. 1.6.1 for details on the standard t-structure. For a smooth 
complex K # 0 there exists s such that the distinguished triangle 


Tey-1K > K > tosK > (tes-1 KEI] 
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defines the smooth sheaf “6 = ts;K = Tsst<sK = -6°(K) # O, such that 
A = T<s—1K is a smooth complex with cohomology sheaves .7#”(A) = .7@"(K) 
forv < sand. #@'(A) =Oforv>s. 

For smooth Q,-sheaves ‘ and s € Z consider the complex 


G(—-s] € D?(X,Q) 
concentrated in degree s. Then. #7" (F [—s]) = Oforv 4 sand. W*(G[-s]) = G. 


Then, for any smooth Q)-sheaves F,G on X, 


; eae 0 0 
FORK om(G [0], .F (0) = ome Ao. 


For .F = Q,(d) this gives 
DCG [-s]) = RHom(-G [-s], -F [2d)) = HomeS ,.F)2d+s]. 


Therefore, if we apply the functorR. Wom (—, -F [2d]) tothe triangle (A, K, & [—s]) 
defined above, the long exact cohomology sequence of its cohomology sheaves 
KOR Hom(G [—s], -F [2d]) > FH’ RHom(K, .F [2d]) > 
HO’RHom(A, F [2d]) > 


and the obvious facts 


Le 0 v #—2d—s 
JORG CT J _— 
fe BeOS ice ee y=—2d—s 
and. W’R.Wom(A, F [2d]) = Oforv < —2d—s and WH’ RHomK, F [2d]) = 
0 for v < —2d — s imply 


0 v<—2d-—s 
FOR Fom(K, .F [2d]) = HOom(G ,.F ) v=—2d—-s 
KO’RHom(A,.F [2d]) v > —2d—-—s. 


Using these identities and the induction hypothesis the proof is now complete. 


Assume that X is irreducible and essentially smooth. Recall, that this was defined 
at the beginning of this section. Let B be acomplex in D(X) such that all cohomology 
sheaves .%' B of B are smooth sheaves on X. This will be referred to as the “smooth 
case” for the rest of this section and the next section. A smooth sheaf on X has support 
of dimension dim(X). All.#%' B were assumed to be smooth, therefore we obtain 
from the last proposition. 


Remark 2.2 Under the assumptions above, i.e. X essentially smooth, equidimen- 
sional and B a smooth complex, we have 
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B € ?D=9(X) iff. H" B = 0 for all v > —dim(X) . 
By duality 


B € °D=9(X) iff. KH" B =0 forall v < —dim(X). 


O 


In the smooth case the perverse t-structure therefore behaves like the standard 
t-structure shifted by dim(X). Let X be essentially smooth and let B be a smooth 
sheaf complex on X. We get in this case: B € Perv(X) if and only if 


B= G{[dim(X)] 


for a smooth sheaf -%. In particular, the cohomology sheaves of B are trivial in 
degrees different from —dim(X). 

That in general the definitions preceding III.1.1 define a t-structure on D(X) is 
not that obvious. The proof will be given in §3. In order to verify the properties (iii) 
and (i) of a t-structure one has to use stratifications of X and for property (iii) one 
has to use glueing of t-structures. These techniques allow to reduce everything to the 
above mentioned simple “smooth case”. Details will be explained in the next section. 


IIL3 Glueing 


Again in this section we consider finitely generated schemes over a finite field or 
over an algebraically closed field. 
Let be given a scheme X and an open subscheme U 


jiUCxX. 


Let 

i:Y¥>X 
be the closed complement of U in X, endowed with some subscheme structure, e.g. 
the reduced subscheme structure. 


Let T(U) be a full triangulated subcategory of D(U) and let T(Y) be a full 
triangulated subcategory of D(Y). We additionally impose the condition that 


Ae T(U) => RiAET(Y). 


For our purposes it actually suffices to assume T(Y) = D(Y). 

Suppose we are given some t-structures on the categories T(U) and T(Y). 
In the following these t-structures will be denoted T=°(U ), T2°(U ) respectively 
T=%(Y), T2°(Y). Then one can glue these t-structures together to obtain a new 
t-structure on the full subcategory T(X, U) of D(X), defined by 


T(X,U) ={B € D(X) | j*B € TU), i*(B) € T(Y), i'Be T(Y)}. 
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By our assumptions on T(U), T(Y), and because of i 'R jx = 0, we have 
BeT(U)=RjBET(X,U). 


This being said we define the glued t-structure T£°(X, U), T=°(X, U) C T(X, U) 
via 


1) Be T29(X,U) <=> j*B € T<°(U) and i*B € T="(Y) 
2) Be T29(X,U) <> j*B € T2°(U) and i'B € T=°(Y). 


Verification of the Axioms (i-iii) for Glued t-Structures (11.2.1). Axiom (ii) for the 
new t-structure is obvious. Axiom (1) follows from the exact sequence 


— Homi(i,i* B, C) ——> Hom(B, C) ——~ Hom(j,j* B, C) ——~> 


Hom(i*B,i'C) Hom(j*B, j*C) 


which is obtained using adjunction and the long exact Hom-sequence attached to 
the distinguished triangle (j:j*B, B, i,i* B). 


Axiom (iii). Let E be an object in T(X, U). We consider in the category T(U) — 
with its corresponding t-structure — the distinguished triangle 


(t<oj*E, fp Es t>|j*E) : 

The corresponding morphism j*E — t31j*E gives rise to an adjoint morphism 
E — Rj,t>1j*E in the category T(X, U). Taking pull back under j* gives back 
the original morphism j*EZ — ts, j*E. Now we complete to a full distinguished 
triangle 

F— > £E —~>Rj,ts| j*E —~ F[I]. 
In the same way one finds in T(X, U) the following distinguished triangle 

A—> F —> ints )i* F —— Afl]. 

Its pull back under i* is isomorphic to the distinguished triangle 


(tei*F, i* F, t>,i*F). 


The two distinguished triangles above can be viewed as part of the following diagram 
— with distinguished rows and columns using the TR4a octaeder axiom 
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Ries Ell) ae RL 


| A 
Rjet>1j*E[—1 pe > Rjyte j*E 
A= A 


Then the octaeder axiom TR4a of triangulated categories gives for this diagram in 
particular the distinguished triangles (i,t>,i* F, B, Rj.t>1j*E) and (A, E, B). 


Claim. Thetriangle (A, E, B) is the desired truncation triangle in 7 (X, U). In other 


words 
Aer" (XU) 4. BeTAeD., 


with the truncation triangle 
T<gE ——> — ——> ts, E —> t<9E{1] 
in T(X, U) being isomorphic to the distinguished triangle 


A >E > B —> A[l]]. 


Proof. In order to establish the last claim, we apply the functors j* and i ' to the 
octaeder diagram above. Use that 


jtix=0 , TRip =O. 
This implies the following isomorphism of distinguished triangles 
JA Ey 8) = PPE Rita 2) = Geos" Ey PE, eas’ BE). 
Then i*(A, F,i,t>ji*F) = (t<oi*F,i*F, t>\i*F) and i'(A, F, iyt> i" F) = 
i'(A, E, B) by definition. 
From this we get 1) A € T29(X, U): In other words 
PAZ tego f*E ET) , i*A = tQi*F € T=*(Y) 


and 2) B € T=!(X, U): In other words 
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PRSupeEeT2U) , UBS ite iF St1i*F TAY). 


This finishes the proof. O 


Example tiie One useful special case is the t-structure, which is obtained from 
glueing with the degenerate t-structure on T(U), i.e. 


T(U)7! =0. 
In this special case the above construction gives 
FUE , Beixgts,i*F. 
For the glued t-structure on T(X, U) this determines the upper truncation functor 
tip E = intsgi*E . 


For the corresponding lower truncation operator, denoted Topi we therefore get a 
distinguished truncation triangle 7 


(tigE, E, ixtayi*E) . 
Using the gluing construction and noetherian induction, we are now prepared to 
prove that the perverse truncation structure PD=9(X), PD29(X) 
Be PD<9(X) <=> dim supp(H'(B)) <i 
B & PD=9(X) <=> dim supp( WH (DB)) <i 


imposed on D(X), which was introduced in the last section §1, is indeed a t-structure. 


Lemma 3.1 Let j : U > X be an open subscheme of X, and leti : Y — X be the 
closed complement. Then for B € D(X) the following holds 


Be D=9(X) => j*B € D=9(U) and i*B € "D="(Y) 
Be 'D29(X) <=> j'B = j*B € D2°(U) andi'B € D2(Y). 


Proof. First observe, that a complex E on X satisfies the semiperversity condition 
E € ?D=°(X) iff its restrictions to U and Y satisfy the corresponding conditions 
j*(E) € PD2(U) and i*(E) € ?D*°(Y). This is a trivial consequence of the 
definition and the exactness property of the functor f*. By the commutation rules 
for the dualizing functor 


fioD=Dof* , f*toD=Dof' 


on the category of etale sheaves, we immediately get the assertion of the second 
equivalence. O 


The compatibility properties III.3.1 say, that the perverse truncation structure 
Pps(x ), PD=°(X) on X is obtained from the perverse f-structures on D(U) and 
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D(Y) by gluing (provided we already know that the Definition III.1.1 defines t- 
structures on D(U) and D(Y)). 

There is an obvious generalization of Lemma III.3.1, if X is a finite disjoint union 
of locally closed subschemes. We do not formulate this. 


Proof of Lemma III.1.1. Let X be a scheme. Assume, that X is reduced without 
restriction of generality. Let 
J:Ucox 


be a nonempty open essentially smooth subscheme of X and let 
i:Y¥oXx 


its closed complement. Suppose, that all generic points of X are in U. 

Then by induction on the dimension we can assume, that the perverse truncation 
structure already defines a t-structure on Y. Put T(Y) = D(Y) together with the 
perverse t-structure on it. On the other hand let T(U) be the full subcategory of 
D(U), consisting of complexes with smooth cohomology sheaves. According to 
Remark II].2.2 the axioms for a t-structure are valid for the restriction of the perverse 
truncation structure to T(U), by trivial reasons. Furthermore, the induced t-structure 
on T(U) coincides with the standard t-structure up to a shift of degree. By gluing 
we get 


T(X, U) = {E € D(X) | j* E has smooth cohomology sheaves on U} . 


By Lemma III.3.1 the glued t-structure on T(X, U) coincides with the perverse 
truncation structure, which is obtained by restriction from D(X) to T(X, U). In other 
words, the perverse truncation structure satisfies the axioms (i)—(iii) of a t-structure 
on T(X, U). 

Now let E be an arbitrary complex in D(X). Then there always exists an open 
dense essentially smooth subscheme U <> X, such that the restriction of E to U 
has smooth cohomology sheaves. In other words 


D(X) = eS T(X,U). 


UcX, dense open ess. smooth 


Therefore axiom (iii) holds for the perverse truncation structure. 

A similar argument proves axiom (i). For complexes E € 'D<9(X) and E’ € 
’ED=!(X) there exist U and U’ as above, such that E € T(X, U) and E’ € T(X, U’). 
We can replace U, U’ by U” = U NU’. Then Hom(E, E’) = 0 can be verified in 
the full subcategory T(X, U”). Therefore the perverse truncation structure on D(X) 
satisfies all axioms of a t-structure. O 


Truncation of Mixed Perverse Sheaves. In the remaining part of this section let the 
base field « be a finite field. Let Xo be a an algebraic variety, i.e. a finitely generated 
scheme over x. A complex Kg € D(Xo) was called t-mixed, if all its cohomology 
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sheaves .#” (Ko) are t-mixed sheaves in the sense of II.2.1. The t-mixed complexes 
define a full triangulated subcategory 


Dmnixed (Xo) 


of D(Xo). This subcategory is stable under the functors 
Rf Rf, f*, f',8", D. 


Again by noetherian induction and the construction of truncated objects via gluing, 
one obtains 


Lemma 3.2 Let Xo be a variety over a finite field x. Let Ky be a t-mixed complex 
Ko € Dmixea(X0). Then the perverse truncation operations preserve the property 
of being t-mixed 


Pro Ko € Dmixed(Xo0) and ’t59Ko € Dmixed(X0) - 


The perverse t-structure on the category D(X0) therefore induces a t-structure on 
Dmixed(Xo). 


Remark 3.3 Suppose given acomplex K € D(X). Then there exists a “stratification” 
of X by finitely many locally closed essentially smooth equidimensional subschemes 


iiYyo X,, 


such that the restrictions i*K and i,,K are smooth on these subschemes, i.e have 
smooth cohomology sheaves. X is a disjoint union of its strata Y,. We can additionally 
assume, that the closure of each stratum is a union of strata. Fixing this stratification 
we consider the full triangulated subcategory of D(X) of complexes L € D(X) such 
that 
Bilis tae aD 

have smooth cohomology sheaves. The restriction of the perverse t-structure to this 
subcategory is obtained by gluing of shifted standard t-structures (depending on the 
dimensions; see Remark III.2.2) in the categories of smooth complexes on the strata 


Yo xX. 


This defines the t-structure in terms of iterates of the gluing method. 


III.4 Open Embeddings 


Let T be an additive, translation preserving functor between triangulated categories 
A and B with t-structures, which transforms distinguished triangles in distinguished 
triangles. Such a functor is called 
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t-right exact iff T(D2°(A)) C D<°(B) 
and 
t-left exact iff T(D2°)(A) C D2°(B). 


Finally T is called t-exact, if T is t-left and t-right exact. 


Lemma 4.1 Let X be a finitely generated scheme over a finite or algebraically closed 
field. Let j : U — X be an open embedding with closed complement i: Y — X. 
Then the functors 


ye i* are t-right exact, 
ix, j* are t-exact, 
Riad are t-left exact 


for the perverse t-structures on D(X) respectively D(U) and D(Y). 


Proof. The properties are obvious for the functors j*, i*, i' and i, using Lemma 
III.3.1. In the case of i, recall that j*i, = 0 and i*i, = ii, = id. For Rj, and j: 
the assertion follows by adjunction from the t-exactness of j*. Namely 


Hom(?D="!(X), RjxB) = Hom(j*?D="'(X), B) C Hom(?D='(U), B)=0 


for B € ?D=°(U). Therefore Rj,B € ?D2=9(X) by Lemma II.2.2. So Rj, is t-left 
exact. Then j; is t-right exact by duality. 


As a consequence of the t-exactness of j* and the t-left exactness of Rj, in the 
situation of Lemma III.4.1 above we get for perverse sheaves B € Perv(X) 


’H-'Rj,j*(B) =0. 


The distinguished triangle (i,i 'B, B, Je j*B) therefore induces the following exact 
sequence of perverse sheaves in the abelian category Peru(X) 


Restriction Sequence 
0 —— i, "H°(i'B) ——> B ——~> "19(Rj, j*B) —— i,? H!(i'B) —~ 0. 


Now let us consider two perverse sheaves A € Perv(Y) and B € Perv(X). We 
have A = t<9A and i'B € D=°. Furthermore i, is fully faithful. This implies by 
adjunction and the long exact sequence of the Hom-functor, together with t-structure 
axiom (i), 


Hom(i,A, B) = Hom(A,i'B) = Hom(A, "H°(i'B)) = Hom(isA, ix?H°(i'B)) . 


Thus i*?H°(i'B) is the largest perverse subobject of the perverse sheaf B, which 
comes from Perv(Y). More precisely 
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Lemma 4.2 Leti : Y > X be a closed embedding and B a perverse sheaf on X. 
Then 


i,/H°(i'B) > B 


is the largest perverse subobject of B, which is isomorphic to an object of the 
subcategory ixPerv(Y) of Perv(X). As the dual statement, 


B — i,/H°(i*B) 
is isomorphic to the largest perverse quotient of B with that property. 


Suppose X to be a finitely generated scheme over a finite or algebraically closed 
field. In III, §3 we obtained the truncation axiom 


Hompyx)(?D=°(X), ?D™!(X)) =0. 
This global identity has a local analog for the functor R Wom(—, —). 


Lemma 4.3 Let B be in ?D=°(X) and let C be in ?D=°(X). Then for the standard 
t-structure we have R.FHom(B,C) € D2°(X, Q)), ie. 


FO'(RF0m(B,C))=0 , v<0O. 


Proof. Because the proof is similar to the proof of the global case (§3), we only sketch 
the argument. The statement is obvious in the smooth case, i.e. if X is essentially 
smooth equidimensional of dimension d and B and C are smooth complexes. We 
then reduce to the case where B = .¥ [n], C = ‘F[m] are translates of sheaves. 
Hence B € D=~4(X) and C € D2~4(X) (for the standard f-structure). Then for 
an injective resolution J of C also 1 € D2~4(X). Therefore RWom(B,C) = 
F6om(B, 1) € D2°(X). 

One reduces now the general case to the smooth case by noetherian induction and 
the gluing technique. Choose a suitable open dense essentially smooth subscheme 
j : U = X, such that B,C become smooth on U. For the distinguished trian- 
gle (j:j*B, B, i,i*B) one obtains another distinguished triangle using adjunction 
formulas 


R.Hom(izi* B, C) —> R. Hom(B, C) ——~> R.Hom(j, j*B, C) —~> 


i,RHom(i* B, i'C) —> RHom(B, C) —> Rj,.R Hom(j*B, j*C) — 


The claim then follows from the lower distinguished triangle by noetherian induction, 
using Lemma III.4.1. O 
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IlI.5 Intermediate Extensions 


Let the situation be as in the last section. Especially let X be a finitely generated 
scheme over a finite or algebraically closed field. Let j : U <> X be an embedding 
of an open subscheme. Let i : Y <> X denote the closed complement of U. Let B 
be a perverse sheaf on U. A perverse sheaf B on X is called an extension of B, if 


yj B=B. 
Consider the triangle 
i*B —> i*Rj.B — i'B[1] — i*B[1], 
which is distinguished, since the rotated adjunction triangle 
B— RiB — i,i'BEL] — BUI] 


is distinguished. The morphisms, which appear in these triangles, will be viewed as 
canonical and used in the next lemma without further explanation or notation. 


Lemma 5.1 With the preceding notations we have the following chain of equivalent 
conditions (1)-(6) for a perverse extension B of the perverse sheaf B: 


(1) B has neither subobjects nor quotients from ix Perv(Y). 

(2) PH°G*B) = PH°'B) =0. 

(3) i*B € PD=—!(¥) andi'B € °D2!(Y) 

(3) i*B € PD=—!(Y) and (i'B)[1] € ?D>(Y). 

(4) Perverse attachment: i* B — i*Rj,B is isomorphic to the adjunction map 


ad : ’t<_\(i*RjxB) > i*Rj,B . 


(5) Dual perverse attachment: i*Rj,B — i "BI1] is isomorphic to the adjunction 
map 
ad : i*Rj,B > Ptso(i*RjxB) . 


(6) Perverse IC condition: B — Rj,B is isomorphic to the adjunction map 
ad: t!_\(RjxB) > RB. 


If one of these equivalent conditions holds, then there exists a distinguished triangle 


(7) (B, RB, ix?t20i*RjxB) . 


Proof. The first equivalence is clear from III.4.2. For the second equivalence observe 
that = 
i*B € PD=°(Y) 


and 
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iB Ee PD=(Y) , 


because i*, i! are t-right (resp. t-left) exact. This proves the nontrivial direction 
(2) => (3). Obviously (3) => (3)’. 

Consider the triangle (i*B, i*R j,B, i! B[1]) for the equivalence of (3)’, (4) and 
(5). The implications (3)’ == (4), (5) follow from the uniqueness (up to iso- 
morphism) of distinguished triangles (A, i*Rj,B,C) with A € ?D=~!(Y) and 
C € °D2°(Y). IL.1.4 gives the reverse directions. 

The same type of uniqueness argument, directly applied to (B, Rj B, i,i'B[1]), 
proves the next equivalence. For the definition of t a see the example in Section 3. 

Assertion (7) follows from the distinguished triangle es ,E. E, ix?t>oi* E), 
which holds by definition with E = Rj, B, together with III-5.1(6). Lemma III.5.1 
is proved. O 


Lemma-Definition 5.2 (Intermediate Extension) Under the assumptions and nota- 
tions as in Lemma III.5.1 above there is (up to quasiisomorphism) a unique extension 
B € Perv(X) of a perverse sheaf B € Perv(U), such that B has neither quotients 
nor subobjects of type i,A for A € Perv(Y). This unique extension will be called 
the intermediate extension 

JixB 


of B and defines a functor 
Jix 1 Perv(U) > Perv(X). 


IfU and X are algebraic schemes over a finite field, j1, maps mixed perverse sheaves 
to mixed perverse sheaves. 


Remark. For an open subscheme j’ : U’ <> U anda perverse sheaf B € Perv(U’) 
we obviously have 


(ix © jy) (B) = (Fo f)14(B) - 


Proof. Existence, uniqueness and functoriality of j1,.B follows from the equivalence 
(1) and (6) of Lemma III.5.1, whereas III.5.1(7), III.3.2 and II.12.2 show, that j1, 
preserves mixedness. O 


‘An important characterization of the intermediate extension B = j1,B, which 
will be frequently used later, is the one stated in III.5.1(2). It characterizes the inter- 
mediate extension, up to isomorphism, as the unique perverse sheaf B € Perv(X) 
with the following properties 


j*B = B and "H°(i*B) = "H(i'B) = 0 


Suppose B satisfies these conditions. Then it is immediately clear that also DB 
satisfies these conditions. Hence 
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Corollary 5.3 Let j : U > X be an open embedding and B € Perv(U), then 


D(jixB) = jix(DB) - 


Example. Let X be smooth and equidimensional of dimension d > 1. Suppose 
B = G(d] for a smooth sheaf on X. Then B = ji, j*(B) for every open 
dense subscheme j : U —> X. For this note 7H°(i*B) = 0 or equivalently i*B = 
tei *(B) holds for all closed subschemes i : Y > X of smaller dimension; see 
Remark III.2.2. Similarly 77°(i'B) = 0 by duality. 


An immediate consequence of the existence of monomorphisms i,?H O'BSGB 
and the epimorphisms B —» i,’H°i*B for arbitrary extensions B € Perv(X) of B 
(Lemma III.4.2) is the next 


Corollary 5.4 Let j : U —_X be an open imbedding with closed complement 
i: Y — X. Any simple object B from Perv(X) is either of the form i,A for a simple 
object A in Perv(Y) or of the form j\,B for a simple object B in Perv(U). 


Using a suitable stratification with essentially smooth strata, such that the coho- 
mology sheaves become smooth on the strata, we obtain 


Corollary 5.5 A perverse sheaf B on X is simple if and only if it is of the form 
B = ix jr. [d], for an irreducible closed subscheme i : Y — X, an open dense es- 
sentially smooth d-dimensional subscheme j : U — Y of Y anda smooth irreducible 
Q,-sheaf F on U. 


Proof. One direction is clear from III.5.4. The converse is easily reduced to the case 
X = Y.Foranirreducible smooth sheaf ¥ on U any perverse subsheaf B of “& [d] is 
again of the form .F [d] for some smooth sheaf .¥ , at least on an open dense subset 
V of U by IL.2.2. Then 11.2.7 implies.7 = ¥ or.F =O, hence & has either a 
submodule or a quotient with support in U \ V. This is impossible, as explained in 
the last example above. So ‘¥ irreducible implies, that - [d] is simple on U. The 
claim therefore follows from the next lemma. El 


Lemma 5.6 Let j : U — X be an open embedding with closed complement 
i: Y — X. If B is simple in Perv(U), then j:,B is simple in Perv(X). 


Proof. j* is t-exact. Hence j), .B either has a perverse subsheaf or a perverse quotient 
coming from i, Perv(Y), if the lemma were not true! This is impossible because of 


Definition III.5.2. O 


Similarly one can show 
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Corollary 5.7 The category Perv(X) is artinian and noetherian. 


Proof, One has to show, that a perverse sheaf B € Perv(X) can have only finitely 
many perverse constituents. By noetherian induction the assertion can assumed to be 
true for all closed subspaces of smaller dimension. For a suitable open embedding 
j .U — X our B satisfies B = j*B = G[d] for smooth & . Using the perverse 
cohomology sequence for the triangle II.5.1.(7) and the restriction sequence III.4.1, 
one obtains the following exact vertical resp. horizontal sequences for any B € 
Perv(X) 


0 


| 


i,/H9(i*Rj,B) 
0 —~ i,?H°(i'B) —> B ——~ "H°(Rj,.B) ——— i,?H'(i'B) —~> 0 


JixB 


| 


0 


By III.5.5 the irreducible constituents of ‘¥ correspond to the simple constituents of 
B, so B is of finite length in Peruv(U). By the induction assumption the same holds 
for B by the restriction sequence above, provided 7H %(Rj,B) is of finite length. 
Since for a short exact sequence 0 > B, — Bz — B3 — Oof perverse sheaves we 
have an exact sequence 


PH®(R j,.By) —> "H°(R jx Bo) > "H°(R jx B3) , 


induction on the length of B allows to reduce to the case of a simple perverse sheaf 
B. Then the induction assumptions, Lemma III.5.6 and the vertical exact sequence 
of the diagram finish the argument. 0 


We remark, that the diagram above also implies ?H %*RG,B & PH) i'j,,.B and 
dualy ’H°i'Rj)B = PH! i* jy, B. 
From the diagram above it follows without difficulty 


Corollary 5.8 Let j : U — X be an open embedding and let B be a perverse sheaf 
on U. Then 


jxB © image("H°(RjB) > "H°(RjxB)) |, 
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where the map on the right side is induced from the natural map Rj,B > Rj,B. 


Proof. Put B = image(("H°(Rj,B) > "H°(Rj,B)). Then B € Perv(X) is an 
extension of B € Perv(U). By Lemma III.5.1(1) it is therefore enough to show, 
that B has no nontrivial subobjects or quotients in i,(Perv(Y)). This readily follows 
from the next Lemma III.5.9. O 


Dual to the vertical monomorphism in the diagram above, used for the proof 
of Corollary III.5.7, and by a similar argument one gets an epimorphism from 
PH (Rj, B) to jr, B with kernel i,?H9(i'R ji B). 


0 
i,?H9(i'Rj B) 


| 


0 —= i,H~!(i*B) ——~ "H°(R j:B) ——> B —— i,?H(i*B) —~> 0 


Jin B 


| 


0 


Lemma 5.9 Let B be a perverse sheaf on U. Then 


oe "H°(R 1B) has no nonzero quotient objects from i,(Perv(Y)) 
e PH OR JxB) has no nonzero subobjects from i,(Perv(Y )). 


Proof. Use the t-right exactness R j:(?D<9(U)) C PD=°(X) and t-exactness of ix 
for the perverse t-structure. Since H omD=~!, Pp2) = 0, the first claim is clear 
from 


Hom(?H®(Rj:B), ix A) = Hom(RjiB, ix A) 


and 

Hom(RjiB,i,A) = Hom(i*RjB, A) =0 
using i*Rj; = 0. The second statement is the dual statement and follows from 
i'Rj, =0. O 


Remark 5.10 For B ¢ Perv(U) the horizontal exact sequence of the diagram used in 
IIL.5.7 implies ?H''i!(?H°Rj, B) = 0 (choose B = ?H°Rj, B). By IIL.5.9 the max- 
imal subobject i,,?H°i'!(?H°R j, B) = 0 of PH°Rj,B in i, Perv(Y) is zero. Finally 
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by Lemma III.4.2 and from considering the vertical exact sequence in the diagram 
of III.5.7 we get the following isomorphism ?H°i* (?H°(R j,.B)) = ?H°(i*Rj,B). 


Corollary 5.11 (Continuation principle) Let the situation be as in Corollary I1.5.8. 
Then the category Perv(U) can be identified with the full subcategory j\,(.Peru(U)) 
of Perv(X) 


, Hom perwuy(A, B) = Hompery(x) Us A; JteB) A, Be Perv(U). 


Proof. Hom(A, B) = Hom(j*Rj\A, B) = Hom(Rj,A, RjxB). Since we have 
RA € PD=9 and Rj, B € P—D=° by Lemma III.4.1, this homomorphism group can 
be identified with Hom(?H°R j:A, °H°R j, B). Finally III.5.9 implies 


Hom(PHR jiA, "HOR jgB) = Hom(jrxA, jx B) - 
O 


In view of the Definition III.5.1(1) of the intermediate extension the last corollary 
is a special case of the considerations made in II.3.3. Here C is the thick subcategory 
of D= D? (X) of those complexes, whose cohomology sheaves are supported in Y. 
Let A be Perv(X) and B be i, Perv(Y). By definition the reduced objects are the 
perverse sheaves, which are obtained by intermediate extension from U = X \ Y. 


Lemma 5.12 If j : U — X is an open embedding with closed complement i : Y > 
X and B € Perv(U), then "H’ (i* ji,B) = PH” G*Rj.B) forallv <0. 


Proof, Put B = ji,B. Then ?H °G'B) = 0. The long exact perverse cohomology 
sequence deduced from the triangle in Lemma III.5.1(7) gives an exact sequence 


0 jieB > ?H°(R},B) > ig > 0 
for some A € Perv(Y). Since i* is t-right exact by Lemma III.4.1, one concludes 
PH’ (i* jy.B) & PH’i*(PH°R},B) , vO. 


On the other hand the functor R j, is t-left exact for the perverse t-structure. Therefore 
we have a distinguished triangle 


PH R},B > Rj,B > ?t31Rj,B > PH°RJ,B[1] . 


Under the restriction j* the first morphism becomes an isomorphism. Hence j*(K) = 
0 for K = ?t,Rj,B. Therefore K = i,i*(K) € ix?/D21(Y, Q,). This implies 
PH’ (i*PH°Rj,B) = PH” (i*Rj,B) for all v < 0. oO 


Lemma 5.13 Suppose B € ?D2=°(X, Q,;) and dim(X) < d. Then 
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FO"(B)=0 forv <—d. 


In other words PD=°(X, Q;) is contained in D=—4(X, Q,) (with respect to the stan- 
dard t-structure). 


Proof. This is proved by noetherian induction. The case d = 0 is clear. For the 
induction step assume the statement holds for smaller dimensions then d. To prove the 
statement, one easily reduces to the case where B is perverse and simple. Then either 
the statement holds by induction or B = j1,B for some open subset j : U > X. We 
can assume U to be essentially smooth of dimension d and B = “¥ [d] for a smooth 
sheaf on U. By III.5.1(7) we have an exact sequence of cohomology sheaves 


2 FO1G,A) > F"(B) > FKOR},B > H iA > .. 


with A = ?rz9i*Rj,B in ?D=°(Y, Q)). Here Y = U \ U is of dimension < d. 
Therefore by induction assumption .#%"(B) = .W%’Rj,B = R?+"7,F for all 
v < —d. This completes the proof. O 


Corollary 5.14 In the situation of Corollary III.5.5 we have 


FO“ in jie Gldl) = injaG . 


Proof. This follows from the last exact sequence for v = —d. O 


Example. Let X be a smooth curve over a field, j : U <> X an open dense subset 
and ‘¥ a smooth, constructible Q;-sheaf on U. Then B = [1] is a perverse sheaf 
on U and 


JieB = jC 1) = CAD. 
This follows from III.5.1.(6). Namely j1,.B = 4 (Rj,B). Therefore j!,B is equal 
to tEo(Rie FUN = jE. 
In particular Lemma 1.6.2 is a special case of Corollary III.5.3, since D(j,(- )[1]) 
coincides with RHWom(j.(-F ), Q;)[1] up to the twist (1) and D(‘F[1]) is FY [1] 
up to the same twist (1). 
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From Artin’s estimate of the cohomological dimension of an affine scheme we get 


Theorem 6.1 (M. Artin) Let f : X — Y be anaffine map. Then R f, is t-right exact 
and Rf, is t-left exact (dual statement) with respect to the perverse t-structures. 


Proof. The t-right exactness 


R fx(PD=9(X)) C "D=9(¥) 
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follows from Milne, p. 253, theorem VI.7.3(d) or Artin [SGA4]. In fact, one has to 
use the local-global spectral sequence R” f,(.H" A) => .76"*" (RF, A), in order 
to able to apply the results of loc. cit. O 


Corollary 6.2 For affine open embeddings j : U — X (more generally affine 
quasifinite maps) the functors Rj, and Rj, = jy are t-exact for the perverse t- 
structures, hence 

Rj, Rjx 1 Perv(U) > Perv(X) 


preserve perversity. 


Let j : U > X be an open affine embedding with complement i : Y —> 
X. The distinguished triangle (Rj: j*B, B, i,i*B) and the corresponding perverse 
cohomology sequence for any B in Perv(X) therefore gives the following exact 
sequence 


0 —~ i,/H~|(i*B) —> Rj B —> B —— i,’H°(i* B) —~ 0 


in Perv(X), where 
B=j*B 


and 


PH’ (i*B) =0 


for all v 4 —1,0. More generally for B € ?DI@51(X) = PD2=4(X) N PD="(X) this 
implies i*B € ppla-lolyy), 

Let us come back to the exact sequence stated above. Its right term i,’H 9G*B) 
is the maximal quotient of B isomorphic to an object in i,(Perv(Y )). Stated in other 
terms this means, that for any perverse sheaf B on X without quotients in i, Perv(Y) 
the complex i*B[—1] is a perverse sheaf on Y, provided U = X \Y > X is an 
affine embedding. Because a perverse sheaf has only finitely many simple perverse 
constituents by III.5.7, this gives 


Lemma 6.3 Let j; : U; — X be an infinite family of affine open embeddings. Let 
ip: Xp = X \U; >_X be the closed complements. Assume X; 1 X, = Y for all 
t #1’. Then for any B in Perv(X) 

i* B[-1] € Perv(X;) 
holds for almost all t. 
Remark 6.4 Let j : U © X be affine open emdebbing with the complement 
i: ¥ <> X. Suppose Y is of dimension < d — 1. Suppose B € Perv(X) and 
Be DS~4(X , Q;) (for the standard t-structure). Then 


i*B[-1] € Perv(Y). 
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Proof, Since i*(B) € PDI—!.l(y, Q,), it is enough to show Hom(i*(B), L) = 0 
for all L € Perv(Y). However this follows from the truncation property II.2.1(i), 
since i*(B) € D=~4(Y, Q,) and L € D2!~4(¥, Q,) (Lemma IIL.5.13). 


In particular 


Lemma 6.5 Suppose Y is a local complete intersection of dimension d. Then Qiy{d] 
is a perverse sheaf on Y. 


Proof. This statement is local in the etale topology. So assume Y is a complete 
intersection in a smooth scheme. Then the claim follows by repeated application of 
the statement of the last remark. Oo 


Universal Extensions. Let j : U — X be an affine open embedding with 
closed complement i : Y — X as above. In the abelian quotient category 
Perv(X)/i,(Perv(Y)), every perverse sheaf B on X becomes isomorphic to j),B 
for B = j*B. The maximal quotient By of B in i,(Perv(Y)) is isomorphic to 
i,?H°(i*B). Note that for A € Perv(Y) 


EXtpory(x) (RAB, ix A) = Homperyx)(R/B[-1], ixA) = 


by II.3.2 and the adjunction formula, since i*Rj; = 0. Furthermore Rj; B is a right 
reduced perverse sheaf on X, i.e. without nontrivial quotients in n ix Perv(Y). See 
Lemma III.5.9. Suppose B € Perv(X) is also right reduced, i.e By = = 0. Then we 
have the exact sequence 


0 —~ i,PH~|(i*B) —~> Rj\B —~>B—>0. 
From the long exact Hom(—, —)-sequence we conclude 
Hom pery(x) (ix? (i*B), ig A) = Extpoyy(xy (By ix) 


for A € Perv(Y). Hence the exact sequence is the universal extension of B with 
kernel supported in Y. This means, that any surjection E > B for E € Perv(X) 
with kernel i,A € i,(Perv(Y)) gives rise to an extension 


0 >i,A >E >B > 0 


obtained as pushout with respect to a morphism in Hom peryy)(Auntv, A) for 
Auniv = "H~'(i*B). In fact, a morphism p : Ayniy — A induces a commuta- 
tive diagram 


Hom pery(x) (ix Auniv; ix Auniv) ——> Hom pery(Xx) (ix Auniv, 1x A) 


=| =| 


EXtp opy(x) (By ix Auniv) ————> EXt yy) (By ie A) 
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The identity id;,(4,,,;») Maps to7,.() horizontally and to the extension class defined by 
Rj: B vertically. The lower horizontal map corresponds to the pushout construction. 
From the assumption ?H°(i* B) = 0 we get the vanishing ?H"i*B = 0 for v  —1, 
hence 

i*B[—-1] = ?H—'(i*B) = Auniv € Perv(Y) . 


III.7 Equidimensional Maps 


Lemma 7.1 Let f : X — Y be a morphism with equidimensional fibers of 
dimension d. Then the functors f*[d], Rfild] are t-right exact and the functors 
f'[-d], Rf,[—d] are t-left exact with respect to the perverse t-structures. 


Proof. By duality (Remark III.1.2) and adjunction (Lemma II.2.2) one reduces this 
to the almost trivial case of the pull back f*. Use f*.H6~” = .A6~” f* and that 
pullback increases support dimension by d 


dim supp(f*.H °(B)) < dim supp(H °(B))+d. 


Together with the definition this immediately proves the assertion. O 
Relative Poincare duality (in particular Definition II.8.1) now implies 


Theorem 7.2 If f is equidimensional of relative dimension d and smooth, then the 
functor 
1 
f*Id\) = f [-d\(-d) : D(Y) > D(x) 


is t-exact for the perverse t-structures. 


An argument similar to IIJ.7.1 can also be applied under some weaker assump- 
tions: Suppose f : X — Y is a morphism between finitely generated schemes 
over k, such that there exists a finite partition 7 of Y into locally closed subsets 
Y = [[)<o Ya with U = Yo open and dense in Y. Furthermore let j : U <> Y be 
the inclusion map. The complement of U in Y is denoted Z. Then Z = [],..9 Ya- 
Put n = dim(X). 


Definition 7.3 With respect to the partition S the morphism f will be called 


(1) semi-small, if2-dim(f—!(y)) < n—dim(Y,q) holds for alla andall y € Yq. 
(2) small, if f is semi-small and 2 - dim(f—'(y)) < n—dim(Yq) holds for all 
a > Oandally € Yq. 


The estimate for the cohomological dimension of the fiber F of f by 2 - dim(F) 
implies 


Lemma 7.4 Let % be an etale Q;-sheaf on X in the ordinary sense and let K® = 
Rft Gn]. Then 
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(1) For semi-small maps f we have K* € PD=9Y). 
(2) For small maps f we have K*|Z € ?D=~'(Z). 


Using duality and the characterization of j;, given in III.5.1(3), one concludes 


Lemma 7.5 Suppose X is smooth and equidimensional of dimension n over the base 
field k. Suppose f : X — Y is proper and suppose A = & [n] is a smooth perverse 
sheaf on X, i.e “F is a smooth etale sheaf on X. Then 


(1) If f is semi-small, then Rf,,A € Perv(Y). 
(2) If f is small, then RfxA = jru(Rf AU). 


For later applications in the Chaps. V and VI we now consider pullbacks in a 
more general situation. This will not be needed in this chapter before §11. Hence the 
reader may first skip the details. 


Pullback and Homomorphisms. Let us return to the more general situation, where 
f : X — Y isacompactifiable morphism with equidimensional fibers of dimension 
d. Let A, B be two complexes in D(Y). 

Then by Poincare duality we get 


Hompix)(f*ldlA, f'[-d](—d)B) = Hompy)(R fiQi x [2d](d) @" A, B). 
The right side can be identified with 
H°(Y, RHom(RfiQ x [2d](d) @" A, B)), 
which, by the usual Hom- and @-formulas, equals 
H°(Y, RHom(R fiQi[2d](d), R-Fom(A, B))) 


= Hompvyy)(RAiQ[2d](d), RHom(A, B)) . 


Observe, that = _ 
RAiQ[2d](d) € D=°(Y, Q) 


(standard t-structure). For A € 7D£°(Y) and B € ’D=°(Y) it was proved in Lemma 
III.4.3 that 
RHom(A, B) € D2°(Y,Q) 


(standard t-structure). Therefore, by truncation for the standard t-structure we obtain 


Lemma 7.6 Let f : X — Y be acompactifiable morphism with equidimensional 
fibers of dimension d. Then 


Homp.x)(f*[dlA, f'[-d](—d)B) = Hompyy)(R™ fi(Q))(d), RHom(A, B))). 
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The Trace Map. Assume now that the morphism f : X — Y is also flat. Then we 
have a trace morphism 


Try: R~4 f.Q, > Q(-d), 


which satisfies certain natural compatibility properties. E.g. it commutes with base 
change, and if all geometric fibers are nonempty and irreducible of dimension d, 
then the trace morphism Tr ¢ is an isomorphism. (Actually for the existence of Tr ¢ 
it is enough to assume that the fiber dimensions are < d. See [SGA4], expose XVIII, 
p. 553). 


Remark. By passing to a suitable open subset the construction of Tr f in loc. cit is 
reduced to the case, where the morphism 
f= Bop BAe 

is the composite of a flat quasifinite morphism f; and a smooth morphism /2; one 
may furthermore assume that f : AN — S is the canonical projection. Then Tr ¢ 
is obtained as the composite of Tr s, and Tr ,. The smooth case was considered 
in Chap. II, §7 of this book. For the quasifinite flat case see also [FK], chap. II, 
§1, lemma 1.1. The statement, that the trace map is an isomorphism, follows from 
Deligne’s remarque 2.10.1 in loc. cit, if the fibers are geometrically irreducible. This 
is a Q,-statement, and in general is not true on the level of torsion sheaves! 


Corollary 7.7 Let f : X — Y be acompactifiable flat morphism, with nonempty 
geometrically irreducible equidimensional fibers of dimension d. Let A € PD=°(Y) 
and B € ?D2°(Y) be complexes on Y. Then there exists a canonical isomorphism 


Hompyx)(f*ldlA, f'[-d](—d)B) = Hompyy)(A, B). 


Proof. This is an obvious consequence of the isomorphism R74 f\(Q,)(d) > Q, 
induced by the trace map and the formulas following from duality theory discussed 
above. 0 


In particular, if A and B in Corollary HI.7.7 are perverse sheaves on Y, then 
Hompx)(f*ld)A, f'[-d]\(—d)B) = Homperwyy(A, B). 


By Lemma III.7.1 we also have f*[d]A € )D=°(X) and f'[—d](—d)B € "D2°(X), 
whence 


Hom perw(x)(7H°(f*[d]A), ?H°(f'[—d](—d)B)) = Hom peryy)(A, B) . 
Hence for B = A the identity map induces a natural morphism 


PH (f*[d]A) —> ?H°(f'[—d](—d)A) . 
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Lemma-Definition 7.8 Let f : X — Y be acompactifiable flat morphism, with 
nonempty geometrically irreducible equidimensional fibers, of dimension d. In anal- 
ogy with the intermediate extension we may then define the intermediate pullback of 
a perverse sheaf A € Perv(Y) as the perverse sheaf 


ae = image("HCF1aA) — PHO(F'(-d\(—d)A)) . 


This defines a functor fi : Perv(Y) > Perv(X) such that 


Hom pervix\( fA, f*'B) = Homperyyy)(A, B) . 


Proof. To give ahomomorphism ¢ : A — B between perverse sheaves is to give a 
homomorphism @ : ?H° f*[d]A — ?H® f'[—d](—d)B by Corollary III.7.7 and the 
remarks following it. This gives a commutative diagram 


PH® f*[d]A —————— PH? f*[d]B 


= g 5 
ida idg 


PH® f'[—d](—d)A ———> PH f'[-d](—d)B 


This clearly defines a functorial map f *!(p) between the perverse images f *" 4 and 
f*'B of the vertical maps. 


III.8 Fourier Transform Revisited 


Consider integers n, r,s such that n = r + s. Consider the n-dimensional affine 
space Aj = Ap x Ap and the morphism m : Ag x Ag > Al, defined by the scalar 
product m(x, y) = }°;_, x; yj. On the one dimensional affine space AO we have the 
Artin-Schreier sheaf %o(y). Consider the diagram 


m\2 


Ao x Ag x Ag 


Aj. Zo) 


Ag x Ap Ag x Ag 


Here p13, p23 are the obvious projections and m9 is defined by m, using projection 
onto Aj x Ag first. With morphism as defined in the diagram, the (partial) Fourier 


transform Ty : D(A, Q) > D(A”, Q,) with respect to the affine subspace Ao 
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is defined by 
Ty B = R(p13)1(P33B ® m}y.Zo(W))Ir] . 


In a similar way one defines the Fourier transform over a base scheme Yo, such that 
Ty : D?(AG x Yo) > D?(AG x Yo) - 


It follows from Theorem II.12.2, that the Fourier transform Ty, preserves t- 
mixedness. Recall that for a t-mixed complex B € D(X) = D? (X, Q) we defined 
w(B) to be the maximum of all w(.H" (B)) — v. See also II.2.3. 


Theorem 8.1 For B < D(Ag x Yo) the following holds 


1) Fourier Inversion: Ty-1TyB = B(-r) 
2) If B is mixed, then w(B)<w <=> w(TyB)<wt+r 
3) Ty: Perv(Ag x Yo) > Perv(Ag x Yo) is an equivalence of categories. 


Proof. 1) By the proper base change theorem this is easily reduced to the case r = | 
(s = 0) and Yo the spectrum of an algebraically closed field. 

2) The implication => follows from the Weil conjectures. Its converse < then 
by 1). 

3) p23 is smooth equidimensional, therefore p3,[r] is t-exact. Also — @ 
m},Z0(y) is t-exact. Finally p13 is affine, hence R(p13): is t-left exact. This shows 
t-left exactness 


Ty, (7D=°(AR x Yo)) C ?D=°(AG x Yo) - 


For B in Perv(Ag x Yo) we get a distinguished triangle (HT, B, Ty B, t=) Ty B) 
and from that a distinguished triangle 


(Ty-1 PH°Ty B), B(—r), Ty-1?t=1Ty B)) « 


The map from B(—r) € D=9(Ar x Yo) to Ty-1 (’t>1Ty B), which lies in 
Tysi (D2! (Ag x Yo)) C Pp! (Ap x Yo), is the zero map by Hom(’D=", Pp2!) = 0. 
The same holds by Fourier inversion for the original map Ty B — ?’t>,Ty B. This 
implies 


P°Ty, BIL] & cone(Ty B—>?t>\Ty B) = Ty BEL] ® "ts Ty B . 
A shift by [-1] and further truncation by tr) yields ’t=;Ty, B = 0, hence Ty B € 
Perv(Ag X Yo) for any B € Perv(Ag x Yo). 


For a stronger result see Katz-Laumon [177], p. 157-159. 


Exercise. Give a proof of III.8.1(3) using III.11.3 instead of using the Theorem 
I1I.6.1 of Artin-Grothendieck. 
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Exercise. Show that the abelian category Perv(A") has no nontrivial injective (nor 
projective) objects J for n > 1. Hint: Use Beilinson’s result [Bel], that the groups 
Ext otha Y) coincide with the groups Hom pcan)(X, Y[i]). Thus evaluating 
against X = 4 (yy)[n] for Y = J implies, that Ty (/) is a skyscraper sheaf. Next 
consider X to be a skyscraper sheaf. Oo 


III.9 Key Lemmas on Weights 


Let Xo denote a scheme over a finite field «. We fix an isomorphism t : Q, > C. 
Let Bo be a t-mixed complex in D(Xo) = D°(Xo). For any t-mixed complex Bo 
we define w(Bo) as in II.12.3. 

In the following we study perverse sheaves, whose complexes are t-mixed. The 
t-mixed perverse sheaves in Dnixeq (Xo) define an abelian subcategory of Peru(Xo), 
which is the core of the triangulated category Dnixeq(X) with respect to perverse 
truncation. 

Recall that a t-mixed complex Bg € D(Xo) is called t-pure of weight w if 
Bo € De<w(Xo0) MN Dsw(Xo). By definition this is equivalent to w(Bo) < w and 
w(DBo) < —w. From Proposition II.12.6 and III.4.3 we get 


Proposition 9.1 Let Ag, Bo be t-mixed perverse sheaves on Xo. Then 
Hom perv(Xo)(Ao, Bo) = Hompery(x)(A, B)” . 


This group Hom pery(x)(A0, Bo)” vanishes if Bo is t-pure of weight w and w(Ao) < 
w 
Hom pery(Xo) (Ao, Bo) = 0. 


Lemma I (Semicontinuity of Weights) Ler j : Ug + Xo be an open embedding 
with closed complement i: Yo > Xo. Let By € Perv(XQ) be a t-mixed perverse 
sheaf on Xo, such that 


j*(Bo) = Bo , "H°(i*(Bo)) =0. 


Then 
w(Bo) < w(Bo) . 


In particular 
w(jix(Bo)) < w(Bo) . 


Let us discuss an immediate consequence of Lemma I. Suppose Bo as in Lemma 
I is t-pure of weight w. Then Lemma I and the formula Dj), = j),.D implies, that 
jix(Bo) is also t-pure of weight w. Therefore the classification of simple perverse 
sheaf (III.5.5) together with Theorem I.2.8 (3) permits to conclude from Lemma I 
the 
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Corollary 9.2 Any t-mixed simple perverse sheaf Bo on Xo is t-pure of weight 
w = w(Bo). 


Lemma II (Subquotients) Let By € Perv(Xo0) be a t-mixed perverse sheaf. Then 
w(Ag) < w(Bo) holds for any perverse subquotient Ao of Bo in Perv(Xo). 


Lemma III (Weight Filtration) Jn the abelian category Perv(Xo) any t-mixed 
perverse sheaf Eg on Xo has a — canonical — finite increasing t-weight filtration 
W = (Ef"?) 
— fl-o) (w1) (wr) _ 
0=E, CE CarC By HL. 


such that the graded components Grjy (Eo) = Ew 1 EY are either zero or 
T-pure perverse sheaves of weight w; such that 


wi<w; for i<j. 


In the way stated above such weight filtrations are of course not unique. One can 
always “fill in’ additional redundant filtration steps. The new graded pieces, which 
arise in this way, are zero. 

The weight filtrations, whose existence is stated above, is therefore canonical 
only in the following sense: 


(a) If we demand all graded pieces Gr )(Eo) to be nontrivial, the filtration is 
uniquely determined. 
(b) Let ¢9 : Eg — Fo be a homomorphism of a t-mixed perverse sheaf Eo into 
a t-mixed perverse sheaf Fo, then there exist weight filtrations ES, ee ) on 
Eo, Fo, whose graded pieces are zero or t-pure of weight w; such that 9 maps 
E&Y to Feo, 
0 0 
The proofs of Lemma I and II are easily deduced from properties of the Deligne- 
Fourier transform. (For a proof not using the Fourier transform see analyse et topolo- 
gie sur les espaces singuliers, asterisque 100). 
Lemma III is obtained from Lemma I, II by standard methods. All three lem- 
mas are proved simultaneously by induction on dim(Xo) in consecutive order. For 
dim(Xo) = 0 all statements are trivial. 


Proof of Lemma I. We start with some auxiliary result 


Proposition 9.3 Let i : Wo — Zo be a closed embedding and Ag € Perv(Zo) be 
a perverse sheaf on Zo. Then 


i*(Ao) € ?D=°(Wo) 


is equivalent to any of the following assertions 


(1) PH°(i* Ao) = 0 
(2) i*(Ao) € PD=—!(Wo) 
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(3) Pt<_1(Ao) = Ao 
(4) dim supp .¥~*(i* Ag) < v — 1 forall v € Z. 


Proof. Ag being perverse implies i*(Ag) € PD=9( Wo), therefore i*(Ag) = Pt <gi* (Ao). 
Via the distinguished triangle (?r<_i* Ao, i* Ao, ’t>9i* Ag) one obtains 


PH (i* Ag) = ?ts0?t<o(i* Ao) = Pt>o(i* Ao) = 0 => Pr<_1(i* Ao) = i* Ao 


<=> i* Ao € PD=—!(Wo) . 


We now return to the proof of Lemma I. Recall Bo was an extension of a perverse 
sheaf By on Up C Xo over the closed complement Yo. 


First Step (Reduction to Xy = Ag). The statement of Lemma I is local on Xo. So 
it is enough to consider affine schemes Xo. We can replace Xo by Aj, using some 
closed embedding ix : X9 — Ag into affine space. 


Yo +> Xo-—*> Aj 


j j 
Up —X> A”\ Yo 


Now j*(ix)xBo = (ix)«j*Bo and "H°((ixi)*(ix)xBo) = 0, as (ix)*(ix)x = id. 
Therefore the assumptions carry over. As (ix), is weight preserving, we can therefore 
replace Xq by Aj for the proof of Lemma I. So we will assume Xq = Aj from now 
on. In this case the proof will be given by induction on n. 


Second Step (Reduction to dim(Yo) = 0). Choose some linear projection Xp = 
Aj > A}. It has disjoint affine fibers Xo,, ¢ closed in T = Al. The fibers are 
divisors, hence the complementary open embedding Xo — Xo, <> Xo is an affine 
morphism. Consider 


——— > Xo < ! > Yo 


it it lt 


Uo Xor = Vor © : > Xoy = > Yo, = YoN Xo, 


By assumption i Bo[—1] is mixed of weight < w — | for all t € |T|, where w = 
w(Bo). For the proof of Lemma I it would be enough to show 


w(if Bo[—1]) < w-1 
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for all t € T. We show slightly less, namely that this equality holds for almost all t 
in |T|. 

First of alli; Bo[—1] € Perv(Xo;) and i Bol—1] € Perv(Uo;) holds for almost 
all t, by Lemma III.6.3. Next observe "H°i*Bo = 0, hence dim supp FO i* Bo 
< v — 1 by Prop. II.9.3. For general ¢ in |7| therefore dim (Xo; Nsupp .H~”i* Bo) 
< v — 2 holds for all v or equivalently 


4° (i*(i* Bo[—1])) = 0, 


because of Proposition III.9.3. 

For the moment fix such at. By assumption w(j*i* Bol[—1]) = w(if Bo[—1]) < 
w — 1. Therefore by induction (dim Xo, < dim Xo) the mixed sheaf i*(Bo)[-1] 
satisfies the same inequality. 

This shows w(i* Bol[—1]) < w — 1 for almost all t in |7|. Repeating the above 
procedure for other projection maps Xo = Ag > Ab gives w(Bo) < won Xo 
outside a subscheme Yo C Yo of dimension zero. So we can and will therefore 
assume dim(Yo) = 0 from now on. (Replace Yo by Yo and use Proposition III.9.3 


for 7H°(Bo|Y)) = 0). 

Last Step (Proof in Case dim(Y9) = 0 and Xy = AG). By assumption we now have 
H°i*Bo = "H°i*Bo = 0, for the inclusion i : Yo > Ap and the perverse sheaf 
Bo on Ao: Let us show, that this implies w(Ty Bo) < w +n for the total Fourier 
transform of Bo. Ty Bo is perverse on AQ, so all cohomology stalks are concentrated 
indegrees v = —n, —n+1,.., —1, O by II.5.13 and II.1.3. The stalks FH” (Ty Bo) x 
of Ty Bo = R(p1)1(p; Bo ® m* Zy)[n] are given by 


HY" (A", B® Ly,) (0<m=v+4+n<n). 


On the other hand we have i*Bo € "D2—"(Yo) N DS—!(Yo) from "H9(i* Bo) = 0. 
From dim(Yo) = 0 we then conclude 


H."(Y,i*B ®@ Ly,) = 0 forall m>0. 


The long exact sequence 
> H(A" \ Y,B@ Ly,) > H2(A", B® Ly.) > H"(Y, i*B® Ly.) > 


shows, that for all m > 0 the fiber .77"~" Ty (B), is a quotient of the cohomology 
group H/"(A" \ Y, B® “y,). The latter has weight < w + m for all x by the Weil 
conjecture I.7.1. This shows w(Ty Bo) < w +n and Fourier inversion finally implies 
w(Bo) < w = w(Bo). Lemma is proved. Oo 


Proof of Lemma II, We can assume Xo to be affine and choose some closed em- 
bedding ix : Xq — Ag. Since (ix), is t-exact the perverse subquotients Ag of 
Bo € Perv(Xo) define perverse subquotients (ix ),(Ag) of (ix)4(Bo) in Perv(Ag). 
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Also w((ix)x(Ao)) < w is equivalent to w(Ag) < w. Therefore we can assume 
Xo = Ap: 

We will show, that every simple perverse constituent Ag of Bo, where Ag is a 
perverse sheaf on A”, has weight w(Ag) < w(Bo). This immediately implies the 
statement for arbitrary constituents of Bo. 

The simple perverse sheaf Ag is of the form Ag = i, j1,Co, for some smooth 
sheaf Co 4 0 ona locally closed irreducible smooth subscheme Uo placed in degree 
—dim(Ug). The closure Yg of Up is an irreducible subscheme Yo of affine space, of 
dimension say s =n —r. 


Uy > Yo-—> AX, dim(Up) = dim(%) =. 


For pedagogical reasons, we will distinguish three cases: 


Case 1 (Generic Support Yo = Xo = AG). We may replace Up be a sufficiently 
small open dense subscheme, and may then assume 


J*(Bo) = Aln] 


Co = ln). 


Here .% and ‘% are smooth sheaves — in the ordinary, not in the perverse sense — 
and ‘% is a subquotient of .% in the category of smooth sheaves. The assertion of 
Lemma II is obvious in this case. 


Case 2 (Zero Dimensional Support Yo). We use a Fourier transform Ty : D(Ag) > 
D(A@) on Ag to reduce to case 1) already considered. By Theorem III.8.1 the Fourier 
transform Ty (Bo) is a perverse sheaf with the property w(Ty (Bo)) = w(Bo) + 2. 
Ty (Ao) is a simple perverse subquotient of Ty,(Bo). Since the support of Ag 4 0 
is zero dimensional by assumption, it consists of finitely many closed points. Hence 
the Fourier transform is easily calculated, such that 


supp Ty(Ao) = Ag. 
Then according to case 1) 


w(Ty(Ao)) < w(Ty (Bo)) - 


But as desired this implies 
w(Ao) < w(Bo) , 


by Theorem III.8.1 (2). 


Case 3) The General Case 0 < s <n. We use the same trick as in case 2) —a 
thickening of the support Yo of Ag — however now by a properly chosen partial 
Fourier transform (see Chap. III, §8). 

For this we use the Noether normalization theorem. After a change of coordinates 
and — if necessary — a change of base field we find a projection 


166 III. Perverse Sheaves 
go : Ag = Ag x Ag > Ag. 
such that the restriction 
qo |lYo: Yor Ap 


is a finite surjective, possibly ramified covering. We now apply the partial Fourier 
transform Ty : D(Ag) > D(A) with respect to the subspace Ap (see §8). Then 
Ty, (Ao) is a simple perverse subquotient of the perverse sheaf Ty (Bo) and we have 
w(Ty-(Bo)) = w(Bo) +r. 

For some open dense subscheme 


S 
the perverse sheaf By becomes smooth on the intersection of gq. '(Vo) with Yo, ie. 


go (Yo) N¥o C Uo. 


The stalks of the Fourier transform Ty,(Ag) in a geometric point x = (p,0) of 
Ag x Ag are 


Ty(Ao)x = RV e(qo (2), Aoldg (o) ® Zo(Wp))ir1 - 
So we obtain 
supp Ty (Ao) > qo '(Vo) = Ag x Vo - 


So for the perverse subquotient Ty (Aq) of Ty (Bo) we are again in the situation of 
the first case and it follows that 


w(Ty(Ao)) < w(Ty (Bo)) 


hence w(Ag) < w(Bo). O 


Proof of Lemma II. The proof uses induction on the length /(Eo) of the perverse 
sheaf Eo. Eo is a simple perverse sheaf and therefore t-pure by Corollary III.9.2 if 
I(Eo) = 1. 

Assume /(E9) > 1 and let By 4 0 be a simple perverse subsheaf of Eg, neces- 
sarily t-pure say of weight w’. We consider in the abelian category Perv(Xo) the 
short exact sequence 


0 —> Bo —~> Eo > Ag >, 


By induction Ao already has a weight filtration. Pick the largest weight w in this 
filtration for which 
w<w’'. 


First assume Ag = Ae In order to prove Lemma III we have to show that the 
extension defined by the exact sequence of perverse sheaves 


0 —> Bop —> Eno —> An ——- 0 
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splits. The existence of such a splitting follows from the two properties Ag € 
Dew(Xo) (obvious) and By € Dsy(Xo) (Corollary HI.9.2). We thus invoke Lemma 
11.3.2 and Proposition II.12.4, to derive the desired vanishing of 


EXtpery(Xq) Ao» Bo) = Homp(xy)(Ao, Boll ]) = 0. 


If Ag 4 AM we may replace Ag by AY and Eg by the preimage of Aw in Eo, 
and thereby reduce to the case already considered. 
The filtration is canonical; this follows immediately from Proposition III.9.1. 0 


III.10 Gabber’s Theorem 


Theorem 10.1 Let Bo be a t-mixed perverse sheaf in Perv(Xo). Then 
w(Bo) < w 


holds iff for every irreducible subscheme Yo of Xo (of dimension say d) there is an 


open dense subscheme > Yo, such that 


w(.H~4Bo|Up) < w—d. 


Proof. Consider the nontrivial direction: Choose a short exact sequence 0 > Ag > 
Bo > Qo > Oin Perv(Xo) with Qo simple of maximal weight w(Qo) = w(Bo). 
Existence of such a sequence follows from the weight filtration (§9, Lemma IID). 
Then Qo = ix j1+Co for a smooth sheaf Co on Up placed in degree —d = —dim(Uo) 
with open resp. closed embeddings Up—> Yo—> Xo and Yo is irreducible. We have 
to estimate w(Qg). Since Ag € 'D£9(Xo) we have dim supp F%—**!(Ag) < 
d — 1. On the open dense subset Vo = Up \ supp .F6~4+) Ay of Up the map 
FH-4By) — .F~4Qpo is surjective. This surjectivity together with the assump- 
tions implies w(.7~4 Qo|Vo) < w — d, possibly after a further shrinking of Vo. 
Hence w(Bo) = w(Qo) < w, using perverse semicontinuity of weights (Lemma I 
of §9). O 


Corollary 10.2 Let Bo be t-mixed in D?(Xo, Q), then 


w(Bo) < w —> w('H" Bo) <wty WwedZ. 


Proof. The direction <= is easily derived from the long exact cohomology sequences 
attached to the various distinguished perverse truncation triangles. So consider the 
converse direction =>: 

Assume w(Bo) < wand w(/H" Bo) < w+vforallv > /. Then w(’t,; Bo) < w, 
using the <=-direction. Let us show w(/H! Bo) < w+, which inductively will imply 
w(7H” Bo) < w+ v forall v. 
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For simplicity we may assume / = 0. Fix some integer 0 < d < dim(Xo0). 
Using the long exact cohomology sequence for the triangle (?t<9 Bo, Bo, ’t=0 Bo), 
the weight estimates w(Bo), w(’t.9Bo) < w imply w(?t<9Bo) < w. Therefore 
w(.W%4 Pt<9Bo) < w —d. Since dim supp 64+) (Pr_ Boy) < d (perversity 
condition), this weight estimate and the exact sequence 


FO~4* (P< By) —> .F6~4 (PH By) —> .F-4*| (Pr Bo) 
imply the conditions of the weight criterion IIJ.10.1 for the perverse sheaf 7H Bo. 


Therefore Theorem III.10.1 shows w(7H°Bo) < w. This proves the inductive step. 
Thus the nontrivial direction of the corollary follows. O 


Exercise 10.3 Let j :U — X bean open embedding, let B € Perv(U) be t-pure 
of weight w. Then B = j),B is the graded component of weight w in the weight 
filtration of HR j, B. (Use the diagram of III.5.8). Similar for HOR JxB. 


The last corollary and its dual imply 


Corollary 10.4 A t-mixed complex Bo € pe (Xo, Q;) is t-pure of weight w iff all 
’H” Bo are t-pure of weight w + v. 


Corollary 10.5 In the situation of III.10.4 the t-mixed perverse sheaves "H” Bo are 
t-pure of weight w + v iffall their simple constituents are t-pure of weight w + v. 


Proof. §9, Lemma II and its dual for the nontrivial direction =>. O 


This together with an argument similar to the one used in the proof of §9, Lemma 
III implies one of the most striking results, namely Gabber’s decomposition theorem 


Theorem 10.6 (Semisimplicity) Let By € D?(Xo,Q)) be t-pure of weight w. 
Consider the base change B of Bg to the algebraic closure B € D? (X,Q)), X = 
Xo X« k. Then B is isomorphic to a finite direct sum of translates A[i], i € Z of 
simple perverse sheaves A on X 


Be @ Ali] , A€ Perv(X). 


Proof. Using induction on the (finite) number of nonvanishing perverse cohomology 
sheaves ?H”(Bo) # 0 we first prove B = @,, ?H"(B)[—v]. For Bo # 0 as in the 
theorem consider the distinguished triangle 


(’t<n Bo, Bo, "H"(Bo)[—n]) , 


with respect to the last nonvanishing perverse cohomology sheaf ?H” (Bo). By Corol- 
lary III.10.4 and the induction assumption it is immediately clear that ’t-, Bo and 
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PH" (Bo)[—n] are again t-pure of weight w. This implies that the triangle splits into 
a direct sum. For this it is enough to show the vanishing of 


Hompcxy(?H"(B)[—n}, ?rnBLL)) 


= @ Homp x) (?H"(B)[-n), 7H"(BL-vIL}) = 0, 


v<n 


because of Corollary I.1.7. The necessary vanishing statement for the homomor- 
phism group follows from Proposition II.12.5. The assumptions are satisfied, since 
w’ = w(?H’(Bo)[—v]) = w > w—1 and w = w(?H"(Bo)[—n]). So our first 
claim has been established by induction. 

Now we can assume Bo to be a translate Co[i] of a t-pure perverse sheaf Co. 
Without restriction of generality we can assume i = 0 and then use induction on the 
length of Co. The argument is similar to the one above, now using Corollary II.10.5 
instead of Corollary III.10.4. The details will be skipped. O 


Exercise 10.7 Let X be smooth of dimension d > 2 over an algebraically closed 
field k. Let Y be a Weil divisor with r irreducible components and open complement 
j:U< X.Let j : Y9 G Y be an essentially smooth dense open subset, and 
define A = j1,(Q)yo[d — 1])(—1). Show 


(a) B =Rj,Q;y[d] is in Perv(X) (use III.6.2). 

(b) B has a weight filtration, with Gr” = Q;y[d] (IIL.10.3). 

(c) AD Grv (use IIT.10.6 and purity). 

(d) Grit /A and all Grw ,w > d-+2are perverse sheaves with support in Y \ y°, 
which has dimension < d — 2. 

(e) Show H!~4(y, A) = H°(¥°, Q))(—1) (Lemma IIL.5.13 and its corollary). 

(f) Deduce the long exact sequence 


0 > H'(X,Q) > A'(U, Q) ~ G1)" > A?(X,Q) > H7(U,Q). 


(g) Describe the connecting morphism 5 : Q,(—1)" > H ACK Q,) in terms of the 
divisor class group of X. 

(h) Show injectivity of 5, if there exists a proper map 7 : X — X, which is an 
isomorphism on U and satisfies dim(m(Y)) < d — 2 (reduce to normal X and 
use (g)). 


IIL.11 Adjunction Properties 


Let u* : A > B be an exact fully faithful functor between abelian categories A and 
B. Suppose that the functor u* admits a right adjoint functor u, and a left adjoint 
functor u;. Then the following conditions are equivalent: 
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(a) For B in B the adjunction map 
u*u,B—> B 


is a monomorphism. 
(b) For B in B the adjunction map 


B> u*uwsB 


is an epimorphism. 
(c) u* identifies A with a subcategory of B, which is stable under taking subquotients 
in B. 
This is left as an exercise for the reader. 
If property (a) is fulfilled, 
u*u,BO B 


is the largest subobject of B, which is image of an object of A under u*. Namely 
Hom(u* A, B) = Hom(A, u,B) = Hom(u* A, u*u,B) 


holds by our assumptions. 
Similarly u*uB is the largest quotient of B, which is image of an object from A 
under u*. 


Lemma 11.1 /f every object of A has finite length and if for every simple object A 
of A the object u* A remains simple in B, then the equivalent conditions (a)-(c) are 
fulfilled. 


We restrict ourselves to sketch a proof of (a): 

Suppose the adjunction morphism u*u,B —> B is not a monomorphism for 
some B in B. Let K # O be the kernel. By the assumptions there exists a fi- 
nite composition series of u*u,B by nontrivial simple objects of the form u*S, 
for S, € A. Then the same is true for the kernel K. Hence K > wu*u,B 
contains a simple subobject S = u*(So) with So # O simple in A. However 
Hom(u*(So), u*uxB) = Hom(So, uxB). The corresponding nontrivial morphism 
So > u,B in Hom(So,uxB) = Hom(u* So, B) is necessarily a monomorphism, 
So being simple. It corresponds to the zero map in Hom(u*So, B) = Hom(S, B). 
This is a contradiction and proves Lemma III.11.1. O 


Let now f : X — Y beasmooth morphism between finitely generated schemes 
of relative dimension d. Then f*[d] : D(Y) — D(X) maps perverse sheaves to 
perverse sheaves, by Theorem III.7.2. Suppose that in addition all fibers of f are 
geometrically connected and nonempty. Then 
Lemma 11.2 The functor 

f*ld]: Perv(Y) > Perv(x) 


is fully faithful under the assumptions above. 
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Proof. f is smooth, thus f'K = f*K[d)= f'K[—d](—d). Hence this is a special 
case of Lemma III.7.8. oO 


So under the assumption on f : X — Y made above, the functor 
f*(d): Perv(Y) > Perv(X) 
is fully faithful and exact. Let us show, that it has the left adjoint functor 
PH4(R fi(d)) : Perv(X) > Perv(Y) , 
and the right adjoint functor 


PH~4(R fy) : Perv(X) > Perv(Y). 


Proof of Assertions. Since Rf,[—d]B € PD2%Y) holds for B € ?D=9(X), we 
get Hom(f*[d]A, B) = Hom(A,Rf,[—d]B) = Hom(A, PH-4(R f,B)). Recall 
A € °D=9(Y) for perverse A. The proof of the second assertion is similar. O 


So far all assumption made in the beginning of this section are fulfilled in the 
present situation with u* = f*[d], A = Perv(Y) and B = Perv(X). It will be 
shown in the proof of the next theorem, that also the assumptions of Lemma III.11.1 
are satisfied. 

Therefore f*[d] identifies the abelian category Pervu(Y) with a full subcategory 
of Perv(X), which is closed under taking subquotients. However, in general, this 
subcategory is not a thick subcategory (Serre category) of Perv(X), i.e it is not 
closed under extensions. 


Theorem 11.3 Let f : X — Y be asmooth morphism with geometrically connected 
nonempty fibers of pure dimension d and let B be a perverse sheaf on X. Then 


f*{d] "H~4(Rf.B) > B 
is the largest perverse subsheaf of B of the form 
Srldja A € Perv(Y). 


Similarly 
B—» f*[dV"H4(RfiB(d)) . 


defines the largest perverse factor sheaf of B in f*[d](Perv(Y)). 
Proof. We have to show, that the assumptions of Lemma IiI.11.1 are fulfilled. The 


first assertion follows from Corollary III.5.7. It remains to show that f*[d] preserves 
simple objects. For this we use the description of simple objects in III.5.4. We are 
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free to replace Y by a closed subscheme of Y, the support of A. The verification of 
the second assertion is then easily reduced to the case, where Y is irreducible and 
the perverse sheaf A given on Y is of the form A = %[dimY] for some smooth 
irreducible Q,-sheaf on Y. 


The Smooth Case. We show, that the pullback f*(-F ) to X of an irreducible smooth 
sheaf “ on Y remains irreducible. This follows from the fact, that the fundamen- 
tal group 7;(X,a) maps surjectively onto the corresponding fundamental group 
m\(Y, f(a)); irreducible etale coverings of Y remain irreducible (= connected) — if 
Y is replaced by one of its connected components. Remember, that the fibers of f 
were supposed to be connected. 


Reduction Step. f*{d] commutes with intermediate extensions. To show this, let 
j :U — Y bean open embedding with closed complement i : S + Y. Let j and 
i denote the corresponding pullbacks under the map f. Let A € Perv(Y) be the 
intermediate extension of some perverse sheaf A on U. Observe 


fd a7 T'ldl 


and 7 7 
f*[dli* = i* f*[d] and f*[d]i' = i' f*[d]. 


For the last assertion use f*[d] = f'[—d](—d). This implies, that condition 
III.5.1(3) in paragraph 5 characterizing intermediate extensions is preserved by the 
t-exact functor f*[d]. 

This being said, it is clear that f*[d]A € Perv(X) is the intermediate extension 
of the sheaf f*[d]A € Perv(f -l(U)), obtained via pullback from the restricted 
map f : f~'(U) > U. O 


Additional Assumptions. For the rest of this section let us maintain all previous 
assumptions on f. Add the further assumptions that R” fi(Q,) = 0 for v = 2d — 
1,2d —2,...,2d —mandsomem > 1. 

Then for A, B € Perv(Y) the same argument, which was used for the proof of 
III.11.2, shows that 


EXxtberyxy (SAA, f*ld1B) = Exthery (A,B) v =0,..,m. 


Therefore we get form = 1 


Corollary 11.4 Under the assumptions on f in I1.11.3 suppose, that R24~! fiQ = 
0. Then 
f*[d]Perv(Y) C Perv(X) 


is a thick abelian subcategory of the abelian category Perv(X) (a Serre subcategory). 
An object B € Perv(X) is called left reduced, if it has no nontrivial subobject 


isomorphic to an object of the thick subcategory f*[d] Perv(X). By Theorem III.11.3 
this is equivalent to the assumption that "H~¢R f, B = 0. 
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Any B in Perv(X) can be reduced 


0 —— f*[d]Bs >B > B, —~>0, 
if one divides by the maximal subobject f*[d]B; in the essential image of Perv(Y). 
So B, is left reduced. The long exact E.xt-sequence for the abelian category Perv(X) 
yields 


O > Ext! (f*[d]A, f*[d]Bs)——> Ext! (f*[d\(A), BX Ext! (f *[d A, B,) 


Ext?(f*[dJA, f*[d]Bs) >... . 


Lemma 11.5 Under the assumptions of III.11.4 the following holds: For A € 
Perv(Y) and left reduced B € Perv(X) one has a canonical isomorphism 


EXxtoeryx)(f*1dIA, B) = Homperyy(A, "H' 4 R fB) - 


Proof. Use again BT pe aCe V) = Homp x)(U, V[1)). By adjunction 
Exthonco (f(a, B) is equal to 


Homp x)(A, RfBU — d]) = Hompix)(A,?t Rf, BEI — d]) . 


Note that Lemma III.7.1 implies Rf, B[1 — d] €? D2-l(Y). By assumption B is 
left reduced, hence 7H~!(R fxBU| — d]) =? H-?R f.B = 0. Therefore we have 
®=OR f, B[| — d] =?H'!~4RF,B). O 


By III.11.4 and III.11.5 we get with notations as above, B, being the maximal 
subsheaf of B coming from Perv(Y), 


0 > Ext} (A, Bs) Ext] ( f*[d](A), BX Hom, (A, ?H'4R f, B,) 


Exty(f*[d]A, f*ld]Bs) . 


Ext-groups are with respect to the abelian categories Peru(Y) resp. Perv(X). 


IIL.12 The Dictionary 


Let Xo be an algebraic scheme over a finite field « with q elements. Let Ko be a 
complex in pb? (Xo, Q,;). Fix an isomorphism t : Q; = C. Remember the functions 


f® XK) Cc 


defined by 
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f@) st (DT r(F; F%"(K)s) - 
v 


They were already considered in the particular case of sheaves, in 1.2.12 and in 
Lemma I.5.6. F is the geometric Frobenius of the field «. For any field extension kj, 
of « with qm = q™,m > 1 elements we consider the extension of (Xo, Ko) from 
K tO Km. The correspondingly defined function of the extension with respect to the 
new base field k, is denoted £x ° In particular i = f ko, 


Theorem 12.1 Let XQ be an algebraic scheme over the finite field x. Then the 
functions f ®° for Ko € D(X 0) have the following properties: 


(1) fMo(x) = f*o(x) + f(x) for Ko, Mo, Lo € D?(X0), if there exists a distin- 
guished triangle (Ky, Mo, Lo). 

(2) fRo®o(x) = fo(x) - f10(x) for Ko, Lo € D?(Xo). 

(3) Let Ko and Lo be semisimple perverse sheaves on Xo. Then the equality 


FRo(x) = fl) x, © X (km) 


for all finite fields km holds if and only if Kg = Lo. = 
(4) Let g : Xy > Yo be a morphism defined over x and let Ko € D?(Xo, Q,). Then 


PONS. Se. es 


XEXO (Km), 8(X)=y 
(5) In the situation of (4) we have for Lo € D°(Yo, Q) 
fF UG) SLE: 


(6) Let Ky be a t-mixed perverse sheaf on Xo, or more generally a t-mixed complex 
in D°(Xo), which is t-pure of weight w. Then 


FPR) = qr - FROG). 
(7) Let Ko be as in (6). Then w(Ko[d]) = w(Ko) +d and 

fF) = (1) Fa). 
(8) Let Ko be as in (6). Then w(Ko(n)) = w(Kog) — 2” and 

FROG) Sart PG). 
Proof. Properties (1) and (2) are trivial. By noetherian induction and IHI.5.5 the 
proof of property (3) is easily reduced to the smooth case, where it follows from 
the Chebotarev density theorem. Property (4) is an immediate consequence of the 


Grothendieck trace formula I.1.1. (5), (7) and (8) are trivial. The remaining property 
(6) is shown as follows: 
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For simplicity assume w = 0. Let x € X0(km). We have to show 


fP OG) = fF). 


We can reduce to the case k = Km by a base field extension. The question is local at 
x with respect to the etale topology. So we can assume Xo to be affine. By a closed 
embedding and then intermediate extension with respect to an open embedding we 
can assume Xo = Ph and x to be the zero point of the affine space (Ag) . There 
always exists an elliptic curve Eg over the finite field « with a «-rational closed point 
e € Eo(x) and a finite map z : Ey > Pi, which is etale in a neighborhood of e in 
Ep. By a translation e can be assumed to be the zero point of the group law on Ep 
and z(e) can be assumed to be the origin in Al. We can therefore replace x € (Ag) 
by x = (e,e,..,e) in EQ (etale neighborhood). 


It is therefore enough to prove the statement for spaces Xp = Ed at the origin x. 
Then the proof goes by induction on N. By a simple reduction we can furthermore 
assume Ko to be a simple perverse sheaf on Ed : 


Let g: Ef > Bi —! be the projection onto the last N — 1 factors. This map 
is proper and smooth with connected fibers of dimension d = 1. Hence by Lemma 
T.7.1 

PA” (Rg\(Ko)) = 'H"(Rgx(Ko)) = 0 


holds for v 4 —1, 0, 1. Especially Rg,(Ko) is a perverse sheaf if and only if 
7H" (Rgx(Ko)) = "H'(Rgx(Ko)) = 0. 


According to III.11.3 these two cohomology groups vanish if and only if our simple 
mixed perverse sheaf Ko does not satisfy 


Ko € g*[]Perv(E)~'). 


So we distinguish two cases 


Case 1 Ko € g*[1]Perv(E) ~'): 

In this case Kg = g*[1](Lo) holds for some simple perverse sheaf Lo. As Kg is 
pure of weight 0, Lo is pure of weight —1. Then by II.7.5 and III.7.2 and II1.12.1 we 
get 


FP Ko x) = fP8UMLo (yy = £8 IND Lo(yy = fe" Lo) (x) = —g7! £P40(g(x)) 


whereas 
fees? Ma) =F 6G): 
From the induction assumption one has 


fEo(g(x)) =! f?(g(x)), 


because Lg is perverse and pure of weight —1. This completes the proof in case 1. 
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Case 2 Rg,(Ko) is again perverse: 
Consider the morphism 
fo: Eg > Ep 


defined by go (x) = F(x) — x with kernel Eo(«). This is an etale morphism. See e.g. 
[SGA 45], p. 171 for further information on Lang-torsors in general. We have 


«Q) = <3) Ly : 
v 


The sum ranges over all characters w : Eg(«) > Q, of the finite abelian covering 
group Eo(«) of the map go. Now the fiber of the map g : EY (kK) > Eo i (k) over 
the origin g(x) can be identified with the set {(y, e, ..., e)|y € Eg(«)}. By If.12.1(4) 
from above we have 


PS fa) SPOOR BG): 
x", 8(x')=8(x) 
But Rg,.Kog was supposed to be a perverse sheaf. By the Weil conjectures it is again 


pure of weight 0. Therefore by the induction assumption the last term is equal to the 
complex conjugate of 


PPEKo(g(xy) = FER) = YY FRUr'). 
x',g(x")=g(x) 
This shows 


> (fPXo — fKo)((y,e, e,..,e)) =0. 


yeE(k) 
We repeat the same conclusion for the complex Ko replaced by Ko ®@ “4y, where by 
abuse of notation we assume 4y, to be a sheaf on ED by pullback from projection 
onto the first factor. Then D(Ko ® 4y,) = D(Ko) @4,' .As Ay is smooth of rank 
1 and weight 0, we have f oy (x)= f Ly (x). So our claim for the complex Ko on 
Ed would follow from the corresponding assertion for the complex Ko ® %y,. This 
allows us to assume all twists Ko ® “y, to be not in g*[1]Perv(E)—'). It shows 


y- fA) (fH esl FRY ((y, €,é,..,e))=0. 
yeE(k) 


The geometric Frobenius element F, for a point x € Eo(«) in the covering group 
Eo(k) is given by —x. This uses the same argument as in the proof of 1.5.6, and it is 


an explicit form of the reciprocity law. The function f ”¥ (y) on Eo(«) is therefore 
equal to the character y(y). Hence these functions separate the points y € Eo(x). 
This proves f ?X0(x) = f*o(x) at the origin x € Eg(x)%. Oo 


Example 12.2 If Ko is an irreducible perverse sheaf on Xo = Ag, let w be its weight 
and let Ty (Ko) be the Fourier transform of Ko, which is of weight w +r. Part (3) of 
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the last theorem implies D(Ty(Ko)) = Ty-1(D(Ko)(r)), since the corresponding 
functions satisfy 


D(Ty (Ko)) _w—r pT (Ko) _, ,,-1P(Ko) 
Sin ne =g°" ie ° =4q Sa . 
This uses the formula (6) of the same theorem. A stronger result is the following. 


In the definition of the Fourier transform T,,, the direct image with proper support 
Rpz2: can be replaced by the direct image Rp2,, and the result is a second Fourier 
transform T;,. It is easy to show T,(K) = D(T,-1(D(K)(r))) from the definitions. 
There is a natural map Ty — T,, induced by Rp2: > Rp2.. Katz and LAUMON 
have shown ([Ka-L], theorem 2.13 and corollaire 2.1.5) the more difficult statement, 
that this natural map 

Ty > Ty 
is an isomorphism. 
Theorem 12.3 Let D be the dualizing functor. Then there exist functorial isomor- 


phisms _ 
DoTy(K*) = Ty. 0 D(K*)\(r) , Ke D?(A5, Q) 


induced by the natural transformation R pr, > Rp2x. 
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Let Fy be a finite field of characteristic p. Let k be an algebraically closed field 
extension of F,. Let S$ be a finitely generated scheme over k. Furthermore choose an 
auxiliary prime / # p and a nontrivial character 


v:F, > Q, 


Let %o(w) be the Artin-Schreier sheaf on the affine line over F, and let. 4% (yw) be 
its pullback to the affine line As over S. 

For a vector bundle E of rank r over S the dual vector bundle will be denoted 
E’. One has the natural evaluation pairing 


Mi ExXxs E> As 
and projection maps 


Oe re Fs . 


Similar to Chap. I, §5 we now define the relative Fourier transform i; is for the 
vector bundle E/S 
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Ty: DEQ) — DIE. 
by 
oa 


(K*) = Rpas( rita" OWS ‘we. 


We often write tT ns = Tf or Ty es = Ty,, if the underlying vector bundle is 
understood from the context. 

This generalized Fourier transform for vector bundles E/.S enjoys a number of 
properties, whose proofs are easy or similar to the special cases already considered in 
Chap. I, §5 and Chap. III, §8. Hence no proofs are given for the following theorems. 


Theorem 13.1 (Inversion formula) Let E/S be a vector bundle of rank r over S. 
For complexes K° € pb? (E, Q), the equation 


(Ty-1 0 Ty)(K*) = K°(—r) 
canonically holds. 


Theorem 13.2 (Functoriality) For the Fourier transform the following holds: 


1) Compatibility tr R= mee Ty!°(K*)) for arbitrary base change 
f:T-S. 
2) Suppose given a homomorphism u of vector bundles over S and its dual 


u:E>F , wW:F OE. 
Put d = rank(F ee rank(E). Then for arbitrary complexes K® € D°(E ; Q) 
and L® € D°(F, Q,) the following holds: 


gee E'/S 


(a) (Ru K*) =u (Ty (K*))Id), 


o Twa) = Ri TF Sala). 


The arguments for (1) and (2a) are obvious. (2b) follows from (2a) by the inversion 
formula. 


Theorem 13.3 (Direct images) Let E be a vector bundle over S, let B > S bea 
base change map and suppose K° € Db? (B xs E, Q)). Consider the projections 


pr: BxsE> E, pr':BxsE >E. 


BxsE'/B 


Then there is a natural isomorphism R pr’ (Ty (K°)) = Ty /° (Rpr; (K°)). 


Again this is obvious from the definitions and the proper base change theorem. 
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Remark. The corresponding relations hold, if Rpr; and R pry are replaced by Rpr.x 
and R pr’,. This can be deduced from Theorem III.12.3. Since we do not need this, it 
is left as an easy exercise to the reader. 


Theorem III.13.2, (2a) and (2b) above gives the useful 


Corollary 13.4 Let V be a (locally split) subbundle of rank ws of the vector bundle 
E of rank v over S 
i:VoeE. 


Consider the dual map i’ for the dual bundles. For V+ = ker(i') 


Q<— yi <_ p’<4+_ yi <~—o 


Put dy = ix (Q.v) and $y. = ix (Q)yt. Then there is a canonical isomorphism 


Ty (Sv) = byity — 2uM(-H). 


Other Formulas. Let e : S — E be the zero section of the bundle E of rank v over 
S and let e’ : S — E the zero section of the dual bundle E + S of E. We define 


89 =ex(Q5), 89 =e,(Q, 5). 


Put dg = Q, f and dz = Qf, and similar put 5s = Q@ s- Then special cases of the 
last Corollary II.13.4 are 


Ty el) = o(-v) . Ty (80) = sev). 


From (e’)'2!(Ss) = id' (55) = 8s and m'(ds) = 5¢/(v)[2v] we therefore obtain 
(e’)'(Sz’[v]) = 5s[—v](—v). Hence 


e\(e’)' (Se[v]) = 6gl-vI(-») . 


Restriction and Corestriction Maps. Let E/S be a vector bundle of rank v and 
let E’/S be its dual bundle. Let W << E’ be a locally split subbundle of E’ of 
rank wy. Let V = W~ be its associated orthogonal bundle in E,, which is of rank 
[= v — pw. We write (2m) instead of [2m](m), and also write dg = Qe and 
dw = iw«Qyy and similarly for V. The adjunction map Qe > ivai *Q f for the 
inclusion iy : V —> E is called the restriction map 


rese.y: op — by. 


Similarly we have the restriction map resw.o : dw > 5p: Consider its Fourier 


transform 7, /°(resw.o) : Ty /°(Sw) > Ty /°(6j,). The identities Ty (bw) = 


180 III. Perverse Sheaves 


dy[v]}(—2uw) and Tr; a) = dz[v] give acorestriction map. Twist by [—v](2v), 


then coresy,£ = Ty (reswo)] such that 
coresy,g: dy(2u) > dz (2v). 
Note iysiy dp (2v) = Divi}, Dbz (2v) = dy (2), if the base S is smooth over k. 


Lemma 13.5 With the notations above either assume V = E or V is of rank 0 or 
assume S to be smooth over the base field k. Then the corestriction map 


coresy,g: dy(2) > df (2v) 


ui 
admits a unique factorization 5y (2) —_ iyi dp (2v) a dz (2v) . The 


map on the right is the adjunction map for the inclusion iy : V — E, and the 
map p on the left is an isomorphism. 


Proof. Since dy (2) is supported in V, the corestriction map coresy,¢ uniquely 
factorizes over the functor iyti ” It only remains to show, that the induced map pe 
is an isomorphism. For this it is enough to consider the case, where the base S' is 
connected. Then p € Hom(6y (2u), dy (2u)) = Q,, since iyiy de (2v) = dy (2). 
Hence p is either zero or an isomorphism. But p can not be zero, since this implies 
coresy,g£ = O. By Fourier inversion this implies resy.g = 0, which obviously is a 
contradiction. O 


Remark 13.6 If the base S is smooth, then D(resg.y) : D(Sy) + D(dz) gives 
another map 


Deyjs(rese,y) + dy (2M) > be (2v) , 


where De/s(.) = D(.)(—2dim(S)). The last lemma can now be restated in the 
following form: There exists a unique isomorphism p, which makes the following 
diagram commutative 


De/s(rese,v) 


dg (2v) <—————- y (2) . 


coresy E 


Sz (2v) dy (Qu) 


Remark 13.7 Similar to the last lemma one has a more general result for a pair of 
two locally split subvectorbundles V > W <> E of the vector bundle E. 
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III.14 Sections 


Consider the following situation. Let E 4. S be a vector bundle of rank r over S, let 


E' . S be the dual bundle. Let e : S > E and e’ : SE’ denote the zero sections 
of these bundles. Let 69 = 59,¢ = ex(Q;s) respectively 59 = 50,£' = &, (Qs) be the 
constant skyscraper sheaves on the zero sections of E resp. E’. 

Suppose s : S —> E is another section of the bundle z : E — S, possibly 
different from the zero section e. Put 


5a =54(Qis) , A=s(S)CE. 


Then 5, is a skyscraper sheaf on E concentrated on A 


“ 


The section s defines a morphism vy from the dual vector bundle to the affine space, 
which we call the characteristic morphism of the section 


TU 


n-< 


vy: EB’ > As. 


It is defined by vs(y) = y(s('(y))), where y(x) = (y, x) denotes the evaluation 
map for the linear function y on E. 


Lemma 14.1 Let K € Dp (E, Q)) be given. Let T_, denote the translation by —s in 
the fibers of E > S. Then 


Ty (T*,(K)) = Ty(K) @v3(4(w)) . 
Before we give a proof for the lemma, we give an application. 


Recall from Theorem III.13.5, that the Fourier transform Ty (res ¢,0) of the nat- 
ural restriction map Q;¢ > 60,£ essentially coincides with the adjunction map (+) 


(®) adj: ee” Qetr) = i(-Nl-rl > Der. 
Note that 7* (69) = 5a. Using the last lemma, one obtains a canonical isomorphism 
Ty (6a) = Ty (60,2) @»3(4(W)) = vX(AM))Ir1. 


The Fourier transform Ty (A) of the natural restriction map h : Q;g —> 6, is 
obtained from the adjunction map denoted («) above, by tensoring with vf (F (W)) 
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_ h 
Ty (Qe) = > Ty (Sa) 


sr] 


| adj@vih 7 
8-1] @ ve LW) PE, 1 (50,2) BEL) - 


Remark. We used, that the restriction of vs to the zero section is the zero map. Hence 


vs (4 (w))|zero section = Q, g’|zero section . 


Remark. For a complex 7° on E’ the cup product defines an isomorphism 


eG) BEWLh)) —> &(G* OVA) - 


Proof. For the proof of Lemma III.14.1 recall 


Peer ey. f 


me ON 


Consider the two morphisms 
Vy: Exs E' —ExsE', 
defined by y(x, y) = (« — s(a(x)), y) and P(x, y) = (x + s(a(x)), y). These 


morphisms are inverse to each other y o y = y o y = id. From the next Lemma 
IlI.14.2 we obtain 


Y*(W(A(W)) = (Mo v)*C4(W))) = (MU Vs 0 p2)* (4 (W)) 


=u(A(y)) ® phox Zp). 
The pullback of K in E under the morphism T_; : E 3 x x —s(m(x)) € E is 
T*,(K) . Hence p}(T*,(K)) = y*(pj(K)). This implies 


Pi(T*,(K)) ® W(AW)) = v*(PH(K)) @ v* (C4 (W))) @ PIOF(4W))) - 
We obtain the Fourier transform Ty (T*,(K)) as 


Rpo(pi(T*,(K)) @u*(ZW))) = Rpa(y*(py(K) @u*(4 (W)))) @v3 (4 CH) 
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= Rp21(pj(K) @ u*( 4 (h))) @ VA), 


since Rpz y* = Rpayyiy* = Rp2). Infact y, = ys and y.y* = id and pry = po. 
Therefore Ty (T*,(K)) = Dp (K) ® ve( 4 (w)). This was the claim. O 


Lemma 14.2 Let 1, 1 be the two projections n; : As x5 As — As and let 
F = Fw) be the Artin-Schreier sheaf on As. Then, fora: As xs As > As 
defined by a(x, y) = x + y, one has a canonical isomorphism 


a'(F) = xi(F)@ni(F*). 


Proof. Obvious. O 
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In the following, consider schemes X of finite type over the field k together with an 
actiona : G x X — X of an algebraic group G over k. We will consider objects K 
of the derived category of etale Q;-sheaves on that scheme, together with a G-action, 
which is compatible with the G-action on the scheme. We will consider both left and 
right actions of G on X, and for finite groups we will often consider right actions on 
X instead of left actions (sic). Of course, this is only a matter of convention. 


Finite Groups. First let G = W be a finite group. W can be considered as an 
algebraic group. We assume, that it acts on a scheme X from the right. We also write 
o(x) = a(o,x) fora € W. So we have morphisms o : X > X foro € W, such 
that 

(ot)(x) =Tt(o(x)) xEX,a,TEW. 


Definition 15.1 Let K° € D? (X, Q;) be a complex. By a compatible right action 
of the group W on the complex K°, i.e an action which is compatible with the given 
right action of W on X, we understand a family (@o)cew of isomorphisms (in the 
derived category) 


Yo. o*(K*) S K* 
satisfying the following cocycle conditions 


a) Por = Va 0 0*(G,) holds for allo,t € W. 
b) For the unit element e € W we have gp. = 1d: K®° > K®. 


If W acts on X trivially, then a compatible action of W on K°® is simply a homomor- 
phism 
w--> Aut po ¢x,G)(K°) Cc End p»¢x,G) (K) : 


Remark 15.2 The definition above has an obvious analog if W is assumed to act 
on X from the left. The corresponding definition of a compatible left action on a 
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complex K°® is the same as above, except that the first cocycle condition has to be 
changed into the condition ¢,, = ¢,0t*(¢,). Butright actions have the “advantage”, 
that they induce left actions on cohomology groups, i.e. ordinary representations of 
W. Sometimes it is useful to convert a right action on (X, K°®) into a left action 
(or conversely). This is done by setting 1, = 0~!: X —> X, which defines a left 
action; and by setting @¢, = g,-1 = (a-!)*(yp !), which defines isomorphisms 
goo 2 1%(K*) > K°® such that do1 = br 01F(g,) holds. 


Remark 15.3 There are certain obvious permanence properties. For instance the 
following facts will be relevant: 


a) Let W act ona second scheme Y and let 


b 


c 


) 


YN 


f:Y-x 


be a W-equivariant morphism. If W acts on the complex K* compatible with the 
action on X, then W acts in a natural way on the pullback f*(K°) compatible 
with the action on Y. For example let f : X — S be the structure morphism to 
the base scheme, which we assume to be equivariant with respect to the trivial 
action of W on S. This induces a “standard” W-structure on the constant sheaf 
Q@ x. If f is a morphism over a base scheme S, then the “standard” action on 
the constant sheaf Q, x obviously base pulls back to the “standard” action on 
the constant sheaf Qy. Furthermore, let K € D? (Y, Q), Le D> (X, Q) be 
complexes with W-actions, that are compatible with the underlying W-action 
on Y resp. X. Then the complexes 


Rfi(K) € DO(X,Q), f'(L) € DOYY,Q) 


have natural W-group actions consistent with the action of W on X resp. Y. The 
adjunction mapping 
RAf'(L) > L 


is W-equivariant. 

Let j : U ~ X be an open W-equivariant embedding. Let K* be a W- 
equivariant perverse sheaf on U. Then j1,.K*® becomes a W-equivariant sheaf, 
using the canonical isomorphism 


Endperyu)(K°) = Endpery(x)(1eK°*) . 


See TTI.5.11. 

Suppose K® € pe (X, Q,) and assume W acts on X from the right. A compat- 
ible action of W on K® from the right induces a W-action on the Verdier dual 
D(K°): If the W-action on K® is given by the cocycle gy : w*(K*) = K°, 
then D(g,) : D(K*) > D(w*K*) = w'D(K*) = w*D(K°®). Therefore 
gw = w*D(y,-1) : w*D(K*) — D(K®*). An easy computation shows 
Yor = Po 0 0*(G,). Using this for a given W-right equivariant complex K°, 
we can canonically equip the dual complex D(K°) with a compatible W-right 
action in a canonical way — again compatible with the underlying W-right action. 
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d) Suppose X is essentially smooth. Suppose 7 : Y —> X is an etale Galois 


e 


wm 


covering with Galois group W acting from the right. Then 7,Q)y is a smooth 
W-equivariant sheaf on X. The trivial case f = idy, X = S,K = Qy x of 
the next Lemma III.15.4 implies that 2,Q,y can be decomposed into ¢-isotypic 
components, where @ runs over the irreducible characters of W 


Quy = D% 8g, Vo : 
gew 


Here -% are smooth Q)-sheaves on X and Vg are Q,-vectorspaces, such that 
W acts on 1Qhy via irreducible representations ¢ : W — G/(Vg). Obviously 
in all stalks 2,(Q,), the group W acts through the regular representation. In 
particular Az, A 0 for all ¢. Furthermore 


n*(Fy) = Qyy 


for the ranks r(@) of the smooth sheaves .Y%. In particular #W = >> oeW r(@)- 
deg(). Since Rm = 1) = 1, and x' = n* the adjunction formula gives 


Homppy) (Quy, t*(C)) = Hompr x) (1 Quy), ©) . 


For C = 14 Qyy this implies #W = dimg End p(x) (%«Q)y), hence 


I oS deg ($1) « deg(¢2) -dimg, Hom pox) Fo,» Fon) . 
$1.92 


Similar for C = Fp the rank r() = dimg, Hom py) Quy, x*(F)) is equal 
to dimg, Hom pp x (B, F* @q, Vu Fy) by the adjunction formula. Hence 


r(o) = » deg(x) -dimg, Hom pp (x) (Fy, Fo) = deg(¢) - 
x 


Now it is easy to see, that the character formula #W = >> oew deg(@)* and the 
inequality r(@) > deg(@) imply r(@) = deg(¢) forall d € W. Furthermore we 
obtain, that.Z, = .%, are isomorphic as Q,-sheaves iff | = @2 are isomorphic 
as representations of W. More precisely dima, Hom pb(x) (Fo, Fy) = 1, if 
¢) = ¢y, and is zero else. In particular the sheaves .% are irreducible smooth 
sheaves. 

Let E 4 S bea vector bundle. Assume, that the finite group W acts on E and 
S so that w is equivariant 


oew. 


oO 
— > 
ci Xu 

oO 
eens 


n<~— 
u=<~— ty 
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Then E — S is called an equivariant vector bundle iff the fiber mappings 
a: Es — Es) fors € Sando € W are linear. If E — S is equivariant, 
then also the dual bundle E’ —> S. The action o : E{ —> E/... on E’, for 
s € S,o € W, is given in terms of the fibers by (a(y), x) = (y,07!(x)), 
where y € E’ and x € E,,s). By the permanence properties of the Fourier 
transform (Theorem III.13.2, III.13.3) there are natural isomorphisms 


(*) Ty(o*(K)) = o*(Ty(K)), oeW, K€ D&(E,Q). 
With their help one constructs a canonical W-action on 
Ty(K) € D°(E’,Q) 


for each complex K with W-action. This construction is consistent with the 
Fourier inversion formula. 

f) Suppose that (K°, (@o)cew) is a W-equivariant complex on X. Furthermore 
let y : L®° = K°® be an isomorphism in the derived category D(X , Q,). Then 
(L°, (y~!go0*(y))oew) is a W-equivariant complex on X. 


Lemma 15.4 Let f : X — S be an equidimensional smooth morphism with ge- 
ometrically irreducible fibers. Especially, all fibers are nonempty. Suppose a finite 
group W acts on X over S, i.e. such that f is W-equivariant and such that W acts 
trivially on S. Let K® € pb? (S, Q;) be a complex, such that there is an integer n 
with K*[n] € Perv(S). Assume W acts on the pullback f*(K*) compatible with 
the action of W on the scheme X. Then there is a representation of W on K°, i.e. 
there exists a group homomorphism 


W — Autyy(s 9) (Ks 


such that the action of W on f*(K°) is obtained from that representation of W by 
pullback. 


Proof. We abbreviate L* = f*(K*) € D°(X, Q)). Then according to III.7.2 and 
IlI.7.8 of Chap. III we have End po(5.G,) (K*) = End po (x,G,)(L"), hence 


Aut po(s,G,)(K*) = Autps (x G,)(L") - 


For every group element o € W the complex o*(L®) is canonically isomorphic to 
the complex L° 

a(o): L®° —>o*(L®) , oeW. 
These isomorphisms a(c) satisfy cocycle conditions o*(a(t))a(a) = a(oT) for the 
obvious reasons. Furthermore, forany homomorphismh : K® > K®* in De (S, Q;) 
the pullback f*(h) = h : L* > L® of this homomorphism satisfies 


(*) o*(h) =a(a)ohoa(a)! i 
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Since the given group action of W on L® is compatible with the action on the scheme 
X, this gives rise to a family of isomorphisms gg : o*(L°) > L® foro € W as 
defined in Definition III.15.1. Then c(o) = gg 0 a(c) is an automorphism of L* 


CORY ieee By , oew. 


The cocycle conditions and the identity (*) imply go oa(a0) 0g; O@(T) = Go 
o* (9; 0@(T)) OA(C) = Por 0 Agr. Hence c(ot) = c(a) o c(t) forall o,t € W. 
Since Aut(K®) = Aut(L®) there is a unique automorphism 


cola): K®° > K® 


such that f*(co(o)) = c(a). Furthermore c(e) = Idz* and co(e) = Idxe for the unit 
element e of W. It follows, that 


co(ot) =co(o)oco(t) , o, TEW 


defines a representation of W, i.e. a homomorphism co : W — Aut(K®). The 
pullback of this action on K°® is the action of W on L®°. This proves the lemma. O 


Now let G be a general group again. Also assume now, that G acts on X from 
the left. Let m : G x G —> G be the multiplication and let e : X — G x X be the 
zero section. Let a : G x X — X denote the left action on X and let p2 denote the 
projection pz : G x X — X.A complex K® € D? (X, Q,)) is called G-equivariant, 
if there exists an isomorphism ¢ in D? (G x X,Q) 


pg :a*(K*) = p3(K°) 


which is rigidified along the zero section e*(y) = idx-, such that furthermore the 
cocycle condition (m x idx)*(g) = P33) o (idg x a)*(g) holds over G x G x X. 
To be precise, we demand commutativity of the diagram 


(p2 0 (idg x a))*(K) === (4 0 p73)*(K) 
(idg xa)* (g) P33 (9) 
(a 0 (idg x a))*(K) (p2 © p23)*(K) 


(a0 (m x idy))*(K) 28" (pp 0 (m x idx))*(K) 


for the complex K = K®. 


Connected Groups. From now on, we consider the case of a smooth geometrically 
connected algebraic group G of dimension d over the base field. Suppose, that the 


188 Ill. Perverse Sheaves 


complex K = K° is a perverse sheaf K € Perv(X). If there exists an isomorphism 
g :a*(K) = p3(K), itcan be easily modified to become rigidified. Simply replace g 
by p3(i*(g)|)og, wherei : X — Gx X isthe zero section. Note thati*a*(K) = 
and i* p3(K) = K, thus i*(¢) is an isomorphism i*(y) : K —> K of K. 

So suppose ¢ is rigidified along the zero section. For a rigidified isomorphism ¢ 
the cocycle condition is automatically satisfied, since K was supposed to be a perverse 
sheaf. In fact, a deviation from the cocycle condition induces an automorphism of the 
perverse sheaf (p2[d]op23[d])*(K) = p3[2d](K) on G x G x X. This automorphism 
is the identity over the zero section X — G x G x X, hence it is the identity. Since 
the projection p3 : G x G x X — X is smooth with connected fibers, this follows 
from lemma III.11.2. This implies the cocycle condition. 

Suppose G is a linear connected algebraic group over the base field k. Suppose 
H is a geometrically connected closed algebraic subgroup of G. Then the quotient 
X = G/H exists. If k is a separable closed field, then any G- ~equivariant perverse 
sheaf K on X is constant as a perverse sheaf, ic. K = Q/ [dim(X)] holds for 
some integer r. To show this it is enough to consider the case H = 1 by lemma 
IfI.11.2, since the quotient map G > X = G/H is smooth and equidimensional with 
connected fibers. But for H = | the action a is the multiplication m : G x G > G. 
Leti : G > GxG be the inclusion i(g) = (g, e). Then K = idé(K) = i*a*(K) = 
i* P3( K)= Qe 8G, Ko, where Ko is the stalk at the unit element of G. Hence K 
is a constant perverse sheaf. 

Suppose G is a linear connected algebraic group over the field k. Suppose K 
is a G equivariant perverse sheaf on G x X, where G acts trivially on X and acts 
by left multiplication on G. Let pp : G x X — X be the projection. Then K = 
p3ldim(G)](L) for some L € Perv(X). This is a variant of the argument used 
above: L = i*[—dim(G)](K) for the zero section i : X — G x X. Using II.11.3 
one can generalize this to obtain 


Lemma 15.5 Let f : X — Y bea locally trivial principal homogeneous G-bundle, 
then every G-equivariant perverse sheaf on X is of the form f*(L){dim(G)] for 
some perverse sheaf L on Y. 


The following properties of a G-equivariant perverse sheaves for smooth con- 
nected algebraic groups G are left as exercises: 


Exercise 15.6 If f : X — Y is a G-equivariant morphism for G-varieties X and 
Y, then PH'(RfiK) and ?H'( f*L) are G-equivariant for G-equivariant perverse 
sheaves K, L on X respectively Y. Any subquotient of a G-equivariant perverse 
sheaf is G-equivariant. 


Hint for the Last Assertion. Apply Lemma III.11.2 for the morphisms a and p2 and 
use Lemma III.11.1 to study the Jordan-Holder series. See also the proof of Theorem 
I].11.3. Finally use pullback by the zero section. 
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111.16 Kazhdan-Lusztig Polynomials 


This section contains a brief outline of the most basic properties of the Kazhdan-Lusztig 
polynomials attached to a finite Coxeter group W. Where possible, we tried to give self 
contained proofs. The results of this section will not be applied elsewhere in this book. 


Let « be a finite field with g elements. We fix an isomorphism t : Q; = C. Fora 
finitely generated scheme Xo over « consider the abelian category of t-mixed Q,- 
sheaves on Xo of integral weight, i.e. the standard core of p> ized (X0> Q)). Its objects 
will be simply called Q,-sheaves in this section. Alternatively consider the abelian 
category of t-mixed Weil sheaves on Xo of integral weight, called Weil sheaves in 
this section. Fix q!/ a @ Q, via the isomorphism t : Q, = C. Then half integral Tate 
twists Al5) of Weil sheaves .% are defined. 


Z[F]. For Xp = Spec(k) let Kg(X, Fx) denote the Grothendieck group of the 
abelian category of Weil sheaves in this sense. Kg(X, Fx) can be identified with the 
group Z[ F] of all finite sums Q = )°,, naa, where ny € Zand a runs over elements 
in Q,, such that |t(a)|? = q” for some m € Z. Upper weights can be defined by 
w(0) = —oo and otherwise 


w() > nea) = maxa(logg\t(@)I’) , 


a 


where the maximum is over all @ such that ng 4 0. The tensor product induces a 
ring structure on Z[F'] with unit element | given by w = 1. We also consider the 
subring R generated by a = g”/? forn € Z 


R =Z{q'?,q7'?] c ZF). 


Let p*(>°, Na@) = Yo, Na be the augmentation. 

Define D : Z[F] > Z[F] by DQ nga) = >- Nga). Anelement Q in Z[F'] is 
called pure of weight w, if w(Q) < wand w(D(Q)) < —w. Any Q with w(Q) < w 
can be uniquely written in the form 


Q=v+g'?.Q’ , wO)<w, 


where v € Z[F] is pure of weight w (integrality of weights). 

Let G be a semisimple connected algebraic group over the algebraic closure k of 
the finite field «. We assume G to be of Chevalley type. Suppose the corresponding 
group Go acts on Xo, such that the induced action of G on X (over the algebraic 
closure k of «) satisfies 


16.1 Assumptions. 


a) The stabilizers are connected subgroups of G. 
b) There are only finitely many G-orbits, each containing a «-rational point. 
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Then by Lang’s theorem each orbit @ = G/G, (for a fixed x-rational point 
x) satisfies C(x) = G(k)/G,(«). For the G-orbit @ in X let d(@) denote the 
dimension of @. For a Go-equivariant Weil sheaf .% on Xo the extension. ¥ on X 


is both a G- and Fy-equivariant Q,-sheaf on X. Both actions are compatible (with 
notations as in Chap. III §15) 


FX(g) 
a* (Fy (F)) > pHFX(F)) . 
a*(F*) p*(F*) 


a*(F) 


PF) 


~ 


A G- and Fy-equivariant Q)-sheaf on X is called a G-equivariant Weil sheaf, if the 
actions are compatible in this sense. If the Weil sheaf structure F* : Fy (-F ) + KF 


on.F¥ is understood from the context, by abuse of notation we also write w(.F ) for 
the weight w(.*). 


The Grothendieck Group. In the situation above let Ko(G, X, Fx) denote the 
Grothendieck group of the abelian category of all G-equivariant Weil sheaves. In the 
following we will define two standard bases of this Grothendieck group, the T and 
the I basis. These two bases are related by “triangular” coordinate transformations. In 
the remaining part of this section this will be applied in two related situations, where 
the coefficients of the coordinate transformation define the KAZDHAN-LUSZTIG poly- 
nomials up to some normalization. 


The T-Basis. For each orbit define a Gg-equivariant Weil sheaf on Xq by 


= d(C 
Te = Vie) 


extended from ( to XQ by zero. The corresponding Weil sheaf has upper weight 
w(Tz ) = —d(@). The class of Ty in the Grothendieck group is denoted Ty. . 

Under the assumptions a) and b) above Ko(G, @, Fx) = Z[F]. The isomor- 
phism is induced by restriction to the fixed «-rational base point x of the orbit @. 
Similarly 


Lemma 16.2 Under the assumptions above the classes Tz form a Z[F] basis of 
the Grothendieck group of Go-equivariant Weil sheaves on Xq 


Ko(G,X, Fx) = @ ZIFI-T, . 
C0 
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The classes of Qz, (27). corresponding to the closures O of the orbits ©, 
define another natural basis of the Grothendieck group. However, there is a better 
choice: 

Consider the category whose objects are complexes in D? (X, Q,), together with 
a compatible G-equivariant and Fy -equivariant structure. Morphisms are assumed 
to be G and Fy equivariant. This need not define a triangulated subcategory, but 
this category is stable under Verdier duality and the other functors. The subcategory, 
where the complexes in addition are pure complexes of weight zero, is denoted 
H(G, X, Fx). If we forget the Weil sheaf structure, by Gabber’s theorem each object 
I in H(G, X, Fx) is a finite sum of translates of G-equivariant perverse sheaves. 
Since the cohomology sheaves of J are G-equivariant, we can define the class of J 


cl(1) = Yo (-1)" cl." (D) 
v 
in the Grothendieck group Ko(G, X, Fy). 


The I-Basis. Consider the inclusions @’ cee CO aan X . Let 


Ie = izju Qe d(C)) , we) =0 


be the intermediate extension of Q;, (d(@)) to X, where (m) = [m](5). In the 
obvious way this defines a G-equivariant Weil complex on Xo, which is pure of 
weight zero. LetIy = (— 1)4 (Yel (Iz ) be its class in the Grothendieck group. Then 


@ Ie = DY Qe (F)-Te 


O'CE 


for some Q7'7 € Z[F] such that O77 (F) = 1 and 


Lemma 16.3 The weights of the coefficients Q¢1¢ in Z[F] satisfy w(Qeic) < 0 
fore" GO, FO AE. 


Proof. Iz. is pure of weight zero. In particular w(.A4—"(I-.)) < —v. Furthermore 
—v < —d(C")if. F-" (Ie )|C" & 0. Since the cohomology sheaves. H~” Uz )|C” 
are G-equivariant, this follows from the support condition III.9.3 satisfied by a in- 
tersection cohomology sheaf. Since w(Ty1) = —d(@’) and w.H "Uz IO") < 
—v < —d(@"), the lemma immediately results from cl(H~” (Ie ))|C) € Z[F] - 
Te. Oo 


The I, form a Z[F]-basis of the Grothendieck group Ko(G, X, Fx). Verdier 
duality induces a map D on K0(G, X, Fx), for which this basis is self dual 


DIzy=le , DY nae) = Yo nga! 
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Inductively we deduce from (*) — by inverting a triangular matrix — the similar 
relations 


Ge) Te = Ie + DO Seie(F)-Te, 
OSE 


for some S17 (F) € Z[F] with upper weight w(Sy/7) < 0. 


Lemma 16.4 The elements 1\¢ in the Grothendieck group are uniquely determined 
by self duality and the equations (*) together with the weight conditions of Lemma 
IIT. 16.3. 


Proof. For another choice I’, we get Vo=le+ Lege Reie(F)i¢ from (*), 
such that weight w(R-7 ) < O holds. Self duality forces Re 17 = 0. O 


Correspondences on .7 


Let Bo be a Borel group of Go defined over « and let Ty) C Bo be a maximal torus 
in Bo defined over «. By assumption this is a split torus of dimension say r. Let 
. 4 = Go/ Bo denote the flag variety. Let k denote the algebraic closure of « and let 
G, B, T denote the corresponding groups over k. Let W = N(T)/T denote the Weyl 
group. Foro € W let /(c) be the length of o (with respect to B). Let og denote the 
element of maximal length /(o9) = N where N = dim(.Z), or N = dim(B) —r. 


G-Orbits and Bruhat Decomposition. Consider X = .4 and Y = X x X. The 
G-orbits Y, on Y are in one to one correspondence with the elements 0 € W of the 
Weyl group. We write o’ < o ifo’ #0 and Y, C Y, (Bruhat ordering). Consider 
the G-equivariant map 


Y > B\G/B=W, 


with trivial action on W, defined by (g;B,g2B) te Bg, |B. Then Y, = 
{(gB, go B) |g € G} is the inverse image of the double coset Bo B in B \G/B. Note 


Y=[]¥% . Yo =G/(BNB), 
acew 


where B° = o Bo! . In fact By, = B° 1 B is the stabilizer of the point (1B, 0 B) € 
Y,). Hence dim(Y,) = dim(G) — r — I(o09) = N +1(c). All assumptions of 
III.16.1 are satisfied for the action of G on Y. Hence we have the complexes Ty, and 
Ty,, and the two bases 


of the Grothendieck group at our disposal. 

Both X and Y have canonical G-actions from the left, such that the two projections 
pri: Y — X are G-equivariant. Then Y xy ¥Y = Xx X x X. Puts = prj2,t = pr23 
andm = prj3: ¥xxY — Y forthe third projection. These maps are G-equivariant. 
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Convolution. For sheaf complexes K;, K2 € pe (Y, Q) on Y define the convolution 
product 
K, * Ky =Rm (sn @t (Ka) (WN) 
By the proper base change theorem (K, * K2) * K3 = K, * (K2 * K3). 


If Kj, K2 € D°(Y, Q,) are G-equivariant, so is K, * K2 and the associativity 
isomorphism is an isomorphism of G-equivariant sheaves. 


16.5 Some Special Cases 


1.Example. ly, = Quy (dim(Y)). Then ly, #1, = 1¥q,G, HA, Q)(dim(.Z)) 
with class (—1)%q78/?(S) ew gq!) - cl(Iy,,). Since dim(Y) = 2N is even 
ly,, = (—1)4" cl(Iy,,,) = cl (Iy,,)- Hence for the longest element 09 € W 
Ty, * Fy, = (-1)%q 8?) ) gq) - Ty, - 
oeWw 


2.Example. ly, = Q@ y, (N) is a unit element for the convolution product; note Yj = 
X — X x X is the diagonal, hence is closed. 


3.Example. G = SI(2) and W = {1, s}. Then X = P! andY = P! x P!. Furthermore 

Y,; = P! is the diagonal inY = p! x pl and Y; = Y \ Y; for s # 1 is the open 

complement. Since Jy, = Q)y[2](1) and Ty, = Qyy, (1) and Ty, = Qyy, (5) we have 
Iy, = Ty, oe i - Ty, . 


In particular the coefficient defined in Lemma III.16.3 is Oy, y,(F) = ql! 2. By 
example | therefore Iy, *Iy, = —(q!/* +q7'/) -Iy,. The same computation carries 
over for any Ty, and Ty, defined by a simple reflection s in the case of an arbitrary 
semisimple group G 


Ty, #ly, = (-DN@"? +q7') Ty, . 
Lemma 16.6 Suppose that both K,, Kz are translates of G-equivariant perverse Weil 
sheaves. Then convolution commutes with Verdier duality D(K, * Kz) = D(K,) * 
D(K2). 


For the proof we need 


Another Description 
Consider 
Cy ee ee ee v*(K(—N)) = (p)*(T) <0 T. 
A 


| 


Bx B K(-N) 
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Here v(g,hB) = (gB,hB) and u(g,hB) = g~! x8 AB and x(g7! x8 hB) = 
g—'hB. By IIL.15.5 a G-left equivariant perverse sheaf K on Y = .2 x .Z corre- 
sponds to a G-left, B-right equivariant perverse sheaf v*(K) on G x. (up to twists 
and shift): 

v*(Perug(Y))(N +r) = Perugxp(G x .A). 


Similarly 
(x w)*(Pervg(X)(2N +r) = Peruvgxg(G x -#). 


Hence the 


Matching Condition. v*(K)(N +r) = (wy)*(T)(2N +1) 
defines a correspondence 


Pervg(Y) 3 K t T=Tk &€ Pervp(X). 


This correspondence matches G- respectively B-equivariant perverse sheaves on 
Y respectively X and respects Verdier duality. In the case of Weil sheaf complexes, it 
matches Weil sheaf complexes which are pure of weight zero. We write T = T; * T>, 
if T corresponds to K, * K2 and the 7; correspond to the K;. 

This new convolution can be phrased directly in terms of the associated B- 
equivariant sheaves JT; on X = .7. Since T; XT) on X x X is B x B-equivariant, 
the sheaf v*(T, & T2) = *(T) descends to a B-equivariant sheaf on G x? .2. We 
claim 

T, *T2 = Rai(T). 


This claim immediately implies Lemma III.16.6, since x is proper D Ra; = 
Ra D, and since the maps yz and v are smooth of the same relative dimension 
dim(B). Use III.7.2. The proof of the claim itself is left as an exercise. We only give 
the following indication 


The Dictionary. Suppose K and T are matching. Look at the functions f * (x B, yB) 
for x,y € G". (See Chap.III §12). By G-equivariance it is enough to consider 
x=1,y=o0 €W* since G’ = B’ W* BF. By the Grothendieck trace formula 


fR*820¢B, zB) = (-1)NqN/? a FEB, yB) f*2(yB, zB) . 
yeGF /BF 


In terms of B* biinvariant functions f"'(g) on G" we write fT (Bx7!yB) = 
(—1)qN/? . fi(xB, yB). Then the right side corresponds to convolution 


fOr gs SS. wpa as 


heGF /BF 
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The Hecke Ring # 


Consider B-equivariant complexes on the flag variety X = .. The B-orbits are 
the Bruhat cells X, in X. The Bruhat cells X, or .A, are defined by Bo B/B = 
B/(B°  B) in.Z. They are of dimension /(c) 


X=[|Xo . Xo =BoB/B. 
aocw 


The B action on X satisfies the assumption of III.16.1. The corresponding complexes 
will be denotes T, and J,, the elements in the Grothendieck group will be denoted 
To, Ig. 

Suppose T is an object of the category H(B, X, Fy), represented by a B- and 
Fx-equivariant complex on X. Then T + cl(T) = )o,(-1)’cl(F'(T)) € 
Ko(B, X, Fx) is well defined in the Grothendieck group Ko(B, X, Fx) of B- 
equivariant Weil sheaves. Convolution respects distinguished (B, Fy )-equivariant 
triangles in pb? (X, Q,), hence defines a ring structure on the Grothendieck group. 
We call this ring the Hecke ring W. 

The category H(B, X, Fx) of B-equivariant pure weight zero complexes in the 
category Dy (B; X, Q;) may be called the Hecke category. It contains all translates 
I,(n) forn € Zando € W. 


Fact (Weil Conjectures). w(T,*T2) < w(T\)+w(72) holds for (B, Fx )-equivariant 
complexes 7; in D(x , Q). 
From the last Lemma III.16.6 and the Weil conjectures we obtain 


Lemma 16.7 The category H(B, X, Fx) is stable under convolution. If T;, Ty are 
in H(B, X, Fx), then T; * Ty is in H(B, X, Fy). 


For o € W consider the basic Weil sheaves T; = Q x, (G2) (extended 
to X by zero). Similarly I, = ixj(Qry, (492). Let the Tz = cl(T,) and 
I, = (—1)44%)cl(,) be the corresponding elements in the Hecke ring W = 
Ko(B, X, Fx). The passage from Y to X gives for allo € W the following matching 
conditions for the T and [-bases: 


Lemma 16.8 
1) The perverse sheaves Iy, on Y match with the perverse sheaves I, on X. 


2) The complex Ty,[N] matches with the complex T, on X. 


This follows from the definitions and the formula d(Y,) = N + d(X,). Asa 
consequence, we get 


Lemma 16.9 The assignment Ty, > (-1)*T,, Ty, (—1)%I, respects the 
convolution products on Ko(G, Y, Fy) and Ko(B, X, Fy). 
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In particular from III.16.5 we deduce 
I,=T, +971 ?T 


and 
0) I,*I, =! 4+q7'%)-L. 


BN-Pair Properties. We note the following facts 

1) If T; is supported in X,, and T2 in X,,, then T * T2 is supported in the union 
of the X,, for which o € Bo, BozB. Use that gj Bo B > g2B and g2Bo'B > g3B 
implies g; Bo Bo'B > g3B. 

2) Suppose I(oa’) = I(o) + l(a’). Then a; € B(k)o B(k), bi € Btk)o' Bk) 
and a,b, = azb2 implies ay = a,b, bz = b-'b, for some b € B(k), the converse 
being trivial. In particular (B - B°') A(B- B’) = B, by the special case ay = 
o, b} =o’. These facts are general consequences of the BN-pair properties. (In our 
case these statements are related to counting formulas over finite fields ; in fact for 
\(Bo B)* | = |B’ o BF | = qo|B*| with go = |X*| = |BF|/|(B ON B?)* | the first 
statement means gg qo’ = Yoo’ — OF Since we are in the split case — gg = q'). The 
counting formula conversely implies the statement above). 

3) Abbreviate A * B = s7l(A) ia) t—!(B) for constructible subsets A, B in Y. 
Then for /(o0’) = 1(0) + (o') we have a well defined morphism 


m: Yo * Vg: > Yogi 


by 1). Consider its fiber over a point of Y,g’. By equivariance it is enough to 
consider the base point (o~!B,o'B) € Yor. A closed point in the fiber has the 
form (o—'B, gB) x (gB,o'B) such that g € G(k) satisfies og € (BoB)(k) = 
B(k)o B(k) and similar g~'o’ € B(k)o’B(k). By 2) above with aj = 0, b} =0' 
we get g € B(k). 

This implies that the morphism m is injective on the level of closed points. Both 
spaces are smooth of the same dimension over k and by G-equivariance the map m is 
surjective on closed points. Hence m is a purely inseparable morphism, which in fact 
would suffice for our purposes. However — using that the maps G(R) > (G/B,)(R) 
are all surjective for R-valued points of an Artin ring R — the same argument can 
also be applied for R-valued points. Thus the differential of m is injective. Then by 
Zariski’s main theorem 

m: Yo * Yor = Yog'. 


Recall that Ty, = Q Y> (fmt) ) extended to Y by zero. From the isomorphism 
m discussed above we get 


Ty, [N] * Ty,,[N] = Ty, 1N] if I(ao’) =I(o) +1(0'), 


since d(Y,) + d(Y¥g/) = 2N + l(a) + 1(0’) = N + d(Ygo'). Hence by Lemma 
III.16.9 we get the statement (H1) of the next lemma 


Lemma 16.10 Multiplication in the Hecke algebra .¥ is given by 
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(1) To *Ty' =Too , Loo’) =l(o)4+I1(0'). 


(H2) 1, *Ts =Tyy +g! -—g7'2)-T, ,) Iso) = Ko) - 1. 


Proof. For (H2) write so = sso’ for some o’ of length 1(o) — 1. Then (H2) 
is a consequence of (H1) and the special case T? =T,+(@!?- a Ar, of 
(HS), where 0 = s. Theses special relations are equivalent to I, + (T; — qvi/ y= 
(T, +q7!/2) * (T, —q7!/2) = 0 and follow from (/0). oO 


Verdier Duality 


For X = .Z& the B-orbits are the Bruhat cells X,. Consider the intermediate ex- 
tensions J, and the basis Iz = (—1)!cl(1,) of the Grothendieck group (Hecke 
algebra). In the case of a simple reflection s recall 


I, = Ts + qT) 
and 
I, #1, = (ql? +q7'?)-1. 


The sheaf complex J, on Y is G-equivariant and pure of weight 0. 

Verdier duality acts on the Grothendieck group Z[ F] by D()° nga) = »~ nga !, 
hence D(q!/*) = q7'/*. It induces a ring homomorphism on the Hecke algebra 
(Lemma III.16.6). Furthermore D(T,) = D(I; — g7!/7I,) = 1, — q!/71) = T, - 
(qi/2 - qo /*)T, = fies Hence by (#1) for allo « W 


D(Ts) = (Tj-1)7! , D@’?) = qr’? 


This completely describes the involutive ring automorphism D of the Hecke algebra 
FO. Note 
Too * D(T,) =F Topo 


for the longest element og € W. This follows from Lemma III.16.10 (H1) by 
reduction to the case of simple reflections. 
From Lemma III.16.3 recall 


(*) I, = T, ae .> Ooo (F) + To," 


o'<o 


where the Q,’,, € Z[F] are coefficients of weight w(Qo'4 (F)) < —1. Multiplying 
by gil? € Z[F], the coefficients v(o’, 0) € Z[F] are obtained from 


gi: Qo'.o(F) = v(o’, a) + terms of weight <0 (in Z[F]) 


as the pure parts of highest weight 0. 


Lemma 16.11 Suppose I(s) = 1 and I(so') =I(0’) +. 1. Then foro = so’ 
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(G1) Wy #Iy = Wyo + D> vo", 0") Ig 


o"<o' 


The sum is over alla" < o', which means o" < o' such that l(so") = l(a") — 1. 
(Over the algebraic closure k) the intersection cohomology complexes satisfy 


Is Tot = Iso ® EY wO"0')- Ion DE(X,Q), 


oa" <o' 


with u(o", 0") = (-1! 1") p* (v(0", o’)) EN, where p* : Z[F] > Z is the 
augmentation. 


Corollary 16.12 Suppose l(s) = 1 and l(so) = I(o) — 1. Then 


(22) Lal, =? 4+¢7-¥%)-1,. 


Proof. (Use induction on the lenght of a). Put o’ = so. Then I(so’) = I(o’) + 1 
and 0 = so’. Multiply the formula (71) of the last lemma by I, from the left to 
obtain if #15 = I, € Ig + greg VO", 0") - 1, & Ir. Putc = g!/* + q7!/2, 
Since I(so”) < I(o”), and also 1(o”) < I(a) one obtains from fs =c-I, and 
I, * Ig” = c- I,” the statement by induction. | 


We now come to the proof of Lemma IIT.16.11: 


Proof. Put I := I; *I,’. Then D(T) = D(I,) * Dg’) = I. From (*) and I, = 
T, +.q7!/2T we obtain 


I, * I, = T, * Ty’ + > Oo" ot (F) + Ts * Ter +... 


o” <o’ 


plus terms with coefficients of weight < 0 in the I-basis. Now T, * T,, = To 
by (H1). By (H2) the products T, * Tg” = g!/?T5” + ... increase weight by 1, 
if 1(so”) = 1(o”) — 1. They do not increase weights otherwise. From the weight 
increasing terms — with v(o”, a’) denoting the highest coefficient of Q”q’, i.e the 
weight 0 term of q!/?Q,1.. — we get 


I=I1, + Yi v6",0") Ign + o.. 


oa" <0’ "so" <o" 


plus terms with coefficients in Z[F] of weight < 0 for the basis T,, 7 € W, or 
alternatively the basis I,,t € W using (**). Self duality of I implies — using the 
latter basis — that all the additional terms are zero. This proves the statement of the 
lemma in the Grothendieck group. But w(/) < 0 and / is self dual, hence J is pure 
of weight zero. 


Il.16 Kazhdan-Lusztig Polynomials 199 


To prove the second assertion, one first verifies that J, * J,’ is in PD=%(y, Q)). 
This uses a direct inspection of the fibers of the map m : Ys * ¥g: > Y,, as in the 
proof of the next lemma. We skip the argument. We only mention that the IC-property 
of I,’ is used (Proposition III.9.3(4)), and the even stronger but trivial fact, that the 
cohomology sheaves of /; are concentrated in one single degree. 

Once we know I * Ig: € ?D=°(Y, Q;), we conclude J = I, * Ig: € Perv(Y). 
This follows, since J is self dual (Lemma III.16.6). 

Next we bring all term in (/ 1) with negative coefficients j4(0””, a’) to the left side. 
We then apply the Theorem III.12.1(3). It gives an isomorphism between perverse 
sheaves over k. Since after our rearrangement of (/1) all irreducible constituent J,” 
on the left side are not isomorphic to any remaining constituent on the right side, all 
I,” on the left necessarily occur with multiplicity u(o”, 0’) = 0. This proves the 
second assertion of Lemma III.16.11. 


Purity Properties 


A Weil complex K is said to have the purity property, if on all stalks of the semisim- 
plifications .7" (K)}*( 3) of the cohomology sheaves the Frobenius F; acts trivially. 
In addition we say that K has even or odd parity, if all these stalks vanish unless v 
has the given fixed parity mod 2. 


Lemma 16.13 (Purity) For the complexes I, the Frobenius Fy acts trivially on the 
stalks of the semisimplifications FC" (I,)*> (5). These stalks vanish unless v has a 
parity equal to l(a) mod 2. 


Comment. In particular cl(. 7" (Ig)|Xo") = q’!? «rank (.F" Ig)|Xo") -cl(Qiy_,)- 

The class of Weil complexes K with the purity (and parity) property is closed 
under direct factors, tensor products, twists by Q (n),n € Zand pullbacks. Concern- 
ing direct images: Suppose Ko is a Weil complex on Xo with this purity property. 
Suppose Xo has a finite stratification, for which the restrictions of the cohomology 
sheaves of Ko to the strata are geometrically smooth constant Q;-sheaves. Suppose 
to : Xo — Yo has geometric fibers of dimension < | and for any closed point y 
of Yo suppose, that the reduced inverse image Zyo of y (over Spec(«(y)) contains 
a finite union of «(y)-rational closed points, whose complement is an open subset 
Uo C Zoy, which is contained in one of the strata and which over x (y) is isomorphic 
to affine space Ag or empty. Under these assumptions Rf; Ko again has the purity 
property. Here «(y) D « as usual denotes the residue field of y. 

Since the reduced fibers are of the form Zo = Ag |) Zo, with dim(Zo) = 0, by 
the proper base change theorem and the Leray spectral sequence it is enough to show 
the following: Suppose .% is a sheaf on Zg and Frobenius Fy, acts trivially on its 
stalks .A%, and such that. |A = Q;,q. Then F acts on H?(Z,.F ) by q’/?. However 
this follows from the exact sequence 


> AYA, Q) > HY(Z,.F) > AY(Z',Q) > 


200 III. Perverse Sheaves 


This being said, we now come to the 


Proof. The Purity Lemma is shown again by induction. Choose o’ such thatao = so’ 
and l(a) = J(o’) + 1. According to lemma III.16.11 and induction it is enough to 
prove the similar statement for the pure complex /; * Jz, since — as a sheaf complex in 
D? (X, Q,) — J, is a direct factor of this complex (the factor belonging to some dense 
open stratum). For the proof we may replace the J, by the /y, (Lemma [II.16.8). 
The purity statement in this case follows from Gabber’s theorem by considering the 
natural map (a birational isomorphism) 


mM: Y;*Yo' > re 


Iy, is a smooth perverse sheaf on Y;. The fibers Z of the map m are either points 
or of dimension one. We want determine the fibers. For this consider the closed 
cells Ygr = Lo <9 Yor and Y, = Y, UY. The map m induces an isomorphism 
m : Y;*¥g" & Y,” andinduces isomorphisms m : ¥;*¥g" & Ysor ifl(so”) > lo”). 
If l(so”) < I(o”), then 


Ys *Ygn = Ys «(V5 * Vsq) = (V5 * Ys) * ¥sqr —_ (v.un) *¥ sq” = Yor UY se” 
and similarly 
Vs * Yon = V5 V5 % V5q” —> (x. U n) * Yq & Yon UY sq" 
This reduces to look at the fibers of 
VowYo —Se uy. 
These fibers are affine lines isomorphic to A and this isomorphism is defined over 
the residue field of the base point of the fiber. Since the cohomology sheaves of I; 


respectively J, are constant on Y, respectively Y, * Ys" = Yo", we can apply the 
remarks above. 


Remark 16.14 The coefficients w(o”, o’) and v(o”,, o’) in Z[ F] defined in Lemma 
I1].16.11 are nonnegative integers 


v(io",o')=plo"",0') EN. 


They are integers, because they are D-selfdual Laurent polynomials in R of weight 
zero; they are nonnegative, since /(0) — l(a”) € 2Z holds by Lemma III.16.13. In 
fact J, and J, occur as constituents of J; * Jz’, and therefore have the same parity. 


If we take into account c/(I,) = (—1)! - I, and l(Qy,, ) = (@.T,,, 
we obtain from a variable shift v = x — /(o) and the comment after the Lemma 
11.16.13 
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Corollary 16.15 We have g/l? .1, = Yo Poot * qi on/2 - Ty, where Pyg = 
ql@—lo'))/2 . Qoa' is given by 


I(o)—lo’) 
Pyg! = +S (-1)# - g#t/2. rank ( Fe"), [(o)})| Xa) : 
=0 


Proposition 16.16 gq! /? -I, € Soy, Ziq] ql? - Ty. 


Proof. This follows from the parity property (Lemma IIIL.16.13) and the last propo- 
sition. O 


Hence the P,’, (q) are polynomials in q. They are called the Kazhdan-Lusztig 
polynomials. Since w(Q,',) < 0 foro’ # a, they are polynomials P,’,(q) of q- 
degree < (I(o0) —I(o’))/2 unless 0 = o’. Their coefficient of degree (l(a) —1(a’) — 
1)/2 is either zero or one of the coefficients w(o’,o) > 0. In this case we must 
have (a) —I(o’) — 1 € 2Z. Corollary III.16.15 and the last Proposition furthermore 
imply 


Corollary 16.17 Since the ranks in the odd degrees must vanish, the coefficients of the 
polynomial Pig (t) are the ranks of the smooth sheaves. FO) ( j:,. Qi x, [L(a)])| Xo"- 
Hence they are nonnegative integers. 

Corollary 16.18 There exist symmetric polynomials 


b(o1, 02,0)(q!/") = b(o1, 02, 0(q7 7) 


with nonnegative integral coefficients in q'/ 2. such that 


(3) Ig, #Io, = (01, 02,0) “Io 


Proof. Any I with DID) = Tis a linear combination of the I, with symmetric 
coefficients. That the coefficients are Laurent polynomials in g!/* with nonnegative 
coefficients, follows from (/1) and (12) by induction using v(o”, o’) > 0 from the 
last remark. O 


Cells 


1.Example. 1g = 4 97! /?T. = q7 8? Y, q' Ts holds for the longest 
element oo. In particular Qgo,(q) = q@©~ Keo og respectively Psg)(q) = 1. 
Furthermore we have 


f *1loy = 1w(f) - Too 
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for all f in the Hecke algebra. W%. Here 1.77(T,) = q!/? is the deformation of the 
trivial character of the Weyl group W. In other words for g +> 1 the Hecke algebra 
becomes the group algebra of the Weyl group W and the character 1 x becomes the 
trivial character of this algebra. 


2.Example. The deformation ¢,74(T,) = (—1)!q7!©/ 2 of the ew-character of 
the Coxeter group W annihilates I, for allo 4 1 and is 1 on I). This follows from 
(11) by induction using 1 4 o’. Hence I; * )°,4; R-Io C Vag Ro Mc. 

In fact {og} and {1} are the extremal two-sided cells in the Weyl group. These 
two-sided cells are defined from an ascending chain of two sided ideals in the Hecke 
algebra. refining 


O-C, R19 € ix Ge: ). RL we. 
oF#l 


There are also the left sided cells. Define left ideals 


dy. Rel 


xX<LO 


Here 
x<Lo 


holds by definition iff a translate of the perverse sheaf J, is a direct summand of 
Iz: * Iz for some o’ € W (as perverse sheaf over k). The equivalence classes in 
W generated by this ordering <, define the left cells in W. Note o ~, o’ for this 
equivalence relation iff o <; o’ ando’ <, o. Each left cell defines a left module 
of the Hecke algebra. 

The order <, can also be build up recursively from the elementary relations 
x <kKL y meaning, that either a translate of J, is a direct summand of J, * J, for 
some simple reflection s or x = y. 


Exercise (see [Cu], 5.3(ii)). x <x y (for x 4 y) is equivalent to u(x, y) # 0 or 
L(y, x) € O together with sx < x and sy > y (in the Bruhat ordering) for some 
simple reflection s. 


The further study of cells and their properties has deep implications, for instance 
for the classification of the representations of finite groups of Lie type [Lul]. We 
also remark, that the positivity property of Corollary II.16.18 has some remarkable 
consequences for the structure of the Hecke ring in this context. We refer to [Cu] for 
a detailed exposition of this. 


IV. Lefschetz Theory and the Brylinski-Radon 
Transform 


IV.1 The Radon Transform 


In the following assume d > 1. Let « be a finite or an algebraically closed field. Let 
P@ be the d-dimensional projective space defined over the base field «. Let P4 be the 
dual projective space over «, which parameterizes the hyperplanes in P¢. Let Y be 
a finitely generated scheme over «, which will play the role of a base scheme in the 
following. Consider the diagram 


G, ply Ply y 


Pl P2 


K, P¢xy Pex y 


Products are fiber products over Spec(«), if not stated otherwise. The maps py}, p2, 
P1, P2 are the obvious projections. For a complex K on P? x Y we often write G 
for py[d]K. 

For a sheaf complex K on P4 x Y there are two ways to go to P x Y, which 
coincide by the proper base change theorem 


Rp2x(pild]K) = pyld\(Rp2.K) . 
Put. = Rp>,(K). In fact we are interested in the perverse direct image sheaves 


Fé" =H" (Rp, K) 
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(in general these are not the components of a complex representing -7 in the derived 
category!) and their pullbacks 


Pild] 7" := pid) A" (Rp2.K) , 


which are perverse sheaves on P¢ x Y; of special interest is the case, where K itself 
is a perverse sheaf on P?@ x Y. 

Now we consider the universal incidence relation H x Y over Y, where (x, h) € 
P¢ x P4 is in H if and only if the point x is contained in the hyperplane h 


i:HxYOP! xP xy. 
The map i is the obvious inclusion. The compositions 
Mm=plpoi , Mm=proil 


are smooth maps defining P¢—!-fiber bundles. 


G,HxY 
ae ac 
(*) K,P¢xy Pex y 
ee, Pl 
Y 


We often write G for mild —1)K. 


Definition 1.1 The Brylinski-Radon transform 
Rad : D?(P4 x Y,Q) > D?P4 x Y,Q) 
is defined by 
Rad(K) = Rn, (K){d — 1). 
For K € D? (P¢ x Y, Q) we also define the perverse sheaves 


Rad"(K) =”H"Rad(K) . 


Weights. If K is mixed or t-mixed we obviously have 
w(Rad(K)) < w(K)+d-1. 


Similar, if K is pure resp. t-pure of weight w, then Rad(K) is pure resp. t-pure of 
weight w+d-—1. 
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Duality. By III.7.2 the Radon transform commutes with duality up to a (1 — d)-fold 
Tate twist a 
Rad(K) —> D(Rad(DK)))(1 — d). 


Remark. The case d = 1 is exceptional and in a certain sense trivial. In this case 
Rad = Rad’ is an exact functor. It defines an equivalence of categories for trivial 
reasons, since then 71 and 2 are isomorphisms. 


Constant Sheaves 


We will see later that — also for d > 2 — the Radon transform can almost be inverted. 
In fact, this is true only up to error terms which come from the base Y. A sheaf 
complex on P? x Y, which comes from the base Y, should therefore be ignored to 
some extent. For this purpose let us use the following convenient terminology 


Definition. A complex in D?(P4 x Y, Q,) or D?(P4 x Y, Q)) will be called constant, 
if it comes from the base Y by pull back via p2 respectively p;. A perverse sheaf 
on P? x Y or P4 x Y will be called constant if it is isomorphic to a perverse sheaf 
contained in the thick abelian subcategory p>[d]Perv(Y) of the abelian category 
Perv(P@ x Y) respectively the thick abelian subcategory pj[d]Perv(Y) of the 
abelian category Perv(P4 x Y). For thickness use III.11.4. 


In the following sections perverse sheaves on Y or perverse sheaves on Pex yY 
or P4 x Y, which are constant in this sense, will usually be written with script letters. 
As an exercise let us compute the Radon transform of a constant sheaf complex K. 
Let K = p3[d \(K) — with K € D> (Y) — be a constant complex in the sense above. 
Then 

Rad(K) = pild\(K) @” RadQ)) . 


More precisely, by the Lemma IV.1.3 below 


d-l 
RadQ) = GD Qld - 1 -2](-i). 


i=0 


This follows from the well known tensor identities related to the Kiinneth theo- 
rem. See II. i 5. So the last formula implies, that the perverse sheaves Rad"(K) = 

Prld)¢ D5 V ppyntd-1—2i (K (—i)) ) are constant for all n. Hence the Radon trans- 
ae maps otistaiit sheaf complexes to constant sheaf complexes. It is interesting 
to see, that properties of the Radon transform depend on the parity of the dimension 
d. In particular, for a constant perverse sheaf K we obtain the following 


Lemma 1.2 (Parity Law) Let K = p> [d](K) be a constant perverse sheaf on 
P¢ x Y, then 


(i) Rad"(K) = pt{[d|K(4+=$*) for n=d—1mod2and |n| <d—-1. 
(ii) Rad"(K) = 0 else. 
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Lemma 1.3 Let p : Z — S be a P"-fibration of relative dimension n, i.e. a locally 
trivial projective fiber bundle whose fibers are projective spaces of dimension n. Let 
n be the cohomology class of the corresponding relative ample line bundle. For a 
complex L in pb (S, Q;) the following map is an isomorphism 


Yon: QBLU-2i-i) — Rpsp*(L). 


i i=0 


Proof. The Kunneth formula II.7.5 allows to reduce to the case L = Q). The 
classes n/ define morphisms Q,[—2i](—i) —> Q, in the derived category, hence 
induced morphisms Rp,Q,[—2i](—i) — Rp,.Q,. Since Q[—2i(-i) = 
gon (R p»Q;[-2i ](—i)), we have a natural morphism )~> n in the derived category, 
as stated in the lemma. That it actually defines an isomorphism, can be checked on 
geometric points. This allows to reduce to the case S = Spec(k) and L = Q,, where 
the statement is well known. O 


Radon Inversion 


We now introduce an analogue of the Radon transform, with the roles of P4 and P4@ 
interchanged: Define RadY = Rz1,73[d — 1] to be the dual Radon transform 


Rad” : D?(P4 x Y,Q) > D?(P4 x Y,Q). 
We then get the following inversion formula 


Lemma 1.4 (Radon Inversion Formula) For every K € Db? (P¢ x Y, Q,) define a 
constant complex P3[d]®(K) € pr (DP (Y, Q;)) by 


d-2 
O(K) = QD.Hld -2-2i\(-i), 

i=0 

where FE = Rp, K. Then the following formula holds 
(Rad o Rad)(K) = K(1—d) © p5[d]®(K). 
Proof. We may assume d > 2. For simplicity of notation first assume that Y = 
Spec(«). By the proper base change theorem 
(Rad o Rad)(K) = Ru,(&2 @” v*(K)) 


where u, v : P¢ x P4 — P4 are the two projections and Q is the “operator kernel” 


Q = (Rm (Q;)x)[2d — 2] 
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such that 7 : X = H x5, H > P¢ x P¢ is the inclusion of the incidence variety 
defined by all (x, A, x’) in P¢ x P4 x P for which x, x’ are both in A. The variety 
X is smooth over Spec() (use the projection to P?), hence (Q,)x is a pure complex 
on X of weight 0. Although the morphism zr is not a smooth morphism, it is proper. 
Hence Q2 is again a pure complex. By Gabber’s Theorem III.10.6 it has to be a direct 
sum of irreducible perverse sheaves. These can be computed by Lemma IV.1.3 


d-—2 
Q[2 — 2d] = Ax(Q)pal2 — 2d] — d) © GY@) pa pal—2i(—A) , 
i=0 


where A : P¢ <> P¢ x P4 is the diagonal embedding. Note that zr is a P¢! -fibration 
over the image of A and a P¢~?-fibration outside this image. 

The claim of the lemma now follows from the last formula for the operator 
kernel 2. 

The proof for general Y is the same, since now 


Rad” o Rad(K) = Rus(w*(Q) @£ v*(K)) , 


where u : P4 x P4 x ¥ > Pox Y,v:PlxPexy > Mx andw: 
P¢ x P4 x Y — P¢ x P4 are defined by u(x, x’, y) = (x, y), v(x, x’, y) = (x, y) 
and w(x, x’, y) = (x, x’). O 


Exercise. Give a direct proof for the formula for Q, which does not use the decom- 
position theorem. 


IV.2 Modified Radon Transforms 


The Brylinski-Radon transform does not preserve the category of perverse sheaves. 
To phrase it in a different way: For n 4 0 the perverse sheaves Rad" (K) attached to 
a perverse sheaf K € Perv(P4 x Y) are nontrivial in general. This is already evident 
in the case of constant perverse sheaves K. 

To analyze this in more detail, we define a modified Radon transform. For this 
we introduce some further notations. Consider the open complement U of the closed 
subscheme H x Y of P4 x P4 x Y 


yu ~~» ply yy ga ey 


eer 


Ply y 


The restriction 
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of the projection p2 to U is an affine map; its fibers are affine spaces of dimension d. 
In particular, Rq is t-left exact for the perverse t-structures by III.6.1. This implies 


Lemma-Definition 2.1 Define the modified Radon transform by 
Rad\(K) = Rqi(pi[d\(K)|U) , Rad}\(K) = "H"(Rady(K)) . 


It preserves upper semi-perversity Rad; : ?D2°(P4 x Y) > Pp2O pd x Y). There 
is a sheaf complex homomorphism 


Rad(K) > Rad\(K) 


with constant mapping cone 


Bild] KH 


defined by Fé = Rp,(K). 
In particular there is a long exact sequence of perverse sheaves on P4 x Y 


--—> Rad’(K) —> Rad) (K) —> pyld]) FEY > Rad’*!(K) Sse ee 


Remark. Similar one defines the modified Radon transform Rad,(K) = 
Rq.x( pild\(K )|U) and Rad?(K). Their properties are obviously dual to those of 
Rad(K). 


Proof. The adjunction map adj : id — i,i* induces a natural distinguished triangle 


(Rp2xP}(K), Raza} (K), Rai(py(K)|U)UD , 


hence the distinguished triangle (Rad(K), Rad\(K), Rprx pild](K)). Now use 
Rp2«pild]K = pyl[d|Rp2.K. O 


We get as an immediate consequence the following 


Lemma 2.2 For upper semiperverse complex K € ?D2°(P4 x Y) we have the 
following: 


(i) Forn <0 the perverse sheaves Rad"(K) fit into a commutative diagram 


~ 


Prld). 7"! = > Rad"(K) 


|» |= 


"A"! (Rprx(p¥ld]K)) => 1H" (R24 (isi p*ld — 1]K)) 


In particular 
Rad"(K) = pi[d). %""! , (n<0) 
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and for perverse K also 
Rad"(K) = pi{d) WH"), (a> 0) 


are constant perverse sheaves. 
(ii) Forn = 0 one has the following exact sequence of perverse sheaves, called 
Lefschetz sequence: 


0 > 4! Rpr« pt (K) > Rad?(K) > Rad) (K) > "H*Rp2«pj(K) > Rad!(K) 


Note, that all the perverse sheaves 
PH’R pr pi(K) = pild| W" , (veZ) 


are constant perverse sheaves. 


Proof. The statements forn < 0 and (ii) forn = 0 follow from IV.2.1. The statement 
(i) for n > 0 follows by duality using III.7.2. oO 


Definition. For perverse sheaves K on P¢ x Y andG = pid] K we define the 
constant sheaves rim” (K) to be the kernels of the restriction morphisms 


Prim" (K) = Kernel (va" (Rp2,.G) — PH” (Rp2.isi*G)) : 
Evidently Prim"(K) = 0 for all n < 0 by Lemma IV.2.2. 


Remark. Lemma IV.2.2 expresses this basic phenomenon that arises in Lefschetz 
theory: Statements on ?H"R p, can be reduced to statements on 7H"Rz2,. by using 
restriction — i.e. the map induced by the adjunction morphism id — i,i*. This is 
possible except for the two exceptional degrees n = d — 1, d. In the formulation 
used above above it is then the functor Rad?, which controls the “critical” cokernel 
for n = d — 1 and the “critical” kernel for n = d. 


Corollary 2.3 For perverse sheaves K and n # 0 the perverse sheaves Rad"(K) 
are constant on P4 x Y. Also all the perverse cohomology sheaves Rad'(K) are 
constant perverse sheaves for n # 0. 


Proof. By duality, it is enough to show the first statement for n < 0. This case is 
covered by IV.2.2(i). The second assertion then follows from the long exact sequence 
stated in IV.2.1. Oo 


Quotient Categories 


The fact, that for perverse K andn # 0 the complex Rad" (K) is a constant perverse 
sheaf, obviously emphasizes the special role played by the functor Rad°®. It implies 
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that, although Rad? is not an exact functor itself, it nevertheless induces an exact 
functor on certain abelian quotient categories. 

To be more precise, consider the abelian quotient categories which are obtained 
by dividing the abelian categories Per v(P? x Y) resp. Perv(P4 x Y) by the Serre sub- 
categories of constant perverse sheaves P [d|Perv(Y) resp. pj[d]Perv(Y). Then 
Lemma IV.1.2 and IV.2.3 and the long perverse cohomology sequences imply, that 
the functor Rad° induces an exact functor 


Perv(P4 x Y)/p3[d]Perv(Y) > Perv(E4 x Y)/pil[d]Perv(Y) , 
K—> KY. 


In fact, both functors Rad® and Rady induce the same functor on the level of these 
quotient categories. 


Remark. The abelian categories of perverse sheaves are noetherian and artinian 
abelian categories. Let A be such an abelian category and let B be a Serre subcategory. 
For the obvious reasons the subcategory B will be called the full subcategory of 
constant objects. The exact quotient functor 


m1:A — A/B 
admits an additive right inverse functor 
A/B > A, 
which attaches to each object in the quotient category a reduced representative in A. 


Let K be an object of A. Then let 
Ki Kg pho 


denote the maximal constant subsheaf resp. quotient sheaf, the left reduced quotient 
K/K; and the right reduced kernel of K — Kg. K is called reduced, if it has no 
nontrivial constant subobject or quotient object. Then for arbitrary K in A 


Kred ‘= r(Ky) = (-K), 


is reduced. The subquotient K;¢q is called the reduced representative of K. In the 
quotient categories defined above, every object K becomes isomorphic to its sub- 
quotient K;eq. Two objects K, L in A become isomorphic in the quotient category 
A/B if and only if their reduced subquotients K;eqg, L-eq are isomorphic in A. For 
more details see also II.3.3. 

The Radon inversion formula IV.1.3 can be restated in the following way: 


Corollary 2.4 The exact functor Rad° induces an equivalence 


Kw KY 
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of the two abelian categories 


Perv(P4 x Y)/pzl[d]Perv(Y) ~ Perv(P4 x Y)/pild]Perv(Y) P 


Convention. Suppose K € Perv(P@ x Y). Then we will consider KY also as an 
object of Perv(P4 x Y) - represented by a reduced representative in Perv(P4 x Y) 
(unique up to isomorphism). In this sense K Y considered as a reduced perverse sheaf 
depends only on the reduced perverse sheaf of K. In this sense K +> KY gives rise 
to a 1-1 correspondence between the reduced perverse sheaves on P4 x ¥ and the 
reduced perverse sheaves on P¢ x Y. 

Extensions 


Now we consider the Lefschetz sequence 
0 —> pi[d].26-! — + Rad°(K) —~ Rad?(K) , 


which was defined in Lemma IV.2.2, in more detail. We give another interpretation 
of this sequence in terms of the functor 


Kw KY. 
It will turn out that (the image of) 
Pyld) FH —! is the maximal constant perverse subsheaf Rad®°(K), of Rad°(K). 


In fact, this follows if we know that Rad®(K ) is left reduced, i.e. has no constant 
nontrivial perverse subsheaf. This will be shown in Corollary IV.2.7 below. Let us 
assume this for the moment. Then the left monomorphism in the Lefschetz sequence 
can be identified with the inclusion monomorphism 


Rad°(K); <> Rad°(K). 
So the Lefschetz sequence gives rise to a monomorphism 
,Rad°(K) <> Rady(K) 
between left reduced perverse sheaves, whose cokernel is the constant perverse sheaf 


Pri m(K ). The reduced Radon transform KY = Rad°(K),eq is a perverse sub- 
sheaf of , Rad°(K), so we can also consider the induced exact sequence 


0 ——> KY ——> Rad? (K) —> WY (K) —~>0, 
where Y (K ) is defined to be the cokernel, which is an interesting constant perverse 


sheaf on P@ x Y attached to K. In fact for d > 2, this extension of the constant 
perverse sheaf Y(K ) by the reduced perverse sheaf K Y turns out to be the universal 
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left reduced constant perverse sheaf extensions of KY (see IV.2.8). By this we mean 
the following: Every short exact sequence of perverse sheaves 


0 —> KY —> E—> % —~>0 


where E is a left reduced perverse sheaf on P¢ x Y and where % is a constant 
perverse sheaf on P¢ x Y, is the pullback 


0 —+> KY ——> Rad?(K) —> H (K) —>0 


| | 


0—> KY > E > & >0 


of the extension defined by Rad? (K ), with respect to a homomorphism of constant 
perverse sheaves © — ZY (K). In particular, we get from III.11.5 


Corollary 2.5 For d > 2 and perverse K we have 


WK) = pitd\("H' Rp, (K”)) =: pildeWY)'~4 


Of course we may then also consider Rad? (K ) as the universal left reduced 
constant extension of the left reduced perverse sheaf , Rad®°(K ). In fact 


0 = KY = Rad (KS 0, 


where @ is the cokernel of the natural map from the maximal constant perverse 
subsheaf to the maximal constant perverse quotient 


€oPrim|(K) = cokernel(Rad°(K)s > Rad°(K),q) ; 


The perverse sheaf #oPrim—!(K) isa perverse subsheaf of the constant perverse 
sheaf W’(K). 

For perverse sheaves K on P4 x Y we can therefore rephrase the Lefschetz 
sequence in terms of the exact sequences 


0 —> oPrim|(K) —> FY (K) —> Prim(K) —~ 0. 
The Proofs 
Essentially all statements made in the following will be a consequence of the next 


Lemma 2.6 (Seesaw-Lemma) For K € 'D2°(P4 x Y) we have 


(i) Rp\x(Rad\(K)) = Rpo,(K)[—d](—d). 
(ii) RD\,(Rad\(K)) € ?D?°(Y). 
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Proof. The implication (i) = (ii) is the fact that Rp2,[—d] maps ’ED29(P4 x Y) to 
’ED=9(Y), See III.7.1. For (i) observe p1 po = p2p1 and py = poz}. Hence 


(RA1sRp2.) pj (K) == (Rix Rpis) PK) 
[aa [soa 
(RP1sRp2»)isi* pj (K) = (RP24Rp1x)ixi* Di (K) 
RpisR72.7f(K) — Rp24.Rm 1.77 (K) 


The left side appears in the distinguished triangle, that is obtained by applying Rp), 
to the first morphism of the distinguished triangle 


de 
R pox pt ——> Rao. —> Rady[1 — d] —> 


— see also the proof of IV.2.1. We will see, that this direct image triangle splits. 

To understand the relevant morphism “adj” look at the right side of the upper 
diagram. In fact, the vertical map is a projection onto a direct summand. To be more 
precise, by Lemma IV.1.3 the right vertical arrow induces an isomorphism — even 
before applying Rp2, — if we restrict to the direct summand 


io ni: Gtad K[-21(-1) ———. Rpsp}K 


_ : 


Bizo w : By Kl-2\(-) ————> Raat 


and it is zero on the image of 77. To show this vanishing property, use truncation 
’t<oq-2 and reduce to K = Q and S = Spec(k). 

Therefore we conclude Rp}, Rad\(K)[—d] = Rpox n4 (K[—2d](—d)) = 
Rp2, K[—2d](—d). This completes the proof. O 


Corollary 2.7 For K € ?D2°(P4 x Y) the perverse sheaf Rad?(K) € Perv(P4 x) 
is left reduced, i.e. does not have a nontrivial constant perverse subsheaf coming from 
Perv(Y). 


Proof. We have a distinguished triangle (Rady(K), Rad\(K),?t=! Rad\(K)). Ap- 
ply Rp}, to it and recall d > 1. Now ’H’Rjj,/D2!(P4 x Y) = 0 for v < —d by 
TIL.7.1, and “W’Rp,,Rad\(K) = 0 for all v < 0 by Lemma IV.2.6. Therefore the 
perverse exact sequence 


’H~4-' Rp?! Rad\(K) >? H~*Rp|,Rad?(K) >” HR} ,(Rad\(K)) 
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gives "H-4R pf, Rad?(K) = 0. So we can use III.11.3 to show that Rad?(K) is left 
reduced. 


Variation of the Theme. For d > 2 one obtains under the same assumptions as in 
IV.2.7 and by the same argument as in the proof of IV.2.7, that 


PH'~4(Rp,,Rad?(K)) =0 


and ford > 3 also?H?~4Rp,,Rad?(K) = ?H'!~4Rp), Rad; (K). Since Rad?(K) 
is left reduced we get from III.11.5 for d > 2 


EXtp gr y¢pd xy) (PULL, Rad} (K)) =0 


for all perverse sheaves L € Perv(Y). 


Corollary 2.8 Let K be a perverse sheaf on P4 x Y. The perverse sheaf Rad)(K ) is 


a constant extension of the reduced Radon transform KY = Rad®°(K red, 1.e. there 
exists a constant perverse sheaf Y (K) such that 


0 —> KY —> Rad? (K) —> W (K) —>0. 


For d > 2 this extension defines the universal left reduced constant extension of the 
reduced perverse sheaf K™, i.e. for all L € py[d|Pervu(Y) we have 


E L, KY) = Hompeypaxy)(L, F (K)) . 


1 
Xl pery(pa xY) ( 


Corollary 2.9 


(i) The functor Rad? is a left exact functor from the abelian category Perv(P4 x Y) 
to the abelian category Perv(b4 x Y). All objects Rad) (K ) are left reduced. 
(ii) Rad} (L) =Oforn #d, ifL € p3[d]Perv(Y). 
(iii) For K € Perv(P4 x Y) we have Rad?(K) = Rad)(K,). For d > 2 also 
Rady (K) = Rad}(-K) = Rad? (Kye). 
(iv) For d > 2 the left exact functor 


W = Rad, 0 Rad?(d — 1) 


is the functor, which assigns to K € Perv(P¢ x Y) the universal left reduced 
constant extension of K ed. 


Proof. Rad? (K ) is always left reduced for a perverse sheaf K by IV.2.7. The state- 
ment (ii) follows from vanishing of the cohomology of affine space A7. (iii) follows 
now from (i) and (it). Finally (iv) follows from the analog of IV.2.8 for Rad, 9 since 
(Radv° ro) Rad°(K)),.4 = K;eq(1 — d) (follows now from the Radon inversion 
formula). O 
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IV.3 The Universal Chern Class 


3.1 Cup Product. Let be the cohomology class of the relative divisor H x Y 
of the morphism pd x Pd x y — P4 x Y. The class 6 defines a homomorphism 
Q > Q[2]d) i in the derived category pb? (P4 x Pe x Y, Q,), as explained in II §11. 
Via tensor product — @/ G this defines new morphisms 


6g: G > G[2](1) 

in the derived category. In the following we are interested in the induced morphisms 
U6: PH"Rpo.G > ?H"**Rp>,G(1) , 

i.e. the cup product with 9. Let us give a more explicit description of this morphism. 

3.2 A Factorization. Let us make the following assumption. Suppose 
G=pildJK , Ke Perv(P’xY). 


Then for the inclusion i : H x Y <> P4 x P4 x Y we havea situation as in Theorem 
II.11.2. All assumptions made for the supplementary statement of this theorem are 
satisfied in the “universal” situation, which is considered above. In particular, there 
exists an isomorphism 


pire) = Ff eiem:, 


Furthermore we know that i*[—1](G) = mf[d — 1](K) € Perv(#). In loc. cit. we 
finally got a factorization of the morphism G — G[2](1) introduced above, namely 


adj ix( adj 
6G: G meek aeee i*G es i,t G[2](1) “1. G[2](1) . 


If we apply the functor ?H”R p2,, we obtain the following commutative diagram («) 
for the cup product morphism 


Ue 


(*) PH" Rp2.G > PH"*R p», GI) 


PH" Rp, (adj) PH" ?R py, (adj) 


PH" Rpoxixi*G —> PH"R pox ixi[2])G PH" +R no .i4i'G(1) 


where the first lower horizontal map ?H” Rp2,ix() is induced by the isomorphism 
Lh. 

(a) The left vertical morphism is the same as the n-th perverse cohomology of the 
morphism ag = Rpo,(adj) — where adj denotes the adjunction map G — i,i*(G) 
— that appeared in the study of the cycle class. See II.11.4. 
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(b) The left vertical morphism also appears in Lemma I'V.2.1 as the n-th perverse 
cohomology of the third morphism of the distinguished triangle (Rad (K), Rad\(K), 
Rpr Pid (K )). In fact the adjunction map id — i,i* induces the third morphism 


Rp2« Pj ld\(K) > Rpoxisi* pj[d](K) = Rr2.7j{[d\(K) = Rad(K)[1]. 


For ?H” of this map we know from I'V.2.2 the following 


3.3 Fact. The left vertical morphism "H”Rp2,(adj) is a monomorphism for all 
n < —1 and anisomorphism forn < —1. 

There are two cohomology degrees of particular interest, namely the degrees 
n = —1 andn = 0! We now discuss these cases in greater detail. 


First Assume n = 0. For n = 0 the right vertical morphism ?H?Rp2,(adj) in 
the diagram (+) above is an isomorphism. This follows from fact IV.3.3 in the case 
n = —2 using duality. Hence 


kernel (v 6: PH°Rpx».G > PPR p2eG(t)) 


= kernel("H°Rpae(ad) : PH°Rp.G > PH RprsiaiG ) 


Corollary 3.4 For n = 0 in the situation IV.3.2 and perverse sheaves K on P4 x Y 
and G = p{[d]K we have 


kernel(u 0: ”H°Rp,.G > PH? Rpa.Gi()) = Prim (K). 


Now Assume n = —1. The description IV.3.2 (b) of the left vertical morphism in 
IV.3.2 gives the interpretation as the inclusion of the maximal constant perverse 
subsheaf; this follows from Corollary IV.2.7 and IV.2.2. By duality the right vertical 
morphism can then be viewed as the map to the maximal constant perverse factor 
sheaf. 

Since the lower horizontal isomorphism in the diagram IV.3.2 necessarily maps 
the maximal constant subsheaf isomorphically into itself — and similar factor maximal 
constant perverse factor sheaf — we get 


Corollary 3.5 Forn = —1 there exist isomorphisms, such that the following diagram 
—for G = p{[d]K — commutes 
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PH-'Rpo.G ?H'Rpo«G(1) 
al 3] 
0 0 

Rad’ (K)s Rad (K)q 


The lower vertical arrows are — on the left — the inclusion of the maximal constant 
perverse subsheaf Rad°(K), into Rad°(K) — respectively on the right — the quo- 
tient map onto a maximal constant quotient sheaf Rad®°(K )q of the perverse sheaf 
Rad(K) 

Rad®(K)s <> Rad°(K) — Rad°(K)q . 


In particular we get 


cokernel( 7H 'RpaeG ak ril'Rp2.G()) = CoPrim|(K). 


IV.4 Hard Lefschetz Theorem 


In the following we use the conventions of Chap. I, §1. This means, that an index 9 
indicates schemes, morphism etc. defined over a finite field «. If we drop the index, 
we get the corresponding scheme, morphism etc. obtained by base change to k, where 
k is the algebraic closure of x. 
Let 
fo: Xo — Yo 


be a projective morphism over the base field « and let no = no(Xo/ Yo) be the 
Chern class of the corresponding relative ample line bundle in H?(Xo, Q,d)) = 
Hom p(x») (Q, Q)[2](1)). Thus 0 induces a morphism 


no: Q > Q[21() 


in the derived category. Let Ko be a complex in D(X9) = D? (Xo, Q;). The tensor 
product — @/ Kg gives morphisms 


no: Ko — Kol2]), 


and 
R fox(Ko) —> Rfox(Ko)[2]) 


in the derived categories. By an n-fold iteration one obtains a morphism 
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R fox(1g) : Rfox(Ko) —> R fox(Ko)[2n](n). 


Theorem 4.1 (Hard Lefschetz Theorem) Let fo : Xo — Yo be a projective mor- 
phism defined over the finite field x. Let Kg be a t-pure perverse sheaf on X¢. Then 
for every positive integer r the homomorphisms induced by no between the perverse 
cohomology groups 


?H~"R fox(Ko) ————> "HR fox Ko) () 
are isomorphisms. 


Corollary 4.2 The morphisms Ly : "H"Rfox(Ko) —> "H"*?R fox(Ko)(1), 
which are induced by no are epimorphisms for n > —1 and monomorphisms for 
n < —1. Furthermore 


PHOR fox(Ko) = Image(L_2) © Ker(Lo) - 


Proof. The first two statements of the corollary are obvious consequences of 
the Theorem IV.4.1. Also Lo has to be a monomorphism on Jmage(L_2), hence 
Image(L_2) N Ker(Lo) = 0. Furthermore PHOR fox (Ko) is a pure perverse sheaf, 
hence a direct sum of simple perverse constituents. Each such constituent M is either 
in Ker(Lo) or—consider the simple perverse sheaf Lg(M) in the image of Lp o L_2 
~—in Image(L_2) ® Ker(Lg). Oo 


An important particular case of the last theorem is the following: Let Yo = 
Spec(k) and let fo : Xq — Yo be a smooth morphism. Furthermore let Xq be pure 
of dimension d. Then Kg = Q,[d] is a pure perverse sheaf. We get from the last 
theorem the isomorphisms 


Un": H2"(X,Q) — H"(X, Q)), r=0 
induced by the cup product with the class 7”. Here 7 is the pull back of the class no. 


By well known reduction methods one concludes 


Corollary 4.3 Let f : X — S be asmooth projective morphism of arbitrary schemes, 
not necessarily finitely generated schemes over a field. Let | be invertible on S and 
assume the fibers of f to be equidimensional of dimension d. Then the cohomology 
class n of the corresponding relatively ample line bundle induces isomorphisms 


nf ROT f.Q = RO f£,Q(r) 
forallr > 0. 


Proof of Theorem IV.4.1 


1. Reduction to the Universal Situation. The assertion is local on Yo and also no 
can be replaced by a positive multiple. Shrinking Yo allows to embed Xo and Yo into 
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smooth varieties over the base field. Therefore we can assume without restriction of 
generality, that Xo and Yo are smooth over « and that fo decomposes into 


xo Oo P4 x Yo — += Vo, 


where pe denotes the projective space of dimension d over x. We can then furthermore 
assume 

Xo= PA x Yo, 
and that fo = (f2)o is the projection 


fo: P§ x Yo eg, 0, 
thereby replacing Kg by its direct image complex in pb? (P4 x Yo, Q,), which remains 
to be a pure perverse sheaf on PA x Yo. So we are in a preferable universal situation. 


2. A Further Pullback. We now want to replace the class 79 by a universal Chern 
class. In order to achieve this, we further replace: fo = (/2)o by its pullback (p2)o; 
Ko by the pure perverse sheaf Go = (p1)9(Ko)I[d] and Xo by PA x Pd x Yo. See 
the diagram below for the notations. 

The pull back of the cohomology class no to PA x ya x Yo is the cohomology 
class of the relative ample line bundle of the map (p2)g. Let 09 be the Chern class 
of the divisor Ho x Yo. Although this class is not the pullback of the class no with 
respect to ( Pidold ], it is enough to prove that 


(#*) 05 : "H"Rp2x(Go) — "A'Rp2 (Gor), r 20 


is an isomorphism. The original claim follows from this by a specialization so [d] with 
respect to a section sg : Spec(k) > Pa. Note, that the sheaf complexes specialize to 
the original complexes and the morphism also specializes to the original one. Since 
an isomorphism remains an isomorphism after this specialization, the original claim 
obviously follows. 

For the proof we may finally pass to the algebraic closure k of k 


G=pildlkK , HxY 


TT) | m2 


3. An Induction Argument. (Assume r > 2) 
If r > 2 we use the hard Lefschetz theorem for the smooth projective map 
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(12) : Ho x Yo —> P4 x Yo, 
and the pure perverse sheaf 
Go = ig (Go)[—-1] = (11)9(Ko)ld — 1) 


Recall that 21 is equidimensional smooth of relative dimension d — 1. By induction 
with respect to the relative dimension, we can assume that this case has already been 
established. To be more precise: 

Let 4 be the class introduced in step 2). The description of cycle classes proved 
in Chap. II shows, that the map 6” can be decomposed into the three maps 


HH" Rpg G ———"———> 1" Rp, G(r) 


a= oj 
pr-1 


r— 


‘S 6 ea 
PH-°—-D Ray, G ——— "’ Rap, G(r — 1) 


The first vertical map is an isomorphism by IV.2.2(). Similar for the last map 
(Poincare dual of IV.2.2(i)). The lower horizontal morphism is an isomorphism by 
induction, since 69 is the class of a relative ample line bundle for the projective 
morphism Hp x Yo > Pd x Yo and Go isa pure perverse sheaf. 


4. The Essential Case. (r = 1) 
It is enough to show that the map 6 (pull back of p to the algebraic closure k of x) 


6: "H~'Rp»(G) —> "H'Rpo.(G)(1) 


is an isomorphism. We now use properties of the Radon transform. This gives another 
interpretation for this map: 

We have seen in IV.3.5, that it can be identified with the natural map from the 
maximal constant perverse subsheaf of Rad°(K) to the maximal constant perverse 
quotient sheaf. By duality — replace K by DK — it is enough to show, that this 
natural morphism is an epimorphism, i.e. that /oPrim—!(K) = 0. We will give 
two different proofs for this fact: 


First Argument. Since by assumption Ko is a pure perverse sheaf, the same is true 
for Rad°(Ko). Hence Rad°(K) is semisimple by Gabber’s Theorem III.10.6. This 
implies, that the map under consideration is an isomorphism. 


Second Argument (For Simplicity d > 2). Suppose K is pure of weight say w. Then 
Rad°(K ), hence also its perverse quotient sheaf @oSri m7! (K), is pure of weight 
w +d — 1, if it is nontrivial. On the other hand, the sheaf CoPrim|'(K yisa 
subsheaf of W'(K) = Pyld)("H'~4Rp},(K)) , which is a pure perverse sheaf 
of weight w + d. Hence #0P/rim—!(K) = 0. This proves the claim. Furthermore 
D (K) = Prim®(K). 


Hence the assertion is proved in case r = 1. This completes the proof of Theorem 
IV.4.1. O 
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Let D be a triangulated category with t-structure and the corresponding cohomology 
functors H'. Suppose that every object of D is bounded, i.e. contained in D= and 
D=" for some integers a, b. Let F : D > A be a cohomology functor on D, i.e. 
an additive functor into an abelian category A, such that for F'(K) = F(K[i]) 
distinguished triangles in D give rise to a long exact cohomology sequence for the 
functors F’. Then 


Theorem 5.1 There exists a spectral sequence 
ES? := FP H4(X) => FP+4(X) 
for every object X of D. 
Proof. The differentials d, : EP? + EP tramr+l toy > > 2 arise from the more 


general construction of a “spectral object”. See Deligne, Decompositions dans la 
categorie derivee [76]. Oo 


If H7(X) = 0 for gq # 0, 1, the spectral sequence defined in IV.5.1 is nothing 
but the long exact sequence of the functors F' attached to the distinguished triangle 
(H°(X), X, H'(X)[-1). 

Theorem IV.5.1 allows to obtain Leray spectral sequences in the context of per- 
verse sheaves. In particular for X = Rad(K) and F = Radv°® we obtain 


Corollary 5.2 There exists a spectral sequence 


RadY? o Rad4(K) = > (RadY o Rad)?*4(K) . 


If we take into account the Radon inversion formula IV.1.4 we get 


Corollary 5.3 There exist spectral sequences 
ES" := Rad? 0 Rad4(K) 
—> "H?*4(K)(1—d) © pild] ‘ep FE PATH atoad) j 
n=d (2) 
|n|<d—2 
Here we used the abbreviation .70" = PH” (Rp2,K). 


Suppose that K is a perverse sheaf on P4 x Y. Recall that Rad?(K) is a constant 
perverse sheaf for all g 4 0 


Rad?(K) =: p*[d|.#1 , q #0. 


Therefore the left side of the spectral sequence considerably simplifies by IV.1.2. 
We leave it as an exercise for the reader to work out the details. Let us assume, that 
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the base field is a finite field and that K is a pure perverse sheaf. Then the spectral 
sequence degenerates at the level ES 7 by weight reasons. Therefore we get 


5.4 Formula. Let Ko be a pure perverse sheaf on P4 x Yo. Then there following 
statements holds 


(i) The perverse sheaves 


pstai( B 8 =$'2)) ® (RadY°oRad°)(K) 
q#0 
q=d-—1(2) 


and 
pata 6 96 2=$30)) ® K(1—d) 


Inj<d—2 
n=d(2) 


are isomorphic. 
(ii) For all m # 0 the perverse sheaves 


staal Dp re att) ® RadY" (Rad°(K)) 


q#0 & |m—q|<d—-1 
(2) 


m—q=d—-1 
and 
Bld) GD wert (298) 
|n|<d—2 
n=d(2) 


are isomorphic. 


Recall the isomorphisms .42" = .7"~! forn < 0 and .#" = .7"+'(1) for 
n > 0. Using these formulas we can compare both sides of the formulas 5.4. By the 
semisimplicity of the category of pure perverse sheaves of fixed weight we can cancel 
terms, which coincide. Furthermore the pullback p3[d |. 4 is the maximal constant 
perverse subsheaf of the perverse sheaf K. It therefore vanishes, if K is reduced. 
Furthermore pj[d].77 —! is the maximal constant perverse subsheaf of Rad®(R). 
See IV.3.5. Now 5.4(i) gives the next theorem by a straight forward calculation using 
these facts together with the parity law IV.1.2. 


Notation. Let KY denote the reduced Radon transform Rad°(K),.4 of K. Define 
the groups 
(F°)" = "A" RP (KY). 


RadY" (K”) = p3ld|(.2Y)” 
for arbitrary n and for m 4 0. Again (#Y)”" = (2H/Y)"—! for m < O ete. 


Theorem 5.5 Suppose d > 2. Let Ky be a reduced pure perverse sheaf on pe x Yo. 
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(a) We get 
FE (254) d =0(2) 


(FY) = aoe 
FE (354) d £02) 
(b) Furthermore for 0 <m <d-—2,hence2-—d<m+1-—d <0, we have 


FE (2=F-™) d =m(2) 
Fe\(=") d ~m(2) 


(c) Finally for2 —d <m <0, hence0 <m+d-—1<d-—2, we have 


Fo 2=4-") d = m(2) 


RN m aintd-l x | 
vere T(E") d #mQ) 


These formulas express the perverse cohomology sheaves (HY )” of KY in terms 
of the perverse cohomology sheaves of K for alln 4 0. 

In the remaining part of this section let us recollect some of the information 
gathered in the proof of the Hard Lefschetz theorem, and formulate this in terms of 
the Radon transform. 

We would like to emphasize that — for pure perverse sheaves Kp as above — 
this gives a rather satisfactory way to express the perverse cohomology sheaves 
PH" (Rp2K) in terms of the “simpler” perverse cohomology sheaves Rad"*!(K). 
Of course it is enough to consider the cases n < d using duality; and as already 
remarked in Lemma IV.2.2 it is also enough to restrict to the two cases n = d — 1 
and n = d, which are linked by the Lefschetz sequence. In fact, for pure perverse 
sheaves Kg the Lefschetz sequence may be completely expressed in terms of the 
perverse sheaves Rad®(K) and Rad'(K) as follows 


Corollary 5.6 Suppose d > 2 and let Ko be a pure perverse sheaf on a x Yo of 
weight w. Then the Lefschetz sequence is obtained by composing the following short 
exact sequences: 


(1) The inclusion of the maximal constant perverse subsheaf of Rad°(K) into 
Rad®(K) 


0 — pe[dl\(?H4 "| Rp, K) > Rad°(K) > KY > 0. 


Since Rad®(Ko) is a pure perverse sheaf of weight w +d —1, this sequence splits 
by Gabber’s theorem. The quotient is the reduced perverse sheaf Rad OK rer = 
KY. 
(2) The second short exact sequence is the universal left reduced constant perverse 
extension 
0 > KY - Rad?(K) > F(K) > 0, 


where now Kj is pure of weight w +d —1 and Y (Ko) is pure of weight w +d. 
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(3) The last short exact sequence is 
0+ W(K) > pild\(PH4Rpo,K) > Rad'(K) > 0. 


It splits, since all these perverse sheaves arise from pure perverse sheaves of 
weight w + d. Furthermore the sheaf Rad} (Ko) is pure of weightw+d+1. 


Proof. The assertions (1) respectively (2) were already obtained in step 4) of the proof 
of the Hard Lefschetz theorem, in the first respectively second argument given. For 
the sequence (3) surjectivity on the right follows from Corollary IV.4.2 and IV.3.4. 
Injectivity on the left follows from @0Prim-!(K) = 0, which was also obtained 
in step 4) of the proof of the Hard Lefschetz theorem. O 


For pure perverse sheaves Kg the corollary therefore implies, that Rad°(K) 
uniquely determines the maximal constant subsheaf p7[d](?H 4-IR fo, K), 
uniquely determines KY and therefore uniquely determines WY (K). Hence 
Pr{d\(?H4Rp2,.K) = WY (K) ® Rad'(K) is uniquely determined by Rad°(K) 
and Rad! (K). Therefore all the perverse sheaves 


Fe’ =H" (Rp,.K) , veZ 


are uniquely determined by the perverse sheaves Rad" (K) forn € Z. 


V. Trigonometric Sums 


V.1 Introduction 
This chapter has its own bibliography. 


One of the most beautiful applications of Grothendieck’s trace formula and Deligne’s 
theory of weights (La conjecture de Weil II [Del]) are certain non trivial estimates 
for trigonometric sums. These trigonometric sums are exponential sums, which for 
instance generalize the well known KLOOSTERMAN sums. It is the DELIGNE Fourier 
transform, which provides the link between the trigonometric sums and the etale 
cohomology theory. Hence, one of the essential tools is the ARTIN-SCHREIER sheaf. 

Let / be a fixed prime. For every prime p # / let us choose a non-trivial character 


Vp: Fy =Z/pL —-Q . 


The Fourier transform defined by the character yy, on the affine line A, over the 
finite field F,, is denoted 


Ty, , D2 (Ag, Q) — D?(Ar,,Q) : 


Katz and Laumon have shown, that these Fourier transforms for the various primes 
have the remarkable property of being uniform: Let 


K € D(Az, Q) 


be a sheaf complex on the affine space Az over Z and let Kp € pb? (Ar, Q) be 
the pull back of K to the affine spaces Ap, over F,. Then, for almost all primes p, 
each of the Fourier transforms Ty, (Kp) has similar properties, from a topological 
point of view. As a collection they behave, as if there actually exists a global Fourier 
transform 

T(K) € De(Az, Q) 


— a Fourier transform over Z — with the property 
T(K) x Spec(F,) = Ty, (Kp) 


for almost all primes p ([Ka-L], theorem 4.1, corollary 4.2). 
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This property of the Deligne-Fourier transform of being uniform is truly remark- 
able. KATZ and LAUMON deduced from this fact uniform estimates for trigonometric 
sums, which therefore hold for almost all primes p. In this book, our intention is 
merely to present some of the most striking results in this area mainly due to DELIGNE, 
Katz, and LAUMON. Our emphasis will be to outline the underlying ideas of methods 
and proofs. We do not intend to give the strongest results obtainable. In particular we 
concentrate on some of the simple cases, in order to give an idea of the arguments 
involved. 

In the following, we choose a prime / and an isomorphism 


~ 


1:Q,>C 
fixed from now on. We consider characters 
n* 
y:Fy>Q, 


of the additive groups of the underlying finite fields. If necessary, we will view them 
via T as complex valued characters 


F, > C*. 


We therefore often write |y(x)| instead of |t w(x)|. For a point x of a scheme, x will 
denote a geometric point above x. Let R be a ring and S be a scheme. We then let 
Ap resp. As denote the affine line over Spec(R) respectively S. 


V.2 Generalized Kloosterman Sums 


Let g be a power of a prime p. Let y be a nontrivial character of the additive group 
of the finite field F, with q elements. Leta € F5 be an element of the multiplicative 
group F7. 

Fix a natural number m > 1. Then Generalized Kloosterman Sums are defined 
as the trigonometric sums 


Kloosm(q,¥.a)= > WOrt...+4m)€C. 


X] stm CFG 
X1...Xm=a 
Example. 
2ni 
aera © Sore ae 
y Pe a i Ge. 
Xv 4m €F p 
X]...Xm=a 


For this sum a trivial estimate is 
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[Kloosm(q, ¥,a)| < (q— 1)". 
If we vary a, the Kloosterman sums Kloos,,(q, W, a) define a function on the multi- 
plicative group F*, briefly called Kloos,, (a), in the following. We may then calculate 


the Mellin transform Koos, (x) of the Kloosterman sum, i.e. the Fourier transform 
with respect to the multiplicative group Fy of the field F,. Then Kloosyn (x) is a 
function on the set of all characters x of le To determine it we may use the classical 
Gauss sums 


a(x) = >) wO)x(). 


xeFF 
Then the following formulas are easily verified 
8X)" = D> xX) - Kloosm (a) = Kl008m(x) 
ack; 


and 1 
Kloos (a) = eas Yo x(@g(y”. 
x 


On the other hand the PLANCHEREL formula applied for the character x gives 


Re — fil x=1 
IsQo =) #0 =|) elses: 


This in turn implies 
x=l 


——- 2 1 
[Kioosn(x)| = he else . 


To obtain an estimate for Kloos,,, we can again apply the PLANCHEREL formula 


1 = 1 
¥> [Klo08m(a)|? = a Yo [Kloosn (x)? = poi + @- 24") = 
x 


aC 
aeFs 


m-1 
v=0 
Hence 


[Kloosm(q, val <q? - 


For m > 2 this estimate is better than the trivial estimate. A much better bound — in 
fact the best possible one — was found by DELIGNE using cohomological methods. 
We will give a proof for this estimate later at the end of this chapter, and now merely 
state the result 


Theorem 2.1 (Deligne ({De]) 
m=1 m=1 
[Kloosm(q, W,a)| <m-q 2? =m-#(Fg) 2 
always holds. 
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For any natural number a # 0 and fixed m 
Kloos,,(p, w, a mod p) 


can be viewed as a function depending on the primes p (not dividing a) and the 
corresponding character y of F,,. The estimate of Deligne stated above is uniform 
in p, i.e. it is of the form 


|[Kloosm(q, ,a mod p)| < A-q™ (q=p), 


such that the constants A and w do not depend on the chosen prime p and the chosen 
character y. 

In [Kal], Katz examined a more general class of trigonometric sums, for which 
he was also able to give similar uniform estimate. To explain this result, let 


h:X — Az 


be a finitely generated scheme over the affine line Az above Z. For every prime p, 
every power q of it, and every non-trivial character y of F, one defines the following 
generalized Trigonometric Sum 


YS ¥A@)). 


x€X (Fy) 
Let N be the supremum of the dimensions of the fibers of the complexified morphism 


h@C:X@eC— Ac. 


Theorem 2.2 (Katz) ({Kal], Theorem 2.3.1) Under the hypotheses above, there 
exists a constant A not depending on q and w, such that for almost all primes p, any 
power q = p’ (r € Z, r = 1) of it, and for all nontrivial characters w of Fq the 
following estimate holds 


(| YY wae] sa. g*2. 


xeX (Fy) 


If moreover the generic fiber Xz of the morphism h is irreducible, or if dim X A<N 
holds, then the following stronger estimate holds 


(ii) d) vA@))| < Ag”. 


xeX (Fy) 


Proof. We give a proof of this theorem in Section nine. Oo 


Corollary 2.3 There exists a constant A' such that for any prime p 
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Y> whey) < A! p43 


xeX(F,) 


respectively under the stronger assumption 


S> ¥a(e))| < A’: p% 


xeEX (Fp) 


holds. 


Remark. Let AZ be the m-dimensional affine space over Z, a € 0 an integer, and 
X C Aj the closed subscheme of Av, defined by the equation x] -... + Xm = a. For 
the choice of 

h: X — Az 


xX = (X1,...,Xm) b> xX 4+... 44m 


the corresponding trigonometric sums give back the generalized Kloosterman sums 
Kloos,,(p, YW, a mod p). 


Suppose m > 2. Then in this case the fiber dimensions of h are < m — 2. Form > 3, 
the generic fiber Xq is irreducible. Corollary V.2.3 therefore implies the following 
estimate 


|Kloos2(p, wv, a mod p)| < A’- p?, 
|Kloosm(p, W, a mod p)| < A’. p™?. 


in the case m = 2 respectively m > 3, which is valid for all primes p. However, 
this estimate coincides only in the two cases m = 2,3 with the strong estimate of 
DELIGNE, at least up to a proper choice of the constant A’! 


In the next sections we want to present the proof of Theorem V.2.2, essentially 
following Katz. This requires some preparations. 


V.3 Links with /-adic Cohomology 


In the following fix a prime p 4 / anda power q of p. We also fix a finitely generated 
morphism 
h:X —> Ar, =Ao. 


For a nontrivial character y : Fy —> Q; —> C* we use the trace Trin /Fy = Tin: 
Fyn — F, of the corresponding field extension of degree n to define 
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Wn = wv 0 THR /Fy : Fgn as Q, ‘ 


which is a non-trivial character of Fg. Let YZ (w') be the Artin-Schreier sheaf 
on Ao attached to the character y~!, as explained in Chap. I, §5. Let y be a point 
of Ag(F,) = Fz. The geometric Frobenius element F5 acts on the stalk 4% (Wo! )s5 
by multiplication with the character value y(y). More generally, for y € Ag(Fy"), 
the Frobenius element FF acts on the stalk 4 (y-!) y= Q by multiplication with 
VTE /F(y)). See Chap. I, §5. Let x be a point in X(Fg”). Then the action of 


Frobenius Fy : h*(4H (W7!))z > WS (w7!))z on the stalk of the pullback of 
4 (w-') on X at the point ¥ is given by 


Fria be WTR n pF, (A(x) +a. 
For every integer n > 1, we now define the trigonometric sum 


fi(Xhwy= D> ren /p, (h(x) - 


xeX (Fyn) 


Let F be the endomorphism of RT.(X @F, , h*(4(w7')) induced by the Frobenius 
morphism of X over F,. Then we obtain from Grothendieck’s trace formula 


fn(X, hyp) = TF") = OH 1) THF" A(X OF, A*(Z(W")). 


Let the elements a,,, denote the eigenvalues of F on H?(X ® Fy h*(A(we!)). 
Then 


fn(Xh,w) =D (-1)"ah, . 
Vu 


For an upper bound wy, of the weights of H?(X @ F,, h*(4(w—!)), we obtain 


loval < git, This implies the following estimate for the trigonometric sums fy, 
Theorem 3.1 | fn(X,h, Wl < qi" - dim A(X @F,,n*(L(w-!)) 
v 


Remark 3.2 Let K = Rh:(Q,). Then 


RI-.(X @ Fy, h*(4A(w')) = RU(Ap @Fy, K@ ZW!) . 


V.4 Deligne’s Estimate 


Let Ao be the m-dimensional affine space over Fy. For a € Fj and 


X = {x =(41,....%m) € AG X16... + Xm =a} 
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and the morphism h : X —» Ag defined by 
hix = (X1,...5Xm) > xp +... + Xm 


we get Kloosm(q”, Wo Tr,» /Fy>@) = fn(X,h, W). 
Deligne proves in [De] theorem 7.4 


Theorem 4.1 Suppose | does not divide q. Then for all nontrivial characters p : 
F, > Q; the following holds: 


HY(X @Fy,h*(4()!)) =0 for vém—-1 
and 


dimg, H""'(X @Fy,h*(Z(p)-') =m. 


The sheaf h* (4% (w-!)) is pointwise of weight zero for all its stalks. Therefore 
the generalized Weil conjectures imply, that m — | is an upper bound for the weights 
of H"—!(X @ Fy, h*(4(w7!))). This implies Deligne’s estimate 


[Kloosm(q”, vo Trp n/a, @)| Sm gumbo ; 
Remark. Deligne even proved, that 
HX @F,,h*(4(w!)) 


is pure of weight m — 1. This implies, that Deligne’s estimate is best possible. 


V.5 The Swan Conductor 


This section is a report on [Sel], chap. IV, V, [Se2], §10, or [Lau2]. 

Let o be a strict Henselian discrete valuation ring with algebraically closed residue 
class field of characteristic p > 0 and let K be the quotient field of 0. Let / be the 
Galois group of the separable closure K of K. Then the group / is a pure ramification 
group. It has the wild ramification group P as normal subgroup. P is closed in J; P 
is the profinite p-Sylow group of 7. The quotient group /' = ['”" = I/P is called 
the group of tame ramification. There is a natural isomorphism 


piame _ I] Zi(1) 


(,p)=1 
Z/(1) = limp , 
n 


where jujn C o* is the group of /”-th roots of unity. 
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Let! 4 p bea fixed prime and F be a finite field of characteristic 1 4 p. Consider 
continuous representations of / on finite dimensional vector spaces M over F. Then 
M is an I-module. The term “continuous” means, that an open normal subgroup 
H of I acts trivially on M. H is an open and closed subgroup of finite index in /. 
The action of / on M factorizes over the finite quotient group G = 1/H. Misa 
G-module. 


Definition 5.1 We say that I acts tamely on M if P acts trivially on M. Then M 
is called a tame or tamely ramified I-module. M then is a module over the tame 
ramification group I'. 


Let H be an arbitrary closed normal subgroup of J which is of finite index in J 
such that H/ P acts trivially on M. Then the factor group PH/H = P/PH acts 


on M. Let L = K” be the finite Galois extension of K corresponding to the Galois 
group G = //H. Let o’ be the valuation ring of L, x € o’ a primitive element of 
the maximal ideal of 0’. Let v(-) be the additive valuation of L normalized such that 
v(z) = 1. Now consider the higher ramification groups of L|K: 


G; = {o €G: v(o(m7) —2) >i+]} 
={o €G: v(o(x) —x) >it 1 Vx eo}, 
Go =G 2G; 2G22---DBG, = {I}. 


G, is the wild ramification group of L|K. In other words 
G, = PH/H=P/HOP. 


G, acts on M. M is tamely ramified if and only if the finite group G acts trivially 
on M. 
Let P; be the preimage of G; in P. P; is anormal subgroup of 7. The decreasing 
sequence of groups 
P=P,> Py) > P3D.... 


depends on the choice of H. P being a pro-p-group, the action of P and its subgroups 
on M is semisimple, because the characteristic of the field F is different from p by 
assumption. 


Theorem 5.2 (see [Sel], IV §2 and VI §2, [Se2], §19) 
(1) The rational number 


1 ‘ . 
Tee eo dimp(M/M*") 


i=l 
=e nae dimp(M/M“@) 
(Go: Gil 


is independent of the choice of H. 
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(2) The number 


1 p 
a reg ers as dimg(M/M?) 


i>1 


is an integer. 


Remark on (1). For the proof of independence one needs another numbering of the 
higher ramification groups, the so called upper numbering. This upper numbering 
defines a filtration of Go by the family of ramification groups G* where x > 0 is in 
R. See [Sel], chap. IV, §3. This allows to rewrite the formula 


= oo dimp(M/M“) 
[Go : Gi] 


i=1 


into a formula involving the upper indices x and the groups G*. See also [Ka2], 
Chap. IV 1. For a normal subgroup I’ C G the image of G* in G/T is (G/T)* by 
the theorem of Herbrand. See [Se1], chap. IV, §3, proposition 14 respectively lemma 
5. The claimed independence is a consequence of this fact. 


Concerning (2). If H is chosen small enough we can suppose M to be a G-module. 
If G is abelian, the integrality property follows from the Hasse-Arf Theorem. See 
[Sel], chap. IV, §1, p.84. For representations of G on a finite dimensional vector 
space V over a field of characteristic 0, the integrality property for V is deduced 
from the abelian case via Brauer’s Theorem ([Se2], theorem 24). For details see 
[Sel], chap. VI, §2. Let og be a complete discrete valuation ring with quotient field 
E of characteristic 0 and residue field F. Then there exists a virtual o7-module Vo 
which is free as a virtual 0 -module, such that F ®,, Vo and M have the same image 
in the Grothendieck group of finite F[G]-modules. This is also a consequence of 
Brauer’s Theorem. See [Se2], theorem 33 resp. theorem 42. Put V = E @o, Vo. 
Since the characteristic / of E does not divide the order of the wild ramification 
group G1, the functor of I’-invariants is exact in the category of F[G]-modules for 
any subgroup I’ of G;. Hence the following holds true 


dimp(M/M“) = rank(Vo/Vo') =dimg(V/V%) , iz1. 


Hence the desired integrality property for M follows from the corresponding state- 
ment for V in the characteristic 0 case. 

For a related topic — the construction of the ARTIN and the SWAN representations 
— see [Se2] 19.1 and 19.2. 


Definition 5.3. The integer 


Swan(M) := )~ dim(M/M°') 


1 
& (Go: Gil 
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=> eee dim(M/M":) 
aa [1 : H- Pi] 


is called the Swan conductor of M. 


Remark. & is tamely ramified if and only if Swan() is zero. Due to the semisimple 
action of P and its subgroups, the invariant Swan(M) is additive for short exact 
sequences of / modules. 


Now consider a continuous representation of J on a finite dimensional vector 
space V over Q, for! 4 p. Continuous means, that there exists a continuous rep- 
resentation of J on a finite dimensional vector space Vo over a finite extension field 
E c Q of Q such that 7 

V=Q @z Wo 


(as representation modules). An open and closed normal subgroup of finite index in 
P acts trivially on V, because P is a pro-p-group and because / 4 p. Using the fact 
that J is compact, one knows that there exists a finite free o ~-module 


Fo € Vo 


with 


and I Fo C Fo. Here og is the valuation ring of E. 

Since P is apro-p-group and the action of P on Fo factorizes over a finite quotient 
group, P and all its subgroups act semisimply on Fo. We choose an open normal 
subgroup H of J with finite index, such that JM P acts trivially on V. Consider the 
higher ramification subgroups of G = 1/H 


G=G) 2G) =P/PNH2G22D... 2G, = {1} 


and the preimages in P 
P=P,2>P)2>P32D.... 


Let F be the residue field of og. Then put 
M=Fo@o,F. 
Then FS ‘ is a direct summand of Fo and we have 
Fj' @o,F=M" , (Fo/Fy') @o, F=M/M", 
Fy! @o, Q=V" , (Fo/Fy') @oe Q = V/V". 


I acts continuously on the finite vector space M over the finite field F. Therefore 


I 
Dr hy Sa V/V") = Swan() 


i>1 
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Theorem 5.4 (see [Sel], chap. VI, §2 and [Se2], §19) 


(1) Dei TE] dima, (V/V?) is independent of the choice of H. 
(2) The rational number 


— + dime (V/V 
Des aes img, ( ae. 


i=1 


is an integer. 


Definition 5.5 Swan(M) := js) qarpy dimg, (V/V) is called the Swan 
conductor of V. 


Remark. The Swan conductor Swan(V) vanishes if and only if P acts trivially on 
V, ie. if and only if V is tamely ramified. Swan(V) is additive with respect to short 
exact sequences of /-modules. 


Let k be a perfect field of characteristic p > 0. Let X be a projective smooth 
irreducible curve over k. Let U € X be an open nonempty subscheme of X, and let 
G be aconstructible sheaf of Q,-vector spaces on U. Here again! # p. 

Then there is an open and non-empty subscheme V C U so that -|V is asmooth 
sheaf. Let 7 be a generic point of X,n € V CU C X. Lets be aclosed point of X, 
o the strict Henselization of the local ring Ox,s of X in s ina geometric point s of X 
above s and /; the Galois group of the separable closure of the quotient field K of 0. 
Then /; depends up to isomorphism only on s and is called the ramification group 
of X in S resp. in s. We simply write I; = Is. 

The wild ramification group Ps C J; is referred to as the wild ramification group 
of X in 5 respectively in s. The group J; acts continuously on the generic stalk 
‘G = M. This action is uniquely defined up to conjugation by a linear isomorphism 


o:M>M. 


o is an element of the Galois group of the separable closure of the function field 
of Oxq over Ox, which operates continuously on M. & is called tamely ramified 
in s iff the wild ramification group P, operates trivially on -%, i.e. iff M is tamely 
ramified. 


Definition 5.6 The Swan conductor of Y ins respectively in s is defined as the 
Swan conductor of the I;-module :G, = M. Hence 


Swans(‘ ) = Swan, (-F) = Swan(M). 


Remark 5.7 The Swan conductor of ‘% has the following properties: 


(1) & is tamely ramified in s iff Swan, (‘7 ) = 0. 
(2) If s € V holds then Swan, (‘4 ) = 0. 
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(3) If k’ is an algebraic field extension of k, -7’ the preimage of ‘F on X @k’ = X’ 
and 5’ a geometric point of X’ over Ss, then 


Swans(F) = Swany (GF) . 
(4) Let.F bea sheaf on U that is tamely ramified in s. Then 


Swan;(F @ Y) = Swan;s(G) - dim.F . 


V.6 The Ogg-Shafarevich-Grothendieck Theorem 


Let k be a separably closed field, X a projective smooth curve overk,and@ AU CX 
an open subscheme, and & a sheaf on U. 


Definition 6.1 The Euler-Poincaré characteristic is defined as 


(1) xe(U, ¥) =O, (-1)" dim H?(U, FY) = ?_9(—1)" dim H°(U, F) , 
2) xU, ¥) =D, (-1)" dim H’(U, ¥) = Y?_p(—D" dim HU, F). 


The following lemma can be proved (see [Kal], 4.6): 
Lemma 6.2 x,(U, 4) = x(U, G). 
It is easy to see that the following lemma also holds: 


Lemma 6.3 Let V C U be an open and dense subscheme of U. Then 


XU, G)=KV,G)+ YI dim F. 
xeU\V 


For the following, let X be irreducible and k be algebraically closed. Let gy be 
the genus of the curve X. If k has characteristic zero and ‘¥|V is a smooth sheaf, 
then one knows by topological methods 


x(V, &) = Rank(F)- x(V), 


where x (V) is given by 2 — 2g, —#(X \ V). 
If the base field has positive characteristic p > 0, then the above equation is false 
in general. For this reason, the tame Euler-Poincaré characteristic is introduced. 


Definition 6.4 Let V C U be an open and dense subscheme so that -F |V is asmooth 
sheaf. Then the tame Euler-Poincare characteristic is defined to be 


xem (U, G) = x", G) = 


V.7 The Main Lemma 237 


= dim G-x(V)+ S > dim &. 
xeU\V 


Here, x(V) = 2 — 2gx — #(X \ V), and 7 is a generic point of V. So the above 
equation can be abbreviated: 


tame tame 


he dae © 


Theorem 6.5 (Ogg—Shafarevich—Grothendieck) (see [Gr]) Let the characteristic 
of the basic field be p > 0 and let ‘F be a constructible Q, sheaf. Assume | # p. 
Then 

x(U, Y) = x""(U,G)— D> Swans(F). 


sex 
s closed 


An Example. Let g = p’. Let y : F, > Q be a non-trivial character. Let Zo(w) 
be the Artin-Schreier sheaf on the affine line Ap over Fy (see Lemma I.5.1) and let 
SL (ay) be its pullback to A, the affine line over the algebraic closure Fy of F,. Let 
P! be the projective line over Fy. Then 


ACP! =AU {oo} 
and we have the following 


Lemma 6.6 Swan.(%(w)) = 1. 


Proof. From Lemma 1.5.1 and 1.5.2 we get 
AY(A, Z(w)) =0 forv > 1, 


and 
H(A, ZW)) ={r eQ :W(o)-A=AVo € Fy} =0. 


Hence x (A, 4% (w)) = 0. The rank of 4 (yy) is one and the genus of the projective 
line is zero. Therefore we obtain x'7"°(A, A(w)) = 1-(2-— 2-0-1) = 1. The 
theorem of Ogg—Shafarevich-Grothendieck implies 


0= x(A, Z%(W)) = 1 — Swann (4(W)) , 
so that Swany (4% (w)) = 1. Oo 


V.7 The Main Lemma 


Again, let Ag be the affine line over the field F, with g elements. Let A = Ag ® F, 
be the affine line over the algebraic closure F,. Let y : Fy > Q be a nontrivial 
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character, and assume that / does not divide g. Let 4o(w) be the Artin-Schreier 
sheaf on Ao, and let SY (Ww) be its pullback to A. Let P! be the projective line over 
F,. Consider the inclusion 


Acs P! = AU {oo}. 


Lemma 7.1 (Main Lemma) Let be a sheaf on the affine line A, which is tamely 
ramified at the point oo. Then: 


(1) The canonical map 
H(A, ¥ @ Z(w)) > H*(A, F ® FZ )) 
is an isomorphism. 
(2) HY(A, F ® 4 (w)) =0 holds for v > 2. 
(3) Let n be a generic point of A. Then 
Swann (F ®@4(y)) = dim GF _. 
(4) If & is tamely ramified at all points of P! then 
Xe(A, ¥ @ LW) = xe(A, F) — dim F . 
(5) If & is tamely ramified at all points, then 
dim H(A, F @ A()) = dim H(A, F) 
and 


dim H}(A, ¥ ® A(w)) = dim H(A, Y) — dim H2(A, &) + dim GF. 
c c c U] 


Corollary 7.2 Let K € D? (A, Q;) be a tamely ramified complex, i.e. all cohomology 
sheaves 6" (K) of the complex are tamely ramified in every point of the projective 
line. For a sheaf F, we use the abbreviated notation 


hi(G) = dimg, H? (A, ¥). 


rg(:F) denotes the dimension of the stalk ‘Fz in a generic point. Then for all integers 
m 
dimg, HI"(A, K @ ZW) = 
= Nh} FO"(K)) + hy FO""|(K)) — he F6""(K)) + 1g FO" (K)) 
holds. 


Proof of Corollary V.7.2. First of all. #@"(K ®@ 4 (w)) = .F"(K) @ 4 (w). From 
the main lemma, equation (2) we get for uz > 2 
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HE(A, FC*(K) ® Z()) =0 
Hence the spectral sequence 
HE (A, FOUK @ ZC) > HEA, K @ 4M) 
gives the short exact sequences 
0 — H(A, H6""|(K) @ Bh) — HMA, K @ Z()) 
—> HY (A, .F6"(K) @ Zp) — 0. 


From this we obtain the assertion of Corollary V.7.2 from the assertion (5) of the 
main lemma. O 


Proof of the Main Lemma. (2) follows directly from (1). (3) is a consequence 
of Lemma V.6.6 and Remark V.5.7. This implies Swang (FY ®@ A(w)) = 
Swan (4 (y)) - dim ‘A, = dim G. (4) is a direct consequence of the Ogg- 
Shafarevich—-Grothendieck theorem. 


Proof of (5). Let k : U — A be an open dense embedding, such that ‘¥|U is 
smooth. The sheaf 4% = ker(‘¥ —> k,k*()) and also the kernel sheaf A, = 
ker(F @ Zl) > kk*(G @ Z(W))) = F ® Alp) have finite supports. 
Furthermore 


H(A, G) = H(A, F), HAG @ Lh) = WA, F), 
dimg, H2(A,.7) = dimg ASA, F F ®4W)). 


This implies dim, H(A, G °@ LF (w)) = dim, H OCA,  ). The second part of 
(5) finally follows from (4) and (2). 
It remains to show, that the natural map 


H(A, F ®@ Ap) > HA, F @ ZW) 


is an isomorphism. For this, it suffices to prove that for all integers v > 0 the following 
holds 


R’ jG @ AW) =0. 
For this we use the ramification group Io respectively the wild ramification group 
Poo © Ino of the projective line at the point oo. Ig acts on Gq ® 4 (W)q. Hence the 
equations 
R°iCF @ AZ W))a = A" (00, Fj ®Z (Wy) = 
= H" (Ioo/ Poo, (Gj ® Z (Wa?) 


hold true. Since by assumption Po acts trivially on “, we get 


(G® La)? = (ue GFiwo)-u=u, Vo € Fy} =0. 
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V.8 The Relative Abhyankar Lemma 


See also [SGA 1], exposé XIII, remarques 2.3 and proposition 5.5 for a more detailed 
account. Let R C C be a subring of C finitely generated over Z. Put S = Spec(R). 
Let X — S bea projective, smooth, irreducible relative curve above S, U C X be 
an open and non-empty subscheme of X, and let ‘¥ be a constructible Q,-sheaf on 
U. Then there exists an open dense subscheme V C U of U, such that &|U is a 
smooth sheaf. 

If we replace S by a sufficiently small open affine dense subscheme we can 
achieve that X \ V, with the reduced scheme structure, is finite etale over S. Then 
we have 


Theorem 8.1 For every field k of positive characteristic p 4 | and every morphism 
Spec(k) + S the preimage of & on Us = U xz Spec(k) is tamely ramified in all 
points of X x5 Spec(k). 


Now consider the affine and the projective line over S = Spec(R). 


As ———~> Ps 


"a 


Let / be a prime, invertible in R, and let Y be a constructible Q,-sheaf on As. 

Let V C Ag be an open and non-empty subscheme of As so that ¥|V is smooth 
of rank d. Then there is an open and non-empty subscheme S’ of S with the following 
properties: 


a) The assumptions of Theorem V.8.1 are fulfilled. 
b) All fibers of V over S’ are non-empty. 
c) All direct images R’A; ¥ are smooth on S$’. 


Let d, be the rank of R’/A1-¥|S’. Then, obviously, almost all numbers d, are zero. 

Under these assumptions, for every morphism t : Spec(F,) — 3S’ and the pull 
back & of the sheaf & to the affine line A; over F, we have: 

1) & is tamely ramified on the projective line over F,, therefore satisfies the 
assumptions of the main lemma. In the generic point of A; the rank of & is d. 
Furthermore dim H? (A;, G) = d, holds. 

2) More generally, let K be a complex in De (As, Q,). Then V and S’ may be 
chosen simultaneously for all (the finitely many) cohomology sheaves of K. We use 
Corollary V.7.2 to deduce 


Theorem 8.2 Let R C C be a subring feat generated over Z. Let | be a prime 
invertible in R, S = Spec(R), and K € Db? (As, Q). Then there is an open dense 
subscheme S' of S and there are integers d, > 0, such that for all morphisms 
Spec(F,) > S' and all nontrivial characters y : Fg > Q 
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dim He (AR KR, ® LW)) =d, 


holds. Here, KR, is the preimage of K on the affine line AR. and KR, is tamely 


ramified on the whole projective line over Fy. 


Remark 8.3 The statement of the last Theorem V.8.2 is a uniform statement, con- 
cerning all Fourier transforms Ty (Kj, ) for the different pullbacks of K to the various 
affine lines over Fz. By [Lau2], theorem 2.1.1, corollary 2.1.2, even the following 
stronger assertion can be proved: 


a) All cohomology sheaves of Ty (Ky) are smooth on Ag, \ {0}. 

b) The rank of .#” (Ty (Kp,)) on Ag, \ {0} does not depend on the choice of 
Spec(F,) — S’ nor the choice of y. 

c) The same is true for 7” (Ty (K F, )){{0}. In other words, the Fourier transforms 
Ty (K F,) are uniformly constructible. . 


See also [Ka-L], theorem 4.1 and corollary 4.2. 


V.9 Proof of the Theorem of Katz 


In this section we prove Theorem V.2.2. To estimate trigonometric sums in a uniform way as 
stated in this theorem, we need uniform estimates both for the dimension and for the weights 
of the cohomology groups involved. Uniform estimates for the dimension were obtained in 
Theorem V.8.2. 


As before, let R C C be a finitely generated ring over Z, and let be S§ = Spec(R). 
We assume that a finitely generated scheme 


h:X — As 


over the one dimensional affine space As over S is given. Let N be the supremum 
of the dimensions of all fibers of the morphism 


X @rC — As @rC. 


By shrinking S, we may furthermore assume: 


(a) The prime / is invertible in R. 
(b) Theorem V.8.2 holds for the complex K = Rh:Q, € pb? (As, Q,) and S’ = S. 
(c) For every morphism 

t: Spec(F,) > S 


the dimensions of all fibers of the induced morphisms 


ht =h®Fy: X,=X@F, > A, =As @F,, 
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Let t,h,,... be as inc), and let y : Fy > Q be an arbitrary nontrivial character. 
Let K; be the pullback of K to A;. In particular, b) implies that for the complex 
K; = Rh;:(Q,) the dimension 


dimg, H2 (Ar, Kr ® 4 (W)) = dim, H? (Xr, hf 4W))), 


can be estimated independently of tf and y. K; is tamely ramified on the projective 
line, i.e. all cohomology sheaves .74"(K;,) are tamely ramified in all points — they 
satisfy the assumptions of the main lemma. 

We want to estimate the weights of all cohomology groups H? (A;, K;®4 (w)). 
To do this, we look at the spectral sequence 


ES? = H3(A;,, R°n,Q; @ ZW) 
which converges to 
HEM (XA AW)) = ASMP AL Ki @ FW). 


For b > 2N ora > 1 we have og = 0 using V.7.1(2). The weight of Roh (Q) @ 
L4(w) is < b. Hence the weight of Ee is<a+b<2N +1. This proves part (i) 
of the theorem. 

Now we assume the generic fiber of this mapping to be either geometrically 
irreducible, or the dimension of that fiber to be < N. By a shrinking of S, we may 
furthermore assume: 

(c’) For every morphism 


t: Spec(F,) > S$ 
the dimensions of all fibers of the induced morphisms 
hy =h®Fyg: X;=X@F, >A; =As@F,, 
are < N. The general fiber is geometrically irreducible or its dimension is < N. 


Claim. The weight is always < 2N forb < 2N, a <1. 

By the given assumptions, we only have to show that the weight of E 
< 2N. If the dimension of the general fiber of h, is less than N then R2VA 11(Q,) is 
concentrated on finitely many points and Ey is zero. Let the general geometric 
fiber of h, be irreducible of dimension N. 

We now make use of the trace morphism. It is available for flat finitely gener- 
ated compactifiable morphisms f : X — S between noetherian schemes of fiber 
dimension < d. It is a canonical morphism of sheaves 


R~4 f,(Q)) > Q(-d) 


with certain natural properties. In particular, if all fibers of the morphism f are 
geometrically irreducible of dimension d, this trace map is an isomorphism. See 


ae is 
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Chap. II, §8 and III, §7 or [SGA4], expose XVIII, p. 553 for further details. Let us 
therefore — for the moment — assume, that the morphism h, : X; — A, is flat. Under 
this additional assumption, we have the trace map 


RX An(Q) > Q(-N) 


at our disposition. By our assumptions, this trace map is an isomorphism at the 
generic point of A;. Consider the exact sequences of sheaves, which is obtained after 
tensoring with 4 (yw) 


03> KH > Rh (Q) ® ZW) > B>0 
0> B= Q(-N)®4(~) > > 0 
for some sheaf .#. The sheaves .7 and @ are skyscraper sheaves concentrated on 


finitely many points and the weight of @ obviously satisfies w(@) < 2N. 
Now Hx (A;, Qi(—N) ® 4 (w)) = 0 as shown in Chap. I, §5. Thus 


H(A, RN AQ) @ AW) = HA, BA) = HA, @). 


Hence the weight of ne’ is < 2N. 


Let us finally remove our temporary assumption, that h; was a flat morphism. For 
this we have to reduce the case of a general morphism h, to the case of a flat morphism 
hy . Without restriction of generality we can replace X; by (X;)req. Whence we can 
assume, that X; is reduced. Let A; = Spec(Fg [z]), let J C Ox, be the ideal of Fy [z] 
torsion elements of the structure sheaf Ox, of X; and let X, — X;, be the closed 
subscheme defined by the ideal sheaf / 


£ Se 


AS 


Ay 


Then, of course, h; : X; > A, isa flat morphism. The closed embedding Xe XM 
is an isomorphism over the generic point of A;. Hence it is still an isomorphism, if 
we discard a certain finite number of points of A;. But this implies, that the kernel 
and the cokernel of the map 


RA (Q) ® Lb) > RX An(Q) ® Zp) 
are concentrated on a finite number of closed points. Hence the morphism 
H} (Ay, RV hi (Q) @L4(w)) > H} (Ay, RN hi (Q) @ Ly) 


is surjective! Now we can easily deduce the desired results from the case of the flat 
morphism h,, that was already considered above. 

Now let R be Z. The uniform estimates of weight and dimension derived so far 
will suffice for the following arguments. In particular, together with Theorem V.3.1 
they imply the estimates for the trigonometric sums, that were stated in Theorem 
V.2.2. 0 
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V.10 Uniform Estimates 


In this section we give a review of the results of Katz and Laumon [Ka-L] on uniform 
estimates. 

As before, let R C C be a finitely generated ring, / a prime that is invertible in 
R, and S = Spec(R). 

Let A” be the m-dimensional affine space over S and let K be a complex in 
D? (A”, Q,). For a morphism 


t: Spec(F,) > S 
let K; be the pullback of K to the affine space of dimension m over F, 


Ay’ = A™ x5 Spec(F,). 


Theorem 10.1 There exists an open nonempty subscheme S’ C S and an open 
nonempty subscheme U © A" with the following properties: 

Lett : Spec(F) > S’ be amorphism and y : Fg > Q@ anon-trivial character. 
We consider the Fourier transform (see I1I.8.1) 


Ty : DP(A", Q) > D2(A”, Q). 


Then U, = U x Spec(F,) € Aj" isnonempty. All cohomology sheaves FC” (Ty (Kt)) 
are smooth on U,. The ranks of FC” (Ty (K;))|U; can be estimated independently of 
the choice of t and yy. The number 


DEG D’Rank 76" (Ty (K))|Ur 
v 
does not depend on the choice of t and wy. 


Proof. See [Ka-L], theorem 4.1 and corollary 4.2. O 


Remark 10.2 One can choose U to be homogeneous. This means, there exists a 
homogeneous nonvanishing polynomial F(z, ... , 2m) with coefficients in R so that 
U is the complement in A” of the subvariety of codimension one defined by the zero 
locus of F. This property comes from the fact that the theorem also holds for all 
characters 

Valx) = (ax), Va € F 


of Fy. 


Remark 10.3 Let K; be a perverse sheaf. Then the Fourier transform Ty (K;) is 
perverse again. Therefore the restriction to U; vanishes 


FO" (Ty(K;)| Ur; =0 forv A-m, 


if U respectively F was suitably chosen. Suppose K; to be pure of weight w. Then 
Ty (K;) is pure of weight w + m. 
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Let X be a smooth affine scheme over S of relative dimension 
d=d(X/S) 
over S and consider an S-morphism 
h = (Aj,...,h4m): X > A", 


which we assume to be finite. In addition to these fixed data, we suppose that the 
following additional data are given: an S-morphism into the multiplicative group Gm 


& : x Poe Gu,s ’ 
over S, a specialization morphism 
t: Spec(Fy) — S, 


as above, furthermore a non-trivial character y : Fy > om an arbitrary character 
x: le > Q, an m-tuple a = (aj,...,@m) € es These extra data will play 
the role of variables in the following. For each six-tuple (g, F,,t,a, v, x) of these 
variables we define a trigonometric sum: 


f(g, Fo,t,a,v.x) = pa # (Same) x@0 


x€X; (Fy) 


i=l 
Here X; = X xs Spec(Fy). 


Theorem 10.4 ({Ka-L], theorem 5.2) There exists a homogeneous nonvanish- 
ing polynomial F(z\,...,%m) € Rlz1,...,2Zm], a non-zero open subscheme 
S’ © S, and an integer A > 0 such that for every six-tuple (g, Fg, t,a, w, x) 
with t : Spec(Fg) > S’ C S and0 # F(a,... ,am) € Fy 


If(g,Fq,t,a, v1 <A-q4/? 
holds. 


Remark. Katz and Laumon prove that A can be chosen, up to the choice of sign, to be 
the difference of the Euler-Poincaré characteristic of X @ C and the Euler-Poincaré 
characteristic of the preimage in X @ C of a general hyperplane in A ® C. 


Proof. We restrict ourselves to a proof in the special case xy = 1. 

We apply Theorem V.10.1 for the complex K = h,(Q,)[d]. Let S’ CS,UC 
A”, and F(zj,... ,Zm) be as in Theorem V.10.1 and Remark V.10.2. Then K; = 
(h @ Fy).(Q))[d] is a perverse sheaf on A’”, which is pure of weight d. Let be 
F(a,,...,@m) # 0. Then 


a= (q,...,a,) € U; (Fg). 
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Let “%a(w!) be the pullback of the Artin-Schreier sheaf 4% (y~ !) under the mor- 
phism 


Am > A; = Al 
defined by 
(X1,--- 5 Xm) > ayxy +... + AmXm - 


The Remarks V.10.2 and V.10.3 made after Theorem V.10.1 now imply 
H(A" @F,, Ki ® Zaw!)) =0 forv £0, 


by the choice of a, F(a) 4 0. Furthermore H(A” @ Fy, K;@ Za(w-!)) is pure 
of weight d. Finally, the dimension A = dima, HOA” 4) Fy, K; ® Da(w-")) of 
the cohomology group is independent of the choice of the variables F,, t, y anda. 

The cohomological interpretation of trigonometric sums then implies the desired 


estimate using Theorem V.3.1 and the subsequent Remark V.3.2. Apply this for h : 
X — A defined by h = ha = >¢; a; - hj. Note that h*(A(w!)) = h*(Ya(w7!)). 
0 


V.11 An Application 


Let / be a prime and let a 4 0 be an integer. Let R = Z[/ —!} be localization of Z 
with respect to the powers of / and put S = Spec(R). The Kloosterman manifold 


X = ((x1,..,X%m) EC A” | Xp °° Xm = DY 


is an affine smooth scheme over S; X is equidimensional of pure relative dimension 
d = m-— 1 over S. Let g = 1: X > Gms be the constant map with image 1. 
Let x : iF > Q, be the trivial character. For the six-tuple (g, Fy,t,a,¥. x) = 
(1, Fg,t, a, y, 1) consider the trigonometric sum 


fFptawe==fLFotawb= D> vO la-x). 


xeX(Fj) i=l 


We want to apply Theorem V.10.4 of Katz and Laumon. The constant A mentioned 
in this theorem can be explicitly evaluated by the remark following the theorem. This 
gives (see [Bry], p. 118) 


A=m. 
Let F(z1,..-,Zm) # 0 be the homogeneous polynomial from the theorem. Then 
the theorem gives a lower bound c such that for every triple (Fz, t, yv) and for every 
point a = (aj,...,Gm) € (F,)*” satisfying 


char(Fg)>=c , F(aj,.--,4m) #0 
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the following estimate (*) holds | f (Fy, t, a, y)| <m age 
Counting points, we get for char(F,) = c and for every a € F% 


#{A(a dm) € (Fq)*" | A, ay € (Fy)*, [Ja afi MoU 
1>+-++54m q » Gy q) » ; v al yy 
#((Z1,...5Zm) € Fg)” | FG1.-.-,%m) = 0} < const-g™! 


We choose c big enough. If char(F,) > c, there exists for every a € (F,)* a point 
a € (F,)*”, such that 


F(a,.--.4m) #0 , []a=a 


The estimate (*) holds for such a point a. Furthermore we have 


{@1,---4%m) € Fg)" | [] x. =a} 


= {(11a1,-.., 4mm) € (Fg)” [xv €Fy, [ [x =) 


v 


and therefore Kloosm(q, w,a) = f(F,,t,a, ). 
We Obtain the Following Conclusion. Let char(F,) = c and let 
w Fy > Q@ 


be a nontrivial character. Then for all a in Fj the following holds 


| Kloosm(q,¥.a)| << meq". 


This is Deligne’s estimate V.4.1 for the generalized Kloosterman sums, and the 
statement holds for all g = p" such that p > c is large enough. 


Remark. On the Kloosterman manifold X there is a natural action of the group 


U 


Therefore the set of points a = (a), ..., dm) € (F,)*”, satisfying the inequality (*), 
is stable under the action of G(F,). We conclude: 

The inequality (+) holds for all quadruples (F,, t, a, y) satisfying char(Fy) = c 
anda € (F,)*”. 
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VI. The Springer Representations 


Looking at the myriad approaches to Springer’s rep- 
resentations in the literature, one is at first reminded 
of the proverbial blind men attempting to describe an 
elephant. 


JE. Humphreys 


VI.1 Springer Representations of Weyl Groups of Semisimple 
Algebraic Groups 


This chapter has its own bibliography. 


The classification of the finite dimensional irreducible characters of a finite group of Lie type 
has been established by Lusztig in a series of papers culminating in [Lu1]. The unipotent irre- 
ducible characters play an important role in this classification theory. The unipotent characters 
are strongly related to the unipotent conjugacy classes of the algebraic group on one hand and 
to the irreducible characters of the Weyl group on the other hand. See also [Cal], [Ca2] for an 
overview of these results. 

Now T.A. SPRINGER [S6] had previously discovered representations of the Weyl group 
of a semisimple algebraic group, which are related to the unipotent conjugacy classes of the 
algebraic group. These Springer representations in fact are important for the understanding of 
the unipotent characters of a finite simple group of Lie type. 

Besides the original method used by Springer there are several constructions for the 
Springer representations in the literature. One of the basic ideas of the more recent construc- 
tions is due to SLopowy [S12], who was the first to view the Springer representations in terms 
of monodromy representations (in characteristic 0). 

In the following our main concern is not the original construction of Springer. We empha- 
size the elegant methods developed by BoRHO, MACPHERSON, LUSZTIG, KAZHDAN, BRYLIN- 
SkI [Bry2] and KAsHiwara. These more recent approaches use the theory of perverse sheaves. 
One of them applies DELIGNE’s Fourier transform and is described in the article [Bry2] of 
Brylinski. Although in loc. cit. Brylinski mentions the influence of Kashiwara, for simplicity 
we will refer to this approach — which seems to be due to ideas of both Kashiwara and Brylinski 
— as Brylinski’s approach. The representations of the Weyl group obtained in this way will 
be called Brylinski’s representations. There is a closely related approach proposed by Lusztig 
and used by Borho and MacPherson, which we also present. This second approach leads to 
different representations of the Weyl groups W. However it turns out, that the difference is 
just a twist with the sign character of the Coxeter group W. 


Let k be an algebraically closed base field of characteristic p > 0. 

In the following let G be a connected semisimple algebraic group over k. We 
fix a Borel subgroup B of G. Then every Borel group B’ C G defined over k is 
conjugate to B, ie. B’ = gBg—! for some g € G(k). Furthermore gBg | =B 
implies g € B(k). Hence the flag manifold 


B= G/B 
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is the manifold of all Borel groups of G. The orbit g B in. corresponds to the Borel 
subgroup gBg"!. 

The unipotent conjugacy classes in G(k) can be classified in terms of the Bala- 
Carter theorem, as long as the characteristic p is a good prime for G. See Bala-Carter 
[B-C] for large primes p and Pommerening [Po] for the more general case. 


Let u € G(k) be a unipotent element of G. Define 
Ly Ck 


to be the reduced closed subscheme of .Z, corresponding to all Borel subgroups of 
G, which contain u. In other words .4,(k) = {g € G(k)/B(k) : ue gB(k)g7!}. 
Let G,, be the centralizer of u in G and let G° C G, denote the connected component 
of the unit element. The group 


G,y/G2 = A(u) 


is a finite group. Its structure has been determined by ALEKSEEVSKI and MIZUNO 
for fields, whose characteristic is large enough compared to the Dynkin graph of the 
group. See [Hu], 7.17 and 9.4 and [Hu], p. 136-137. One immediately reduces to 
the case, where G is a simple group. E.g, if G is an adjoint group of the type A; 
then A(u) is trivial. For the other types of Dynkin diagrams the following holds: 
Either A(u) is an elementary two-abelian group of the form (Z/ 2Z)! or it is one of 
the symmetric groups $3, S4, S5 


A(u) € {(Z/2Z)', $3, S4, Ss}. 


It seems not to be known or at least it seems not to be explicitly stated in the literature, 
whether this classification holds for all very good primes!. 

The algebraic group G, acts on the scheme .Z,, hence on its /-adic cohomol- 
ogy groups H”(.Z,, Q;). Here / will always be an auxiliary chosen prime number 
different from p. Since G° is connected, G° acts trivially on these cohomology 
groups. This induces an action of the finite group A(w) on the cohomology groups 
H” (By, Q). 

Now something surprising happens. Despite the fact that the Weyl group W of 
G does not act itself on the scheme .Z,, SPRINGER was able to prove that there is a 
“natural” action of W on each of the cohomology groups H”(.Z,, Q,). This will be 
shown in Theorem VI.13.4. But let us formulate the consequences 


Theorem 1.1 (Springer) Assume G to be a connected semisimple algebraic group 
over k. Under certain assumptions on the characteristic p of the base field k, for 
instance if p is large enough with respect to a bound depending only on the Dynkin 
diagram of G, the following holds: 

There is a “natural” action of the Weyl group W on the cohomology groups 
H’(.B,, Q) which commutes with the action of A(u). Put d = d(u) = dim(.Z,). 


l As pointed out to us by R. Carter the method of E. Sommers (IMRN 1998, no. 11) should 
be considered to try to solve this problem. 
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Let x be an irreducible character of A(u) with values in Q), i.e. the character of 
an irreducible representation of W in a finite-dimensional vector space over Qy. 
Then the cohomology groups decompose into irreducible representations of A(u). 
Each x -isotypic component is a W-module. In particular for the highest cohomology 
degree, the corresponding isotypic component V,,, defined by 


H4(B,,Q) = Q X@MVix 


xeA(u) 


defines an irreducible representation space V,,, of the Weyl group, if it is nonzero. 
This irreducible representation of W on V,,y will be called $y,,. The following 
statements hold: 


(1) Every irreducible character of W with values in Q; is obtained as one of the 
characters uy, x. 
(2) Furthermore the following statements are equivalent: 
(a) ux = Qul,x! 
(b) u and wu’ are conjugate in G(k) (this allows to identify A(u) with A(u’)). 
With the obvious identifications made x = x' holds. 


The representations of W in the highest degree cohomology groups H74(.Z,, Q;) 
resp. in V,,, are the Springer representations of the Weyl group W, mentioned in 
the introduction. 


An Example. Let G = SL,(k) be the special linear group of rank n. Over the 
algebraically closed field k very unipotent matrix A in G is conjugate to its (essentially 
unique) Jordan normal form B: 


B, 0 ... 0 
0 Bo ... 0 

B= : eG. 
0 0 sco 


Here, B, is the matrix of rank n, whose matrix elements are | in the diagonal and 
right to it and 0 otherwise. Obviously 


nyt...tn,=n, l<ny<...<n,. 


Hence the unipotent conjugacy classes of G are in one to one correspondence with 
the set of all partitions of the number n. The set of these partitions of n corresponds 
to the set of all conjugacy classes of the permutation group S, of n elements — or 
alternatively — corresponds one to one with Young tableaus, i.e. with the isomorphism 
classes of irreducible representations of S, on a finite-dimensional vector space over 
a fixed algebraically closed base field k of characteristic zero. Since S,, is the Weyl 
group of the group G = SI, we find in this special case, rather by chance, a naive 
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description of a one-to-one correspondence between the unipotent conjugacy classes 
of G and the isomorphism classes of irreducible finite representations over K of the 
Weyl group of G. This is due to the fact, that for the linear group the groups A(u), 
defined for the unipotent elements u, are all trivial groups modulo the center of G. 
See [Hu], 7.17. 


Remark 1.2 Let uv be a regular unipotent element in G(k), where G is of adjoint type. 
Then .Z, = Spec(k) and A(u) = 1, hence necessarily x = 1. Then a natural guess 
is, that the “canonical” action of the Weyl group on H °%B,,Q) = Q should be 
the trivial representation ¢,,, = lw of W. In the formulation of Theorem VI.1.1 we 
might have postulated this. But this does not give Springer’s original construction. 

Nevertheless this postulate seems natural. It is satisfied, if one follows Lusztig’s 
approach. Actually Lusztig’s and Borho—MacPherson’s construction gives the 
Springer representations only up to a character twist by the sign character of the 
Coxeter group W. This was shown by Hotta (see [S12], 4.6). In fact, we show in 
the Theorem VI.15.1 below, that Brylinski’s construction differs from Lusztig’s con- 
struction by the same character twist. Therefore Brylinski’s representations and the 
original Springer representations coincide. 

Let us consider the other extreme u = 1. Then.4, = .@ is the flag variety of 
G. Its highest cohomology group is one dimensional, and the “canonical” action of 
W on it should be given by the sign character €w of the Coxeter group W. In fact we 
show in the next section, how the Weyl group acts on the other cohomology groups 
H"(.Z, Q,) of the flag space .# in a natural way. The sheaf theoretic version of 
Theorem VI.1.1, proved later, indeed provides analogous “natural” actions of the 
Weyl group W on the cohomology groups H"(.%,, Q,) for all w < 2d(u). 


Concerning the Characteristic p. The assumptions of Theorem VI.1.1 on the 
characteristic p of the base field are the following. The theorem above will be proved 
under the assumption, that p is a very good prime for the group G in the sense of 
[S11], 3.13. See Definition VI.1.6 below. 


Remark 1.3 If G is not simply connected, an analogous result holds. The scheme 
.#,, depends only on the isogeny class of G. For the proof of Theorem | it therefore 
suffices to choose an arbitrary group G for a given Dynkin diagram. An appropriate 
choice is the adjoint group. 


Remark 1.4 In general, although all characters of W occur, not all irreducible 
characters x of A(u) need to occur. In other words it can happen, that V,,, = 0 for 
certain characters x of A(u). 


Remark 1.5 The Springer representations also exist — now unconditionally — if 
the construction is done over an algebraically closed base field of characteristic 0 
(i.e. without loss of generality over the base field C). In particular the method of 
BRYLINSKI et al., described in the following, can be carried through over the base 
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field C. Only DELIGNE’s Fourier transform, used in the arguments, has to be replaced 
by another Fourier transform defined by MALGRANGE (see also [Gi]). 


Definition 1.6 Let G be a connected semisimple algebraic group defined over the 
algebraically closed base field k. A prime p is called good resp. very good for G iff 
it is good resp. very good for all simple components. Let G be a simple group. Then 
these properties only depend on the Dynkin diagram of G: 


a) If G is Type A; then every prime is good. If G is Type B,, C; or D,, then p is 
good if p # 2. If G is Type Es, E7, F4 or Go, then p is good if p is € 2, 3. If 
G is Type Eg then p is good if p is # 2, 3, 5. 

b) A prime p is very good for the simple group G if p is good for G and if, in 
addition, p fr + 1 in case of the type A,. 

c) A prime p is called bad for the semisimple group G, if p is not good for G. (See 
later Theorem VI.4.1 for another, more instructive definition.) 


Remark 1.7 Let L(2*) C X(T) ® Qbe the lattice generated by the weights. Then 
L(x) € X(T) C L(&*). Here X (T) denotes the character group and L(X) denotes 
the root lattice. Then the primes p, that are very good for G, do not divide the order 
of the group L(2*)/L(%). If 

GoG 
is the simply connected cover of G then G > G is separable if the characteristic 
p is very good for G. In this case, the Lie algebras of G and G are canonically 


isomorphic. So the Lie algebra of G depends only on its Dynkin diagram. See also 
[S11], 3.6. 


To construct SPRINGER’s representations of the Weyl group, we need further 
ingredients: 


(1) Properties of DELIGNE’s Fourier transform. 

(2) Properties of the Lie algebra of a semisimple algebraic group over a base field 
with positive characteristic. 

(3) A resolution of the singularities of the nilpotent variety in the Lie algebra of a 
semisimple algebraic group respectively GROTHENDIECK’s simultaneous reso- 
lution of singularities in this case. 


VI.2 The Flag Variety .7 


In this section, we describe the cohomology ring of the flag variety. = G/B. Moreover, we 
define an operation of the Weyl group W of G on the cohomology ring H*(.Z, Q,). This is 
due to A.Borel and we briefly describe these well known results. For further details see [S12], 
chap. IV and [Bb] and [De1], [De2]. 


Let X(T) = Hom(T, G,) be the character group of a maximal torus T in B. The 
Weyl group W of the torus 7 acts on 7, hence canonically on X (7). Each character 
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a € X(T) gives rise to a line sheaf 4, of the flag manifold .Z. Since T = B/U, 
the character a can be viewed as a character of the Borel group B. In other words, 
there exists a one dimensional representation Ey of B. As a vector space Ey = k. 
The line sheaf 4, is defined as the sheaf of sections of the associated vector bundle 


B 
G x Ey =(G x Ey)/B, 


B 
and similarly define 4 as the pullback of 4, to G/T. (For the notation G x Ey 
see also VI.8.1 in this chapter). Obviously Ao4p = Zo ®- 4p. The first Chern class 
c(Za) =c(ayeH 2.B, Q,) therefore defines a homomorphism 


c: X(T) > H*(.B,Q), 


which becomes an isomorphism X(T) ® Q ~ H*(.B, Q) after a tensoring with 
Q,. Extended to the symmetric algebra S*(V) of V, this gives rise to a ring homo- 
morphism 

S* > H?°(.7,Q). 
Let J°® denote the homogeneous ideal of S*(V), generated by the W-invariant ho- 
mogeneous elements of positive degree in S*(V). Then 


Theorem 2.1 (Borel) The homomorphism above induces a ring isomorphism 
S*(V)/J* = H7°.B,Q). 


By transport of structure this makes W act on the graded cohomology ring H® (2, Q). 
All odd degree cohomology groups H?”*!(.2, Q;) of vanish. 


Proof. The proof of this theorem can be reduced to the characteristic zero case. 
It is enough to consider a simple Chevalley group, which is connected and simply 
connected or of adjoint type. See [Bb], V.5.3. See also Demazure [De1] for a direct 
approach in characteristic p > 0. O 


The representation of W on S*(V)/J° turns out to be the regular representation 
of W. See proposition 5 of [Bb], V.5.4. Therefore 


Theorem 2.2 The representation of W defined in the last theorem is isomorphic 
to the regular representation of W. On the highest one dimensional cohomology 
group H24im A). ZB, Q,) the action is given by the sign character &w of the Coxeter 
group W. 


By this theorem the regular representation of W on the group algebra Q,[W] is 
endowed with a natural grading induced by the cohomology degrees. To emphasize 
this we also write 

Qiwl = QD a". A, Wl-2u] 
wh 
for this graded W-module. 
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For any irreducible character @ of W let H“(.7, Q))g be the g-isotypic com- 
ponent of the cohomology group in degree jz. We have the corresponding Poincare 
polynomials Py(t) = deg(¢)~! , dimy, HB, Qe :t”. 

There is a second approach via the 


Lemma 2.3 Let f : Z — S be a smooth morphism of schemes. Let the fibers 
of f be isomorphic to affine spaces of dimension N. Then fu(Qy a= Q s and 
R® f.(Qiz) = 0 for v > 0. In particular RT (Z, Qz) a RT(S, Qs). Similarly 
RAQz = Qs[-2N](—N) by the trace map. 


We apply this lemma in the following two cases: 


1. f : Z > Sisa vector bundle. 
2. The morphism 


f:G/T > G/B=.P. 
The fibers of this morphism are isomorphic to the unipotent radical U of the 


Borel group B. As ascheme U is isomorphic to affine space of dimension #£+ 
(the number of positive roots). 


This second case is of particular interest for us, since G/T and G/B have canonically 
the same cohomology groups by the last lemma. On the other hand, G/T carries 
visibly a canonical left action of W defined by 


w(g-T) = gn,'-T , ny €N(T), 


where ny is arepresentative of W in the normalizer N (T) of the torus T. This defines 
a canonical action of W on the complex level, since 


RIA, Q) = RI(G/T,Q). 


The induced W-action on the cohomology ring H*(.Z, Q,) of the flag manifold 
.Z2 was studied by Slodowy. To distinguish it from the previous construction due 
to Borel we call it the Slodowy action. Both these actions coincide. This is seen as 
follows: There is a cartesian diagram 


Gx? Ey ——>G x! Eg , 


| 


G/T ———~ G/T 
where 
A(t) =a(nj,'tnw) 


and where ny € N(T) is a representative of w € W. The upper arrow is de- 
fined by (g,A) bt (gn, a). Observe (gt, a(t!)A) aa (gtn;,!, a(t7!)a) = 
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(gnz't',a(nz'(t')!nw)a), which is (gnz!t/, B((t’)~!)A). So this is well de- 
fined. 4 is the pullback of 4%, or equivalently (w7!)*( FH) = Ly resp. 
w*( 4p) = 4). Hence 


(w!)*(c(@)) = c(B). 


This completely determines the induced left action of W on the cohomology ring 
H*(G/T, Q,). Observe, that we converted the induced right action of W on the 
cohomology of G/T — defined by the pullback w* — into a left action w(.) = 
(w*)~!(.). This left action is uniquely determined by w(c(@)) = c(B) or w(a)(t) = 
a(n; !tny). 
In particular 
QW] — Endpspecte)) (RTF, Q)) 


is an injective ring homomorphism. 


VI.3 The Nilpotent Variety.” 


For the following we describe the scheme .Z,. This uses the Lie algebra g = Lie(G) 
of G. Let U © B be the unipotent radical of the fixed Borel subgroup B of G. 


Definition 3.1 Consider algebraic representations @ : G — GLy(k) of G 
and the corresponding Lie algebra representations Lie(g) : g = Lie(G) > 
Lie(GLn(k)) = My (k), where M,, is the matrix algebra. An element x € Lie(G) is 
called nilpotent iff one of the following two equivalent properties holds: 


(1) For every representation @ the matrix Lie(@)(x) is nilpotent. 
(2) There is a faithful representation such that Lie(@)(x) is nilpotent. Then @ is an 
isomorphism onto a closed subscheme of GLy. 


In [S5], 4.4.20 it is shown, that both definitions are equivalent. 

Let 24 denote the unipotent variety of G, i.e. the Zariski closed subset of all 
unipotent elements of G. Similar let." denote the nilpotent variety of Lie(G), 
i.e. the Zariski-closed subset of Lie(G) of all its nilpotent elements. We endow the 
Zariski closed subsets 74 resp...” with the reduced subscheme structure of G resp. 
Lie(G). The Lie algebra u = Lie(U) of U is contained in." 


Lic(KU)C VY , UC. 


The algebraic group G acts both on 7, by inner automorphisms, and on .”’, by the 
adjoint representation. We write g(v) = Ad(g)(v) for this adjoint action. Since all 
Borel groups are conjugate, we get 


0 = U gUg!. 
geG(k) 
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This implies 


M= (J a(Lie)) 


geG(k) 


under the following important 
Assumption (x). Assume, that there exists an G-equivariant isomorphism of schemes 
oa: V3, 


such that o(Lie(U)) C U. (o should be viewed as a substitute for the exponential 
map, which is not a priori defined in case of characteristic p > 0). 

Assumption (*) implies o(Lie(U)) = U, since Lie(U) and U are irreducible, 
smooth and of the same dimension. Therefore the claim above follows immediately. 
Furthermore for an arbitrary Borel group B’ of G and its unipotent radical U’, also 
Lie(U’) C.WV and 

a(Lie(U’)) = U’ 


holds by conjugation. 

Now suppose, we have been given an isomorphism o as in the assumption (x) 
above. The unipotent elements u of G(k) then uniquely correspond to the nilpotent 
elements v of Lie(G) via 

o(v)=u. 


This allows to describe the scheme .Z, in another way. 

For this we may a priori assume that u € U(k), hence v € Lie(U)(k), since we 
know from assumption (*) that. /" = Ugegy g(Lie(U)) and .A, = Boug-l- For 
u € U(k) define H = {g €G: glug EU}orH = {geG:u € gBg"!}. H 
is a Zariski closed subset of G. We endow H with the reduced subscheme structure. 
B acts on H from the right. Furthermore H/B exists and, viewed as a subset of 


G/B =.#, can be identified with .Z, 


H —————> G 


| 


Py = H/B —>+G/B=P2R 
Now we use assumption (x). It implies, that H = {g € G: g!(v) € Lie(U)} 
can be described in terms of the Lie algebra. Furthermore the conjugation action 
G x U + @6 defined by (g, 1) > gug—! may be replaced by (g, v) + g(v). 


G x U ——> @% 


~ 


idxo |= o 


Me 


GxLiet) = 
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On G x Lie(U) the Borel group B acts by b(g, z) = (gb~!, bz), where b € B and 
g €G,z € Lie(U). The quotient scheme 


B 
G x Lie(U) =(G x Lie(U))/B 


exists and defines a vector bundle over. = G/B with fiber Lie(U). The adjoint 
action (g, z) +> g(z) induces a morphisms 


B 
g.4°: GX Lie(U) —> Lie(G), 


whose image is .", which follows from the assumption (+) and the remarks above. 
This morphism g is a proper morphism. This is shown after VI.8.1. Let us assume 
this for the moment. 

Consider the fibers qy-(v) forv € .W (k), endowed with the reduced subscheme 


structure. They can be described in terms of the set H = {g €G: g !(v) € Lie(U)} 


B 
defined above. In fact, the map g : H > G x Lie(U) induced by h + (h, h7!(v)) 
defines an isomorphism of the quotient H/B with the fiber Fe): Set theoretically 
this is clear, since obviously qy-(v)(k) = H(k)/B(k). However this is enough, 
since the morphism G — .# locally has enough etale sections. This shows .2, = 
H/B = qv) provided o(v) = u. 


Theorem 3.2 (Springer Fibers) Assume that there exists a G-equivariant isomor- 
phismo :. WV > 6, such that o(Lie(U)) © U. Consider the morphism 


B 
qd. 4°:G x LieU) > SW C Lie(G) 


induced by the adjoint representation. Let u be an unipotent element of G and v = 
o~!(u) be the corresponding nilpotent element of Lie(G). Then there is a natural 
isomorphism 

ByX=qie) , ov)=ue %, 


both schemes being endowed with the reduced subscheme structures. 


~ 


Concerning Assumption («). The existence of an isomorphism o : 4 3S @ 
with the desired properties is not a priori clear. However o —~ if it exists at all — is 
usually not uniquely defined. Let us give examples: 


The Case G = SLy. In this case the Lie algebra is the vector space M,, of all 
n X n-matrices with trace zero: Lie(SLy,) = M,. Let E be the unity matrix. Then 
a :.V — 6 defined by o(Y) = E + Y isa well defined G-equivariant map. Its 
inverse is the map u +> u — E. Soa has the desired properties. 

To give a different choice of o in this example assume, that the characteristic p 
of k be different from 2. Then for every nilpotent matrix A, the Cayley transform 


C(A) = (E+ A)(E — A)7! 
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or C(A) = —E +2(E — A)7! is defined. Conversely for every unipotent matrix B, 
the inverse Cayley transform 


F(B) =(B—E)(B+E)"! 


or F(B) = E — (SHE) is defined. These Cayley transforms provide a SL,- 
equivariant isomorphism between nilpotent and unipotent matrices and transform 
upper triangular matrices into corresponding upper triangular matrices. Hence C has 
the desired properties 


CC. 


fie 


CV 


The Classical Groups. Again assume char(k) = p # 2. Let G C SL, be either the 
special orthogonal group 


G={A€SL,:4-A= E}, 
or in case 2|n, the symplectic group 
G={AeESL,:A-1-A=T}. 


Here, ‘A denotes the transposed matrix to the matrix A, and / is the standard sym- 
plectic matrix J = G a): 

The Lie algebra g = Lie(G) is {A € M, : A +A = O} for the orthogonal 
respectively {A € M, : AI + I'A = 0} for the symplectic group. In both cases, it is 
easy to verify that for every nilpotent matrix A € Lie(G)(k) the Cayley transform 
defined above has the property 


C(A) € G(k). 


If B is a Borel group of G with the unipotent radical U, then one can find an element 
g € SL, such that gBg~! is in the subgroup of upper triangular matrices in Sly. 
Due to the equivariance of C therefore C(Lie(U)) © U. So for p # 2 the Cayley 
transform has the desired properties also for the orthogonal and symplectic groups. 


A Third Example. Consider subgroups G of Sl, and assume char(k) = p > n. 
For a nilpotent matrix a € M,, respectively a unipotent matrix b € SL, the 
equation a” = (b — EF)” = O holds for all v > n. Therefore the exponential 


foe) a n-1 a 
exp(a) = Da = ier 
v=0 v=0 


is well defined. Similar for its inverse, the logarithm log(b) = log(E + (b — E)) 


foe) n—-1 
a asec) Be ae 
sO) = DG De 


v=1 v=! 


The function a +> exp(a) is equivariant and provides an isomorphism between 
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nilpotent and unipotent matrices. It transforms upper triangular matrices into upper 
triangular matrices. 

Now let G C SL, be a semisimple algebraic subgroup of SL,,. Let d be an upper 
bound of all degrees of polynomials of a defining equation system in the matrix 
coefficients for G. Recall that there exists an intrinsic definition of the exponential 
function on the Lie algebra of an algebraic group ({D-G], see the proof of proposition 
3.1 from chap. II, §3). We immediately deduce 


p>dn-1) => expi(v)CG. 
As in the previous case this exponential map has all desired properties 
exp:.V >. 


Obviously X € .4G iff X € Lie(G) 1.4m) by V1.3.1(2). Since the Borel group 
B = Bg of G can be assumed to be contained in the group Bsin) of upper triangular 
matrices (use conjugation in S/(n)), we get Bg = Bsn) 1G. Recall Bg is a maximal 
solvable connected subgroup of G. It follows that exp maps ug = Lie(UG) into the 
unipotent radical Ug of Bg. 


Springer’s Result. From the last example it is clear, that for a given Dynkin diagram, 
the assumption («) holds for all primes large enough. However there is a more refined 
result due to Springer [S1]. The proof of this result is rather involved. For instance it 
uses the fact that the unipotent variety and also the nilpotent variety.” are normal 
varieties. This latter fact follows from results of Demazure [Del]. See also [Hu], 
p. 117 for further information. Depending on the above mentioned results Springer 
([S1]) proved the following theorem 


Theorem 3.3 Let the characteristic p of k be a very good prime for the semisimple 
algebraic group G over k. Then there is an G-equivariant isomorphism 
oO: NV SU 

with o(u) CU. 

Springer reduces the proof to the construction of an B-equivariant isomorphism 
ao! : U & Lie(U). This induces a G-equivariant isomorphism 

B B 
GxU=G x Lie(U) 

and an isomorphism 7 =.” by proper descent via the Stein factorization. 
Remark 3.4 A completely different approach can be found in [B-R] p. 315. These 
authors start with a G-equivariant map g : G > Lie(G), such that g(e) = 0 and 
de = idzie(c). Hence ¢ is etale in a neighborhood of the unit element e € G(k). 
Such maps exist in the case of a very good characteristic. Since e is a closed orbit, it 


follows from a characteristic p version of Luna’s etale slice theorem, that g induces 
an isomorphism g : 26 — .W of the closed fiber over e resp 0, by considering 
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CS HG) 


| 


G/Ad(G) ——» Lie(G)/Ad(G) 


|: |: 


T/W ———— Lie(T)/W 
wv wu 


e |}——————> 0 


VI.4 The Lie Algebra in Positive Characteristic 


As before let G be a semisimple connected group defined over an algebraically closed 
field k of positive characteristic p. Let B C G be a Borel group of G. Let U C B 
be its unipotent radical, and let T C B be a maximal torus of G. The corresponding 
Lie algebras are 


t=Lie(T), u=Lie(U), b=Lie(B)=t@uCg=Lie(G). 


Let X(T) be the group of all characters T > Gy», let & C X(T) be the set of 
all roots of G. Our choice of a Borel group defines a subset £*+ C ¥ of positive 
roots, such that © = D+ U D7, ©~ = —=T. G acts on its Lie algebra g by the 
adjoint representation, and so does T. This defines the decomposition of g into root 
spaces g® 
g=to®D gi =touteu, 
aex 


where g® = {x € Lie(G) : t(x) =a(t)-x Vt € T} and 


u=ut= @ og’, u = @ a". 


aext aex~ 


We now give a better characterization of the “bad” primes then the one previously 
given in Definition VI.1.6. Let S = (@j,... ,a@-) © Dt bea system of simple roots 
in &*. The sublattice L(2) in X(T) generated by all roots has the simple roots as a 
basis 


L(%) = Dray. 
v=] 


Every root a € &* can be uniquely written in the form a = S7}_, mya, with 
nonnegative integers m,. The root @ € &* of maximal height ht(@) = >°,, my is 
called the longest root. See [Bb], chap. VI, §1.8, prop. 25. It is well known, that the 
coefficients m},... , m, of the longest root in ©* have the following property 
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Theorem 4.1 ({S-St], chap. 1, 4.3) The following properties of a prime p are equiv- 
alent: 


(a) p is a bad prime in the sense of Definition VI.1.6. 
(b) There is an index i such that p = m,. 

(c) There is an index i such that p|mj. 

(d) There is an index i such that p < mj. 


Proof. This follows from a case by case inspection of the tables for the irreducible 
root systems. See also ([Bb, VI §4]). C] 


A character g : T — G, induces a linear map Lie(g) : t > k. So there is a 
natural homomorphism 
X(T) > t*, 


where g maps to Lie(y). This defines an isomorphism X(T) @z k S t*. 
Let the characteristic p of K be a very good prime for G (see Definition VI.1.6). 
Then Remark VI.1.7 implies p {[X(T) : L(2)]. Therefore also 


L(Z) @zk Zt. 


Consider the induced map & —> t*, called “reduction” and denoted by a > @. 
Obviously [t, x] = a(t) - x fort € tand x € g®. 


Theorem 4.2 Let the characteristic p be a very good prime for G. Then the images 
under the reduction map of the roots @ € & are nonzero in t* 


x t*\ {0}. 
If furthermore p is odd, the reduction map is injective. 


Remark. So if p is an odd very good prime we can identify © with its image in t*. 
In other words we need not distinguish between a € © and its image @ € t*. Hence 
in particular, for alla € & 


(4 


g° = {x eg: [t,x] =a(t)-x Vt e€ th. 


Proof. Recall L(Z) = @}_,Z-a,. Furthermore t* = @7_, k-@,. Every roota € D 
is conjugate to a simple root in S under the Weyl group. Therefore we can assume 
a € S without restriction of generality, say @ = a,. But then @ 0 is obvious. This 
proves the first claim. 

To proof injectivity assume p also odd. Let 8B = )~)_) Cy@y be a second root. 


Suppose to the contrary 


aqae = B=) cap, 
v 
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Here, ¢ is the image of the integer c ink. Then p | cy for v > 2. It is well known 
that |c,| < my holds for all roots B, if )° mya, € X* is the longest root. We thus 
obtain p < |cy| < m, for all v > 2 such that c, 4 0. Since p is a very good prime, 
Theorem VI.4.1 implies c, = 0 for all v > 2. Hence 8 = +a. Therefore 2a7 = 0 
or a = 0, since p # 2. This is a contradiction and completes the proof. O 


VI.5 Invariant Bilinear Forms on g 


If p is a very good prime for G, then the Lie algebra of a group, which is isogenious 
to the semisimple group G, is isomorphic to g = Lie(G). See Remark VI.1.7. Hence 
lemma 5.3 from chap. 1 of [S-St] holds without restrictions on the isogeny type of 
the semisimple group G. Therefore 


Theorem 5.1 Let the characteristic p of the base field be a very good prime for 
G. Then on the Lie algebra g of G there is a G-invariant nondegenerate symmetric 
k-bilinear form b(x, y) with values in k. 


Remark. If G = SL, is the special linear group, then b can be chosen to be 
b(x, y) = trace(x - y), x,yEegoMy. 


If p # 2 andG C Sl, is either the special orthogonal group or the symplectic 
group with the natural realization defined earlier, then the restriction of trace(x - y) 
to Lie(G) remains nondegenerate. 


Lemma 5.2 Assume p is a very good prime for G and b(x, y) the bilinear form as 
in Theorem VI.5.1. Then 


g=t® @ " eg%) 


aext 


is an orthogonal decomposition of g. In particular, the restrictions b|t and b|g* @g—* 
are nondegenerate. Furthermore g* 1 g°. The bilinear form b induces a nondegen- 
erate pairing between g* and g~* for alla € X*. 


Corollary 5.3 In the situation of the last lemma ut =t®u = bandu=ut = 
Deext 9% holds. 


Proof. Let gy be a character of T and let be g? = {g € g: t(g) = o(t)g Vt € T} 
be its root space. Suppose given two characters y, wy of T such that g - y is not the 
trivial character. Then 

gig’ , g-W#l. 
This is clear, since otherwise choose an element t € T(k) with g(t)- w(t) 4 1. 
For x € g? and y € g” we have g(t) - b(x, y) = b(t(x), y) = b(x,t7!(y)) = 
w(t)~! - b(x, y). Hence b(x, y) = 0. C 
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VI.6 The Normalizer of Lie(B) 


The scheme .Z = G/B is the moduli space of the Borel subgroups of G. Later we 
need the related fact, that. may also be considered as the moduli space of all Borel 
subalgebras of the Lie algebra g, i.e. of the Lie subalgebras of G which are the Lie 
algebra of a Borel subgroup of G. This result can be deduced from the next theorem. 


Theorem 6.1 Let p be a very good prime for G. Then the Borel group B is the 
normalizer of the Borel algebra b = Lie(B) in G. 


Proof. Let N = {o € G: o(b) = b} be the normalizer of b = Lie(B) inG. N is an 
algebraic subgroup scheme of G. It contains the Borel group B of G, but need not 
be reduced. P = Nyeq © N contains B, hence is a parabolic subgroup of G. Hence 
it is smooth and connected. 

Suppose B # P. Choose an element o € P(k) in the normalizer of the torus 
T, that represents a reflection 0 = sy in the Weyl group of G with respect to a root 
a € Xt. Then 

a(g")=g ", 

hence o (b) # b. Thus o is not in the normalizer of 6, which is a contradiction. Thus 
P= Nreq = B. 

Suppose B # N, in other words suppose N is not reduced. Let m be the maximal 
ideal of the local ring of the scheme B at the unit element and let m be the corre- 
sponding maximal ideal of N of the local ring at the unit element. The surjection 


m/m? — m/m> 


is not an isomorphism by our assumptions. Otherwise dim m /m2 = dimm/ m2 
is dim B = dimN. Then N would be smooth at the unit element, hence smooth 
everywhere. Thus B = N, contradicting our assumptions. The dual statement for 
the Lie algebras now gives a proper inclusion 


b = Lie(B) @ Lie(N) Cg. 


In particular, there exists a non-zero element x € Lie(N) Mu. Since p is very good, 
the first part of Theorem VI.4.2 implies 


OAltx] cu, 
hence 
{[x, 6] Zb. 
In other words x ¢ Lie(N), which is a contradiction. This proves N = B. O 


VI.7 Regular Elements of the Lie Algebra g 


Again, assume that the characteristic p of k is a very good prime for the group G. As- 
sume that G is a connected, semisimple algebraic group over the algebraically closed 
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field k. Let t be an element in the Lie algebra of the torus t = Lie(T). Then, accord- 
ing to a theorem of Steinberg, the centralizer G; of t in G is a connected, reductive, 
algebraic subgroup of G. See [S-St], chap. II, 3.19, if G is simply connected. 

A very good prime is not a torsion prime [S11], 3.3. Since by assumption p is a 
very good prime, we do not need to assume, that G is simply connected. See Remark 
VL1.7. 


Definition 7.1. The element t in the Lie algebra t = Lie(T) of the torus T is called 
regular iff its stabilizer G; under the adjoint action is G; = T. 


In particular, the stabilizer 
{weW: w(t) =f} 


of a regular element ¢ € t in the Weyl group W of T is trivial. Therefore s(t) = 
t—a(t)aY #t forall roots a € &, hence a(t) # 0. Recall that we simply write 
a for the linear map Lie(a) : t > k. Therefore t € @ holds for regular elements, 
where © is the Zariski open subset 


C ={téet:a(t) 40Va ed} 


of the Lie algebra t. Obviously W acts on @’. By the first part of Theorem VI.4.2 
© is the complement of finitely many proper linear subspaces of t, so in particular 
nonempty. 


Theorem 7.2 Let p be a very good prime. Then the set treg of the regular elements 
t € tis the non-empty open subset 


tree = {t et: a(t) F0Va € &} 
of t. 
Proof. Suppose t € @ \ t-eg. Then G; is a connected reductive group and T is also 
a maximal torus of G;. Since G; # T there exists a root a of G; in X(T). This root 
a is also a root of G. In other words a € &. The root space g® is contained in the Lie 


algebra Lie(G,) C g. By definition [t, x] = 0 holds for all elements x € Lie(G;). 
Applied to any nonzero element x € g® this gives 


O=[t,x]=a(t)-x £0. 


A contradiction! | 


Remark 7.3 Due to a lack of reference, let us observe that Theorem VI.7.2 also 
holds in the schematic sense: G; is a reduced scheme for any element f € t-eg. This 
follows from 

t C Lie(G;) € {x eg: [t,x] =O} =t. 


See also [SGA3], III, exp. XXII 5. 
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VI.8 Grothendieck’s Simultaneous Resolution of Singularities 


The general reference for this section is [S11], chap. II. 

Suppose, that a representation of the Borel group B of G on a finite-dimensional 
vector space V is given. We can interpret V as an affine scheme. The group B acts 
on the scheme G x V via 


b(g,v) = (gb7!, bv). 


On G x V there is a second action, the action of the affine line by multiplication 
on the second factor V. This operation commutes with the action on B.G x Visa 
scheme over.7?7 = G/B 

GxV— PB. 


We want to construct the quotient scheme (G x V)/B with respect to the action on 
B as ascheme over .#. To do this, we view a scheme over .Z as a contravariant 
functor on the category of the schemes over .#. The functor corresponding to such 
a scheme is then a sheaf for the faithfully flat, quasi-compact topology. 

Now we construct the quotient sheaf of the sheaf G x V with respect to the 
action of the sheaf B. If this quotient sheaf is representable by a scheme over . 7, 
we call this scheme the quotient scheme of the scheme G x V to the operation of B. 
Notation: 


B 
(GxV)/B=GxV. 
For our purposes, we may use the etale topology rather than the faithfully flat qua- 


sicompact topology. The quotient space. 7? = G/B admits a Zariski open covering 
C — .#, such that there exists a section o 


Cx egG=CxB 


To show this use translates of the large Bruhat cell. The principal homogeneous space 
G for B over .2 = G/B becomes trivial on the Zariski open subsets, which are left 


translates g Vo of the dense open Bruhat cell Vo = UwoB, where wo is the longest 
element in the Weyl group. Therefore the same holds for the associated vector bundle 


B 
G x V. Hence 


Theorem 8.1 The quotient scheme 
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B 
(Gx V)/B=GxV>PR 


exists in the sense above. It is in a natural way a locally trivial vector bundle over 
.B (with respect to the Zariski topology). 


The Adjoint Representation. In the following, we apply this to the adjoint repre- 
sentation of G on the Lie algebra g of G, respectively its restriction to the Borel 
group. This action of B on g contains the subrepresentation, where B acts on 
b = Lie(B) = t @ u. The factor Lie algebra t = b/u is a trivial B-module. As 
before, t = Lie(T) denotes the Lie algebra of a maximal torus T C B C G, and 
u = Lie(U) is the Lie algebra of the unipotent radical U of B. 

The vector bundle X = G . b over .Z can be embedded into a trivial vector 


B 
bundle. The map defined by g x x +> (gB, g(x)) defines a homomorphism of 
vector bundles 


B 
Gxb>.Bxg. 


B B 
Here g x x denotes a representative of an element in G x 6. Furthermore gB for 
g € G denotes an element of .Z. The vector bundle homomorphism considered is 


B 
injective. It identifies G x .@ with a locally split subbundle of the trivial vector 
space bundle .Z x g over .Z 


Bo FF. 


Since .# is complete, the projection. x g — g is proper. Hence also the compo- 
sition map 


B 
q: Gxb—>g. 


Since 6 = t @ u, and since B acts trivially on t = 6/u, there is also a morphism 
B 
p:Gxb—t, 


B 
defined by g x (f+ x) +> t fort € t and x € u. This morphism is a smooth 
morphism. 


The Weyl Group. For the following let p = char(k) be a very good prime for G. 
The affine algebra of the affine vector scheme g is the symmetric algebra S(g*) of 
the dual space g* of the Lie algebra g; the affine algebra of t is the symmetric algebra 
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S(t*) of the dual t* of t. Let W = Normg(T)/T be the Weyl group W = W(k) of 
G. Then G acts on S(g*) and the Weyl group W acts on S(t*). 


Theorem 8.2 Assume that the characteristic p of k is a very good prime for G. Then 
the natural restriction map S(g*) — S(t*) induces a homomorphism between the 
rings of invariants S(g*)° —> S(t*)“. This map is an isomorphism 


sg)e S sey”. 


Letr = dimT = dim t be the semisimple rank of G. In R = S(g*)° = S(t*)™ there 
are r over k algebraic independent homogeneous elements, which generate the ring 
R over k. Hence R is a polynomial ring over k. 


Proof. See [S11], chap. I, 3.12 and [De1]. O 


Adjoint Quotients. Consider the affine quotient scheme 6 : t > t/W, which is 
defined by the ring inclusion S(t*)“ — S(t*) 


t/W = Spec(S(t*)"). 


The ring homomorphisms 


~ 


S(g*) <> S(g*)° > sey” 
induce a morphism of schemes, the so called adjoint quotient 
y:grot/w. 


Theorem 8.3 (See [S11], chap. II, 4.7) Let the characteristic p be a very good prime 
for G. Then the diagram 


is commutative. The morphisms of this diagram define, what is called the simultane- 
ous resolution of singularities of the morphism 


g—>t/W 


in the sense of Grothendieck. This means, that the following four properties hold: 


(1) p is a smooth morphism. 
(2) @ is a finite and surjective morphism. 
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(3) q is proper and surjective. 
(4) Fort & t(k) the morphism between the fibers 


p(t) — vy! OM)rea 


is a resolution of singularities. 


The properties (1)—(3) have been discussed already. The proof of property (4) 
can be reduced to the case where t = 0 by considering the centralizer of t. See loc. 
cit. In the case t = O one has to find an open dense subset, where the morphism 
is separable, such that the fiber has cardinality one. Elements x in u with fibers of 
cardinality one exist. Choose x € u such that the components xq with respect to 
the decomposition into root spaces x = }’54 Xq are nonzero for all simple roots: 
Xq % 0 for all simple roots a in £+. For separability see [St], section 6. 


VI.9 The Galois Group W 


Assume that we are in the situation of the last section. In particular assume that the characteristic 
is a very good prime for G. Consider the simultaneous resolution of singularities as in Theorem 
VI.8.3. We show that the upper horizontal map q in the simultaneous resolution diagram defines 
an etale Galois covering on some Zariski open dense subset. 


Consider the open subscheme t,eg of t of the regular elements. t-eg is non-empty, 
hence Zariski dense in t. See Theorem VI.7.2. On t,eg the group W acts freely. Hence 
t-eg is the inverse image of an open subset (t/W),eg in t/ W. Consider the inverse 
images of (t/W),eg in the other schemes of the simultaneous resolution diagram of 
Theorem VI.8.3. This gives a corresponding diagram of these open subschemes: 


B q 
Xreg =(G x D)reg Greg 


6 
treg SS treg/W 


The elements of g;eg will be called the regular elements of the Lie algebra g. (This 
differs from the usual terminology). 


Theorem 9.1 Let the characteristic p be a good prime for G. Then 


B 
q: Xreg =(G x 5) reg — Greg 


is an unramified Galois covering of greg, whose Galois group is W. The Weyl group 
W acts on X;yeg consistent with the morphism p : Xreg — treg and the action of W 
on treg, Such that 
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Xreg/W = Greg- 


Proof. We make some definitions first. Recall, that 7 acts trivially on t C b. Put 
Y=G/T X treg . 


Consider the commutative diagram, with the right arrow g defined by Y 3 (g7T,t) tb 
B 
g(t) and the left arrow f defined by f(g7,t) = g x t: 


Y=G/T x treg 


Xregp =(G cs b) > Greg: 
reg =(G X B)reg 


Obviously p o f is the projection Y — t,eg onto the second factor. 
In the first two steps of the proof we will show, that the morphism f defines an 
isomorphism. This allows to replace q by the upper right arrow g. We first prove 


(1) f : YK) — Xreg(k) is Surjective. Jordan decomposition: In Theorem resp. 
Definition VI.3.1, nilpotent elements of the Lie algebra of an affine algebraic group 
were defined. It is easy to define in a similar way semisimple elements, such that 
every element x of the Lie algebra has a unique Jordan decomposition — i.e. x is 
a sum of a semisimple element x, and a nilpotent element x,, such that x, and x, 
commute (see [S5], 4.4.20): 


X=XstXn, [xs, Xn] =O. 


B B 
Let g x x be givenin(G x b)reg. Then x = t+u € b(k) is in the Lie algebra of the 
Borel group, with the regular component t € treg(k) and u € u(k). We want show 


x€ B(k)(treg (k)) : 


For this consider the Jordan decomposition x = x; + Xp of x in Lie(B). According 
to [Bo] (chap. IV, prop. 11.8) there exists an element o € B(k), which moves x; 
into t 

o(xs)€t(k) , o € Bik) 


(this uses, that all maximal tori in B are conjugate). The corresponding decomposition 
of a(x) in b(k) is 


o(t) +o(u) = o(x) =a(Xs) +o(an) - 


Note that o (x,), (wu) are both in u(k), and B(k) acts trivially on t(k) = b(k)/u(k). 
Hence 
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t =o(t) =o(%s) 


modulo u and therefore tf = o(Xxs). In particular, t commutes with o(X,), Le. 
[t, o(x,)] = 0. Since t € treg(K) is regular, we have a(t) # Oink for all a € x by 
the characterization of t-eg given in Theorem V1.7.2. This implies, that o (x,) is zero 
and o(x) =t. Hence x = oli) eB (k) (treg (k)) as desired. Therefore it is shown, 
that every element of X;eg(k) is in the image of Y(k). 


(2) f isanIsomorphism. Let A bea (finite) commutative k-algebra with unit element. 
Suppose given t € treg(k). Leto € B(A) be an A-valued point of the Borel group 
B with the particular property, that 


a(t) € treg(A) CA) - 


Here t also denotes the image of t under the map t,eg (k) > treg(A). 
We will show below, that these assumptions imply o ¢ T (A). In other words, f 
is (infinitesimally) injective. Therefore the morphism 


f iV > Xreg 


is unramified. Hence f is etale, since Y and X,¢g are both smooth and have the same 
dimension. Furthermore f : Y(k) > Xreg(k) is injective (A = k) and therefore, 
due to step (1), bijective. Hence f : Y > Xreg is an isomorphism 


eS hn 


Now the postponed proof of the fact, that 0 € T (A) holds under the assumptions 
above. The centralizer of a(t) in G/A = G X Spec(k) Spec(A) is 


(G/A)ou) =o (T/A)-o", 
where T/A = T X Speck) Spec(A). Since a(t) € t(A) 
T/A CS (G/A)oy =o (T/A)-o7!. 
Both these tori are smooth over Spec(A), hence 
T/A=o-(T/A)-o 


and thus o € N(T)(A) is an A-valued point of the normalizer N(T) of T in G. On 
the other hand ao € B(A), therefore 0 € T(A) using N(T)M B= T. 


(3) Action of W. On (G/T) X treg, the Weyl group W acts in a natural way. Let 
n € N(T) represent an element w € W. Then 


(gT,t)-w = (gTn,n'(t)) = (gnT,n7!(t)) 


defines a right action of W on G/T x treg. Since W acts freely on t,eg, W acts freely 
on Y = (G/T) x tee. With a similar argument as in the previous steps of the proof, 
we will now show 
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T/W = Greg. 


(4) Step Four. Let (gT, t) and (g,T, t)) be two elements in Y(k) = (G/T)(k) x 
treg(k) such that g(t) = gi (t)). Then we show (g7,t)- w = (g1T,t) for some 
w € W. The argument is as follows: 


8, gt)=t, n=! € Gk), 


hence 
Gia) =n-G; ee 


Both ¢ and ft are regular, hence their centralizers are both T. This implies 
T=n-T-n'.~” 


Hence n is in the normalizer N(T) of T. Let w € W be the image of n—! in the Weyl 
group. Then (g, tf) - w = (g1, t,), which proves the claim. 


(5) Step Five. Inthe same way we can conclude infinitesimally: Let A be a k-algebra 
as in step (2). Assume (gT, t) € ((G/T) x treg)(k) as in step (4), but now let (g1 T, t1) 
be an arbitrary A-valued point in ((G/T) x treg)(A). Assume g(t) = gi (t)). Put 
n = g;'g € G(A). Then T/A € n(T/A)n—!, hence T/A = n(T/A)n—! and 
n € N(T)(A). Thus (Y(k))/W = Greg (k) and, due to the infinitesimal statement at 
hand, 

Y/W = Greg . 


VI.10 The Monodromy Complexes ® and ®’ 
Assume, that the characteristic is a very good prime for G. 


The Regular Representation. Since q : X;eg — greg is an etale Galois covering 
with deck-transformation group W, the direct image of the constant sheaf defines a 
smooth sheaf on g,eg. It corresponds to a representation of the fundamental group 
71 (Greg), that factorizes over the quotient group W. In fact, the underlying represen- 
tation is the regular representation of W. We get from Remark III.15.3 part d) the 
next 


Corollary 10.1 The direct image of the constant sheaf Q; on Xreg is a smooth 
Q,-sheaf F = q:\Q; Xreg OM Greg of rank #W. Furthermore 


The sum is over all irreducible characters ¢ of W. The sheaves Gz are smooth 
irreducible Q;-sheaves on Greg of rank equal to the degree deg(p), and Vg are 
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Q,-vectorspaces of dimension deg(@). Two sheaves ‘Gp, Gq! are isomorphic iff the 
characters @ and ¢ are equal. Furthermore the endomorphism ring of the perverse 
sheaf reg = DNQUK peg [dim(X)] 


Peg = F[dim(X)] 
is isomorphic to the group ring Qy[W] of the Weyl group 


Endpervidreg)(Preg) = ED End(Vp) = QW]. 
¢ 


In fact, the perverse sheaf ®,¢. On greg is a W-equivariant complex. This action 
of the Wey! group W preserves the isotypic components. As a special case of the 
Lemma III.15.4, this defines homomorphisms 


$L: W —> GI(Vg) = Endg (Vp)* . 


From the structure of End perv(greg) 4! QU peg [dim(X)]) = QW] it is clear, that 


among the endomorphisms the centralizer of W has dimension equal to #W. Hence 
the representations @ , are irreducible and each irreducible character of W occurs 
exactly once. This explains the previous notation “%%, once we assume that @ = oy. 
So assume this. In particular we now often drop the index L. 

Now we will make use of the following remarkable property of the map 


B 
q:X =Gxb-g, 


which we simply quote from Springer’s Bourbaki article ((S4], prop. 4.3). For details 
see [St], theorem 4.6, p. 217 or the discussion in [Hu], p. 100ff and p. 112ff. 


Theorem 10.2 (Dimension Formula) irreducible components of the Springer fibers 
a (€) have the dimension 


1 
d(é) = 3 dim(Gz) —r). 


Here r = dim(T) = dim(t) denotes the semisimple rank of G and Gz the stabilizer 
of & in G. 


Remark. If € € gyeg(k) then d(E) = 0. 


Lemma 10.3 The Lie algebra g can be stratified g = Llizo Xj; into locally closed 
subsets X; C g, such that 


(a) Xo= Greg: 
(b) Fori > Oand& € X; we have dim(G¢g) — r < codim(X;). 
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Proof. See [S4], lemma 4.5 and [B-K]. O 


We give a description of the stratification g = [| X;, following Springer [S4], 
lemma 4.5: Let P ¢ G be a proper parabolic subgroup, M a Levi group of P and S 
the centre of M. Furthermore 


m = Lie(M), s = Lie(S), 
Sree = {§ €5: Ge = M}. 


We choose a nilpotent element 7 € m and set Z = UseG &(Sreg +7). Now vary P 
and 7. This gives a family {Z}, which defines the desired partition. 
Due to the last two facts Theorem VI.10.2 and Lemma VI.10.3 we derive 


B 
Corollary 10.4 The fiber dimensions of the morphism q : X = G x 6 > g satisfy 
1 
dimg~!(&) < 5(codim(X;)—1) , §>0, EX. 
In particular, q is a small morphism. 


Since X is smooth of dimension n = dim(G), the sheaf Q, x[] is a perverse on 
X. Since q is a small map, also the derived direct image complex 


® := RqiQ,[n]x 


is a G-equivariant perverse sheaf. Smallness also implies that the perverse sheaf 
® can be recovered from its restriction eg to the top stratum by intermediate 
extension. With this information at hand, one can endow the perverse sheaf ® with 
additional structure, namely a W-action. Consider 


q 
Xreg eee Greg 


Seg 


The restriction of this perverse sheaf ® on g to the regular locus Greg is the perverse 
sheaf ®,¢. studied in Corollary VI.10.1. 

This sheaf was shown to be a W-equivariant sheaf. Therefore, by the characteri- 
zation of j), from Chap. III, §6, we get from Remark III.15.3 and Exercise III.15.6 


Corollary 10.5 For n = dim(X) the direct image complex 


® := RqiQ,[nlx 


is a perverse sheaf on the Lie algebra g. Let j : Greg > g be the open embedding 
defined by the inclusion of the regular elements. Then 
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d= Jix®reg € rer) | 


is a G-left invariant and W-right invariant perverse sheaf on g with respect to the 
trivial action of W on g and with respect to the adjoint action of G on g. Furthermore, 
the perverse sheaves Bg = jix(Ggln]) are the irreducible constituents of ® 


= Ph Gq Ve » Oy = se Voldim(X)]. 
oew 


Each vectorspace Vg counts the multiplicity of ®g. the W-action on ® is via repre- 
sentations ¢ : W — GI(Vg), such that 


Endpervig(®) = QW]. 


Remark 10.6 Since intermediate extensions commute with Verdier duality, it is 
immediately clear, that there exists an isomorphism of W-equivariant complexes 
D(®) = ®(n). Since D( Pg @G, Vy) = D(®¢g) ® Vox for the dual representation 
* of ¢, one obtains 

D(®qg) = Pgr(n) . 


In fact, we will show later ¢* = ¢, hence D(®g) = Pg(n). 


Remark 10.7 (The Coadjoint Version) Theorem VI.8.3 admits a dual version. 
Since we assumed the characteristic p of k to be very good for G, the Lie algebra 
g has a nondegenerate, symmetric, G-invariant bilinear form (Theorem VI.5.1 and 
Lemma VI.5.2). Let g*, t* etc. denote the dual spaces of g, t. Using this invariant 
bilinear form, we get a G-equivariant identification 


~ at 


g 


between the Lie algebra and its dual. This induces identifications 


b-——> 9 t+ 9 
yt g* 9" 


(Lemma VI.5.2). The left diagram is B-equivariant, the right diagram is W- 
equivariant. Using these isomorphisms, we get from the simultaneous resolution 
of singularities — the diagram of Theorem VI.8.3) — a dual, but isomorphic diagram 
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qd 
a es a 


Since we can also identify 


* 
tre 


g treg ’ 
(°/W)reg 


(t/W)ree, 


le Me 


we obtain in the obvious way a corresponding diagram for the regular points. For 
these dual diagrams, the statements of Theorem VI.8.3 and Theorem VI.9.1 and also 
the statements of Lemma VI.10.2 and VI.10.3 obviously carry over. In particular 


Corollary 10.8 


’ = RqiQ[n] = Rj, ©)... € Perv(g*) 


reg 


is a G-(left)equivariant and W -(right)equivariant perverse sheaf on g'. Its decom- 
position in irreducible perverse constituents is 


0 = Do, 85 Ve . 0% = Gldim(X)). 
gew 


W acts on ©’ via irreducible representations 


o: W > GI(Vo) , 


such that Endpery(g+)(®’) = QW]. 


VI.11 The Perverse Sheaf 


Consider the nilpotent variety 
Vo og 


contained in g and its resolution of singularities obtained in Theorem VI.8.3. Using 
the notations of this theorem it is immediately clear, that p~'!(0) = G x? u = 
ae WV’). Furthermore 6~!(0) = 0 and y!(0) =.V hold. This gives the picture 
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X =Gx3p—+—_+9 
fe ae Ay 
yo 6x4 Oe e 
P y  t/W 
0 Pe 


Therefore by part (4) of Theorem VI.8.3 the restriction q_ ;- of g to the inverse image 
of ./ defines a resolution of the singularities of the nilpotent variety .” 


B 
Qu: Y=Gxu--w. 


The restriction of a small map, in our case q, need not be small. But in the present 
case the restriction g ,: of the small map gq still is semi-small. This is shown as 
follows: qg_,° is a proper birational map, which is G-equivariant. In fact, there are 
only finitely many G-orbits .4é’in ./’”. This follows from the existence of a G- 
invariant isomorphism o :.”’ > ?¢ (Theorem VI.3.3), since there are only finitely 
many unipotent conjugacy classes in G (see [Hu], 3.9 for further references). Each 
orbit is of the form .4g° = G(é’) for an arbitrary nilpotent representative &’ € Ag 
and defines an irreducible, smooth and locally closed submanifold of ./”’. Note 
dim(.4) = dim(G) — dim(G¢). Due to the dimension formula (Theorem VI.10.2) 
we have d(é) = dim(q7/'-(E)) = 5(dim(G¢) —r), hence d(é’) = dim(q,'-(€")) = 
3(dim(G) — dim(. 4) — r). But this is the same as 3(dim(G x Fu) — dim(.4g)) = 
5 (dim. ) — dim(N;)). This proves 


Lemma 11.1 Let char(k) = p be a very good prime for the group G. Consider the 
resolution of singularities of the nilpotent variety 
B 
Qe: Y=Gxurvwv , u=Lie(V). 


The stratification of the nilpotent variety V" into G-orbits = G(&) under the 
adjoint action of G 
v= Jl 
.b° mod G 
is a finite stratification and it has the property 


1 Moats 
dim(q7-(&')) = 5 -codimiWg, WV), E Neg. 
In particular q, y- is semi-small. 
B 
Note thatm = dim(G x u) = dim(. /’)isaneven number. Note m = 2N, where 


N is the number of positive roots. We abbreviate (m) = [m](5). This combined shift 
and twist does not change weights. 
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Corollary 11.2 The complex Q;(m) is a G-equivariant perverse sheaf on the smooth 


B B soe . . . 
manifold G x u. Since q.4°: G x u—> .W is semi-small and G-equivariant, the 
direct image complex 


W = Rg. 4)xQum) € Perv WV) 


is a G-equivariant perverse sheaf on the nilpotent variety V". Since the complex 
Q,(m) is pure of weight zero, and because q, , is a proper morphism, the perverse 
sheaf V is a again pure of weight zero. Obviously DW = VW. 


Remark: To speak of weights makes sense, since all terms are defined over a finite 
base field. 


VI.12 The Orbit Decomposition of ¥ 


Let the assumptions be as in the last section. Recall, that there are only finitely many G-orbits 
in. /’”. This is not true on g of course. Therefore, contrary to the situation for the G-equivariant 
perverse sheaf © on g, the G-equivariant perverse sheaf YW on.” admits a decomposition 
with respect to these nilpotent orbits. 


The G-equivariant perverse sheaf YW was defined by 
YW =RG1)'(Qylm)) € Perv.) , m=dim.V). 


The pure perverse sheaf W has a direct sum decomposition into irreducible perverse 
sheaves according to Gabber’s decomposition theorem. We will see later, that the 
use of Gabber’s comparatively deep theorem can be avoided. The decomposition for 
the perverse sheaf could be directly obtained also from VI.13.6 and the trivial 
decomposition of ©’ (Corollary VI.10.8). 

Since W is a G-equivariant perverse sheaf on.’ and G is connected, each of 
its irreducible constituents is G-equivariant. See Exercise III.15.6. The irreducible 
constituents are of the form i(g1.¥ [dim(U)]) for smooth Q,-sheaves .F on open 
dense smooth subschemes g : U <> Z, wherei : Z <> .¥V are irreducible closed 
subschemes of .’. Since each of the irreducible perverse constituent sheaves is 
G-equivariant, the schemes U can be chosen to be among the finitely many adjoint 
orbits U = of .W”, and Z can be chosen to be the Zariski closure of that orbit. 
Note that all orbits U have even dimension. The sheaves .¥ = .F (43) — for x 
in a certain index set depending on the orbit U = .4%- are G-equivariant smooth 
irreducible Q)-sheaves on the orbit . 4g: We write 


We (Ay) = inka Fy (dim. 4)) 
for the constituents. We thus obtain 6 = QOee pg By, YebH) OG, VE_X). 


In this formula V (&, x) denotes certain finite dimensional Q)-vectorspaces, which 
count the multiplicities of constituents. Since End pe, y, 1) (Ye(X)) = Q, we obtain 
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Lemma 12.1 (Orbit Decomposition) The G-W-equivariant perverse sheaf ¥ = 
R@. 1) (Qry )[m](F) on ~V~ admits a direct sum decomposition 


w= DOD 6-H) @g, VE.x), 
é x 


where the Vg (.F,) are the irreducible perverse sheaves from above, such that 
Endres (¥) = D&D Endy (VE). 
fel /G K 


The sum is over all G-orbits & of the nilpotent variety.V. For each — the summation 
over x is with respect to finitely many G-equivariant smooth sheaves .F,, for each 
orbit respectively Ng. 


Fibers. Next we are interested in the stalks WV, of the perverse sheaf WV. Letv € .V 
be nilpotent. The stalk W, will be computed from the cohomology of the fiber of the 
morphism q_ ;.:. The fiber qy-(v) can be identified with .Z,, where 


o(u) =v 
using a fixed chosen exponential a, provided by Theorem VI.3.2. Thus the stalk W, 
of W at v is WS = RE*CA,, Qy(m)) = RIO 1B, Q(F)). Let 1C(F) 
for the smooth Q,-sheaves .F, be the intermediate extension up to twists and shifts 
IC(A) = Ve(FA)[-dim(%)] . 
Then by a comparison with the orbit decomposition we get 
edi : ~ m Agetdin Cd : 
Rr" BAS) = QD Qe 1c Fv Bg, VE - 
We au x 


The first sum is over all the orbits .4g, whose closure contains the nilpotent element 
v. The inner sums are over all sheaves .F,; belonging to the fixed orbit 4g: 
The dimension formula of Lemma VI.11.1 states dim(.V) —dim(. 4g) =2- 


d(&) = 2-dim(q7'.()). Therefore 
HBS) = BD Bw OC Fv By, VE 
F's av Xx 


The left side vanishes unless w < 2 - d(u), where d(u) = dim(.A,). Since 
codim(. \y,. Ve) = 2d(u) — 2d(E), we obtain for the highest possible degree 


Uw poAmy — Zcodim. by. Fe) 100g = 
PBS) = QB BPw% 2 1C(A)v Bg, VE. x) - 


eau x 
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The left side of this formula does not depend on the choice of the particular point v 
in the G-orbit .4%, which contains v. So we can choose v to be a generic point of 
this stratum .%. 


Vanishing Conditions. If 4% # .4Vg is not the top stratum, then by definition of 
the intermediate extension all stalks A“"1C(.A,)y = 0 vanish for the cohomology 
degrees x > codim(.%, W's). This implies, that € with .4¢° = .%, contributes to 
the formula above, only if u = 2d(u). Hence H dw. ZB,, Qe) is 


dim(A 
DBD WO 1C(F)v Bg, VEX = HB (F(A) Bq, VE. x). 


x x 


The sheaves -A, are those attached to the G-orbit of v. 

Consider the G-orbit . 4g of v. Varying v in the orbit the formula above implies, 
that the smooth G-equivariant sheaves .Y, with support ./g, that appear in the orbit 
decomposition of Y (Lemma VI.12.1), arise as follows: The sheaves Fy on the 
corresponding orbit ./¢ of v are obtained by decomposing the higher direct image 
sheaf 


RA Qy dw) = BF &, VEW 


x 


into irreducible smooth sheaves over . 4g: Here ¥; denotes the inverse image of the 
orbit .¢'of v under the proper morphism 


YoYR—s wow, 


obtained by the restriction of g. ,-. 


The Sheaves .F,. Recall 44° = G/G¢. Let G? be the connected component (in 
the schematic sense) of the stabilizer Gg of v. Then G/ Ge — G/Gz is an etale 
covering with Galois group A(u) = G,/ G° = G¢/ Ge. Consider the pullback 


GV: = Ye x. 4¢G/G? > G/G). 


Choose é to be the coset of the unit element in G/ G?. Then ~ maps to the unit coset 
e € G/Gz, which corresponds to € € .%. Let Y(1),¥ (2), ... be the irreducible 
components of Y= Yz of highest dimension d(é) = d(u). We claim 


a) Qe/ad- 
j 


Ile 


Ie 


RHQ; dw) = BD ROH Qy yaw) 


J 


The inverse of the first isomorphism is induced by the obvious maps 


[Jra>-Urwa-y. 
j j 
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The second isomorphism is induced by the trace map ([SGA4], expose X VIII, p. 553). 
See also the discussion following Theorem III.6.2. For this we need, that the fibers of 
G@:Y(j) > G/ G are irreducible and nonempty. This is clear, since the components 
Y( J) are obtained from the irreducible components of the fiber a! (é) by translation 
with G. Note that G? acts on the fiber, but stabilizes each component being a con- 
nected group. Thus, using base change, the pullback of each sheaf .A, from .4Z to 
the etale cover G/ G? becomes trivial. This implies that .A is isomorphic to one of 
the smooth Q,-sheaf .F attached to an irreducible representation x of the covering 
group A(u) on a finite dimensional vectorspace over Q,. So we have proved, that 
the smooth Q)-sheaves .Y, arising in orbit decomposition of Y for the orbit .4¢'are 
of the form .A, for some x € Alu). From the description given, it is clear that the 
sheaves .Y, for the trivial character always occur. This implies 


Lemma 12.2 Suppose o(u) = v for v in some nilpotent G-orbit Ag: Then the 
smooth Q)-sheaves ‘Fz, which arise in the orbit decomposition of VW (see Lemma 
VI.12.1), are obtained from the “highest” direct image sheaf 


RV Qy)dw) = QB F @g, VE. x). 


xeA(u) 


For the trivial character x = 1 of A(u) the vectorspace V(E, x) # 0 is always 
nontrivial. The Q,-sheaves .F, are smooth sheaves on Ng. They are attached to the 
irreducible representations x of the Galois group A(u) of the etale Galois covering 


m: G/G? > G/Gg =.Ng 


(as in Remark I1.15.3), such that 


— = d 
mQ) = BD & @q, & ne 
xeA(u) 


VI.13 Proof of Springer’s Theorem 


We want to prove Springer’s Theorem VI.1.1 in this section using the Deligne-Fourier trans- 
form. Doing this we actually prove more, namely we even construct a representation of the 
Weyl group W on a perverse sheaf. So in fact we construct a perverse Springer representa- 
tion. Decomposing the underlying perverse sheaf into irreducible constituents via Gabber’s 
decomposition theorem, one obtains from this perverse Springer representation the Springer 
representations without difficulty. The perverse construction may be outlined as follows: The 
morphisms qg’ : X’ — g* and the similar morphism q ,- : Y — g have been considered 
already. Recall, that.” is the nilpotent variety in g. By the semi-smallness of the morphism 
q, 4, the complex R(q_ ;-)~Qyy is a perverse sheaf, up to a shift. This complex is the candidate 
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for the perverse Springer representation to be constructed. We have to find a homomorphism 
W > Endpny 4) RE, p«Q y)- For this one observes, that the complex R(q, p)xQ y turns 
out to be the Deligne-Fourier transform — computed on g x .# — of the complex Rg.Q xX 
this is true at least up to shifts and twists. Using this fact, it is therefore enough to find the 
representation of W on the complex RQ x’. Now by the smallness of the morphism q’ 
this complex is not only perverse, but also the intermediate extension of its restriction to the 
regular locus gj. — again up to shifts and twists. Since over the regular locus the morphism q' 
is an unramified Galois extension with covering group W (see Theorem VI.9.1 resp. its dual 
version), the restriction of Rq/,Q) x: to the regular locus is a smooth sheaf on .F on Greg: The 
ree > Greg acts on.Y ina natural way. Furthermore 
End D(Greg)(F )= QIwWI. By the perverse continuation principle (see Corollary III.5.11) 


monodromy group W of the covering X 


this geometrically “visible” natural action of W on .¥ extends to an action on the complex 
RgQ) yx” as desired. By a Fourier transform it gives the perverse Springer representation. This 
approach for the construction of the Springer representations can be found in [Bry2], §11. We 
also consider other constructions later. 


Let the situation be as in the previous section. In particular assume, that the charac- 
teristic p of the base field is a very good prime for the semisimple connected group 
G. Fix some unipotent element u of G. There exists a nilpotent element v € g such 
that o(v) = u, whereo :.V = @é is a fixed chosen isomorphism between the 
nilpotent and the unipotent variety. Let .4¢ be the nilpotent G-orbit of v. 

In order to prove Springer’s theorem, we have to improve upon the Lemma 
VI.12.2 of the last section in the following way: In Springer’s theorem one has to 
decompose H 2d“), %,, Q,) with respect to the action of the characters x of the 
group G/ G°. By the proper base change theorem we may therefore start from the 


decomposition 


xeA(u) 


stated in this lemma. It is therefore necessary to relate the vector spaces V(&, x) to 
irreducible representation spaces ,,, of the Weyl group W, as stated in Springer’s 
Theorem VI.1.1. 

How did the vector spaces V(&, x) arise? They were defined as multiplicity 
spaces in the orbit decomposition VI.12.1 of the perverse sheaf Y on the nilpotent 
variety .V’, attached to the orbit € such that v € Ig" 


V=D QD u(HF By, VEX). 
5 eA) 


Here we wrote 
A(é) = Ao )) 


with respect to the fixed isomorphism o :.° > @. 

By the Proposition VI.13.6 at the end of this section we obtain an unexpected 
W-action on the perverse sheaf W. It is an action compatible with the trivial action 
of W on the underlying space ./. This surprising W-action is induced from the 
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natural W-action on the monodromy sheaf ©’ — on the dual of the Lie algebra of 


G — and the surprising Fourier transform identity Ty (i, y,.¥) = ©’. So Proposition 
V1.13.6 below allows to compare the two decompositions of ©’ and W. One obtains 


Ty(i.r%¥) = BD Wii. r¥e(F)) Bg, VEW 


E—E xX 
A / / 
= =D %eg ¥ 
eew 


from Corollary VI.10.8. The monodromy perverse sheaf ©’ is equipped with a natural 
W-right action, which makes the vectorspaces Vo into irreducible representation 


spaces of W with respect to the irreducible representation @ € W 
¢:W->Gl (V5) : 


Since the perverse sheaves ®, and the perverse sheaves Ty (i, Ys (‘F)) are pair- 


wise nonisomorphic by definition, and since Vi # 0 for all ¢ € W by monodromy 
reasons, the comparison of the two decompositions defines an injective map 


B: Wo {EE.V/G,x € Ag)}. 
This map B(¢) = (&, x), for irreducible characters ¢ of W, is defined by requiring 


Definition 13.1 Define the Brylinski-Springer correspondence B(o) = (&, x) by 
requiring 


D, = Ty(ipa¥e(A))  . Vg = VEX). 
Conversely, if (E, x) is in the image of this map B put 
PE, y =@eE W ; 


provided B(p) = (&, x). We then also write $y, instead of d¢,,, if v € Ag and v 
corresponds to u. 


Remark 13.2 To consider a Fourier transform Ty as above we have to fix an auxiliary 
finite subfield « = Fy of k and a nontrivial character yy of the additive group of x. 
We choose « such that G, B and T are defined over x, unless stated otherwise. 


Remark 13.3 The Brylinski-Springer correspondence defined above does not depend 
on the choice of the nontrivial additive character y, used to define the Fourier trans- 
form. Since any two Artin-Schreier sheaves %y,, Ay are related by a rescaling of the 
underlying affine line, this follows from the following fact: Leth : Gm x g* > g* 
denote the rescaling map A(t, v) = t - v of the vectorspace g*. Then we claim 
h*(') = ®’ and also for its constituents h*(®4) = ©, for @ € W. This is an easy 
consequence of the definition of the monodromy sheaf ©’. Use, that rescaling on the 
second factor t,e, defines a G,, action on YT (see VI.9.1). It commutes with the action 
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of W and makes the morphism g of Theorem VI.9.1 into a G,,-equivariant map. Here 
we use, that the arguments of VI.9.1 can be copied in the coadjoint situation. 


If we put things together, we have obtained a sheaf theoretic version of Theorem 
VI.1.1. This sheaf theoretic version implies Theorem VI.1.1 by specialization. 


Theorem 13.4 Let u = o(v) € @ be aunipotent element of G. Let v be contained 
in the G-orbit Ng of WV. Let q : Ye — A€ be the restriction of the simultaneous 
resolution to the inverse image of 4%; a morphism with fiber dimension d(u). Then 


ROVQy,)dw) = QB Fe, Vo- 


xeA(u) 


The vector space Vo, , fas a natural structure as a representation space a W. It 
defines an nelibiole, representa du,x Of W. If bu,y = bu',x!s then u,u' are in 
the same G-orbit and x = x’, if A(u) is identified with A(u’) in the obvious way. 
The representation $y, is completely determined by Ty (Wz (A)) = Bg,.,- 


We have seen, that the isomorphism Ty (i, y..¥) = ®’ gives W the structure of a 
W-equivariant sheaf. This structure has defined the Springer correspondence B, as 
explained above. However it turns out, that there is more then one “natural” choice 
for such a W-action on W. In fact, these different possible W-actions give rise to 
different representations @,,, of the Weyl group W. 


Remark 13.5 The relation between the nilpotent element v and the unipotent element 
u comes from a choice of an isomorphism o : .” — 6. For the consideration 
made above this isomorphism was fixed. It is reasonable to ask, how the characters 
¢u,x Of the Weyl group depend on this choice? 


Now let us prove the Proposition VI.13.6, which is stated below: Consider the 
simultaneous Grothendieck resolution of singularities in the coadjoint setting. Let 
b’ = ut. Then there is the following commutative diagram 


, 


q 


Yr Six Bye sik yp Pn Be 


|, | 4] 


B ————— SS BRB —_——_—_> Spec(k) 


Put 5y/[dim(X’)] = LQ x’ [dim(X’)]. This is a perverse sheaf on the vector bundle 
g* x .#. The morphism i’ on the upper left is an inclusion of vector bundles over 
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.72. Hence this perverse sheaf has a linear support in each fiber. The morphism pr’ 
has the property, that the trivial vector bundle g* x .Z is the pullback of the k-vector 
space g*. Therefore, using Theorem III.13.3, the relative Fourier transform of the 
perverse sheaf 5y/[dim(X’)] on g* x .Z satisfies 


*x.B/BP * ~ 
Te italy = By PO RAO) ain) 


©’ = RgqiQiy[n] € Perv(g’). 


On the other hand the relative Fourier transform of “Dirac” sheaves of subvector 
bundles can be easily computed (Corollary III.13.4). This computes the perverse 
sheaf 


Rpr; 


TE 717 Qn, lal) (dim(B)) = Ixy 9 Ul, 


B 
on g x .Z. With our previous notations Y = G x uandm = dim(Y),n = dim(G) 
this can be written as 


TEA (5 yi[n]) = ieQuy [dim(Y)\(—dim(B)) . 
Since furthermore dim(G) — dim(B) = dim(U) = sdim(Y), we obtain from the 


definition W = Rprii,Q,y (dim(Y)) the next 


Proposition 13.6 Let i_,.-denote the inclusion." <> g. Then the Fourier transform 
Ty (®’) of the perverse sheaf ®’ on the vector space g* is the perverse sheaf i. 4 -4V 
on the dual vectorspace g up to a twist 


Ty (0) =i;,W(—-n) , Ty (i. pW) =o’, 


In particular End pery, 1)\(Y) = Endperngs(®') = QW]. 


Duality. For the moment suppose, that the characteristic p of the base field k is large 
enough. Then A(u) is one of the groups (Z/2Z)*, 53, S4, Ss. The irreducible char- 
acters x of these groups are self dual x* = x. Furthermore, by the definition of the 
Brylinski-Springer correspondence Ty (i, 4's Ws(A)) = ©, for @ = d¢,,. Further- 
more D(®%,) = D5 (n) by VI.10.6 and DTy(K) = T,,-1 D(K)(n) by IIL.12.2. This 
implies ®/,.(n) = DO, = DT y (i. .¥(A)) = Ty-1 DG, p4Vel(A Mn) = 
Ty 18 4 VE(Ae) (a) = Ty-11¢ WVe(AY() = i,(n) using VI.13.3. Hence 
o* = ¢, since D;,, = P,, implies @; = @2 (and conversely). 


Corollary 13.7 The irreducible characters of the Weyl group W are self dual 
g* = @. Any irreducible representation of W is isomorphic to its contragredient. 


In particular, this implies that an arbitrary W-right action of W on W has the 
property, that the Verdier dual D(W) of the W-equivariant complex W is isomorphic 
to W in the equivariant sense. 
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VI.14 A Second Approach 


In this section we will describe a second construction, which defines another W-action on the 
perverse sheaf . p is assumed to be a very good prime. This W-action is different from the 
one obtained in the last section. It is obtained by restriction from the action of W on %, by 
means of a natural restriction map =i ; ,W[r](N). This new W-action on W is in some sense 
dual to the one obtained in the last section. In this section we will only consider this new 
action, the Lusztig action. 


We remind the reader, that we use the following abbreviations, where N is the number 
of positive roots and r = dim(T),n = dim(G),m =n —r = 2N. Further recall 
K (2s) = K[2s](s) and see VI §10,11 for the definition of the complexes ® and W. 
Consider the commutative diagram 


G x8 (Q}— > vy = G x8 x =G x8 pt gx Bo 


| tft, |, J 


B : B B= — 7 —— Speck) 


Also recall the restriction gy : Y > .4” of the map g : X — g to the inverse 
image Y of the nilpotent variety i_;-:./”” — g. With these notations we obtain the 
following complexes on g: 


© = RqiQ)xldim(X)] = Rpni,Q;y[nl 
W(-N) = Rg. p1Qiy[dim(Y)] = Rpn(i o iy) Q yt] 
K* :=Rpr, Qin] = Qgln] Bg, REA, Q). 


® and W are perverse sheaves. The complex K°® is not a perverse sheaves; it is a 
direct sum of its perverse cohomology sheaves 


dim(Z) dim(.2) if _ 
K°= B PHH K[—2yu] = DB HB, Uw) Bp, D) gl](—2u) . 
u=0 u=0 


This is a trivial case of Gabber’s decomposition theorem. Note that the “bullet” 
does not refer to K being a complex! It refers to this direct sum decomposition into 
translates of perverse sheaves. K ® is a sum of twisted right translates of the constant 
perverse sheaf Q gl; recall n = dim(g). Furthermore K® canonically carries a 
graded right W-action, i.e each of the translated perverse sheaves has a canonical 
structure as W-right equivariant perverse sheaf, compatible with the trivial right 
action of W on the underlying affine space g. This action is called the Slodowy 
action and is defined via Theorem VI.2.2. See also the discussion following Lemma 
VI.2.3. 
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The adjunction maps id — i,i*, id > (iy)«(iy)* and id > (ip)«(io)* induce 
natural restriction maps between the complexes defined above, by applying Rqg:. We 
abbreviate 59 to be the constant skyscraper sheaf on g with support in the origin and 
stalk Q,. Put dgln] = Q@ gl7]. Then we obtain a sequence of restriction maps, which 
we call the 


Control Sequence 
K* = 3g[n] @g, Q[W]* —> & —> iy. ¥Irl(-N) —> doln] &%, QIWIT? 


This is not an exact sequence! It is a sequence of maps in the derived category 
between sheaf complexes. These sheaf complexes are supported on g respectively g 
respectively ./” respectively {0}. The maps are induced from the inclusions {0} C 
uC 6 C g. The monodromy action of W on ® induces a W action on WV. This follows 
from the usual permanence properties of W-equivariant sheaves. See Remark III.15.3. 
We also view the other two complexes in the control sequence as W-equivariant 
sheaves on g, with respect to the trivial action of W on g. For this we use the Slodowy 
action on H2*(.Z, Q,) = Q,[W]® discussed in VI.2.2. 
With these four W-action specified, we claim 


Proposition 14.1 The maps of the control sequence are W-equivariant homomor- 
phisms of sheaf complexes. 


Recall. In this section the action of W on VW = ®[-—r](N)|_ y- is the action induced 
from the action of W on ®. This is not the action of W defined in VI $13 by Fourier 
transform. 


Proof. ® —> i, --,¥[r](—N) is W-equivariant by definition. Hence it is enough to 
prove, that the first restriction map res : K®° — @® is W-equivariant and that the 
induced action on the stalk jy = QIWI]*[n] is the Slodowy action. Assume the 
W-equivariance of the first map. To see that the induced action on the stalk at the 
origin 0 € g is the same as the Slodowy action, consider the stalks of the control 
sequence 


id 


(K*)o = OW]*[n] —> 0 —— VIrl(—N)o —> DIWI'In] - 


Since the composed map (K*)9 —> Q,[W]®[n] is the identity and since all restriction 

maps are W-equivariant, the induced W-module structure of the stalk Yo is given by 

the Slodowy action (up to a shift) and is isomorphic to the regular representation. 
So it remains to verify the W-equivariance of the first map of the control sequence. 


Step 1. We show equivariance on the regular locus gyeg. 
For this consider the diagram 
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Gries — ere gy, oP Sasx. pes 
~| f w 
Xreg ————_> .# X Greg ee Greg 
id pxj Jj 


xX —————_> 2Pxg Ss 9 


q 


The upper left arrow B is defined by (gT,t) > (gT, g(t)). This is obviously a 
W-equivariant morphism, if W acts on G/T from the right by gT +> gnT, on treg 
by the natural right action t +> w!(t) and on g by the trivial right action. Here 
n € N(T) denotes a representative of w € W. 

The map pr is proper. Hence Rpr; = Rpr,. Therefore the restriction K?,, of 
the complex K* = Rpr:Q, xg to the regular locus is 


Koicg = RP QUA xareglt] = RErAQe/Txgreql] » 


Greg 


since RaxQg /TXGreg = Qax Gree Dy Lemma VI.2.3. Thus the restriction map 
K* — ®-when considered over the open subset g,g — can be canonically identified 
with the complex map 


Rpra( Diop tegll ag BB QUG/T xdreg nl) 


via the isomorphism f. This morphism is W-equivariant. 


Step 2. We now show, that the W-equivariance proved over g;eg in step 1 already 
implies W-equivariance over the whole Lie algebra g. We have to show the commu- 
tativity of the next diagram 


Ke res © 
—————___> 
e 
oh en 
w* (res) 


w*(K°) ——> w*(®). 


Note w*(K*) = K® etc., since W acts trivially on g. To show the commutativity of 
the diagram reso ok Te ge ores = 0, itis enough to show injectivity of the natural 
map 

HOM nog G,)(K ,P) oO HOM pb, 05.0, greg? DI g,0¢) : 
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Here homomorphisms are understood to be homomorphisms in the derived cat- 
egory. To proof this injectivity, one may replace the complex K®* — ignoring 
W-equivariance — by a direct sum of translates of the constant sheaf. Because 
Hom nbz, & zl-t], —) = H*(Z, —) the injectivity statement would follow 
from the statements 


res: H"g, ®) > H" (Gree, /*(P)) , WEZ. 


Now H¥@, ©) = Heim, Q)) and HGreg, j*(®)) = HOR e, Q). But 
X is a vector bundle over .# with fibers isomorphic to b. It admits the trivial vector 
bundle .# x t as a quotient bundle. Thus X can be viewed as a vector bundle 
over .Z x t. This defines a smooth morphisms with affine fibers isomorphic to u. 
Now, to proof injectivity of the restriction map in cohomology, we may restrict to the 
cohomology of the basis (Lemma VI.2.3). So it is enough to prove, that the restriction 
maps 
HB xtQ) > HBX tree, Q) 

are injective. But this is an immediate consequence of (a trivial case of) the Kunneth 
formulas. oO 


Isotypic Components. Let i, : .”° — g be the inclusion map. Recall, that by 
definition of the new W-action obtained on YW, the restriction map 


& —S > iy, ¥Irl(-N) 


id = 


pa si) 


is W-equivariant. By III.15.4, since W acts trivially on g, the W-right action on V 
gives rise to a decomposition VW = EB pew Wo @G, Vg into isotypic ¢-components 
analogous to the decomposition ® = @ sew Po BG, Vo- The restriction map 

i*,.®[-r] > ¥(-N) 
is equivariant, hence decomposes into maps 

i*, -®g[-r] > Wg(-N). 

These maps are isomorphisms. This follows from the proper base change theorem 
applied to the proper map q : X — g with respect to the base restriction map 
iyo: WV > g. 
Theorem 14.2 
(a) For each irreducible character $ of the Weyl group, the restriction maps 

i*, ®g[-r] = Wg(-N) 


are isomorphisms between irreducible perverse sheaves. 
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(b) The stalks at the origin of By and Vg are nonzero 


(g)o0 = (YgIrl(—N))o = QIWI]§In1. 


These are W-equivariant isomorphisms with respect to the Lusztig-action. 
(c) For all $1,¢2 € W the Q)-vectorspace Hom pg) (Po tae, [r]) has di- 
mension one, if 6, = $2, and is zero else. 


Proof. For the proof of (b), it is enough to consider the perverse sheaves Vg. The 
stalk of each Wg at the origin is the @-isotypic component with respect to the W- 
action of the stalk Yo of YW. By Proposition VI.14.1 the direct sum of the cohomology 
groups of the stalk Wo define a representation, which is isomorphic to the regular 
representation of W. More precisely Wo = Q,[W]*[2N ](N) (proper base change 
theorem applied for q). This proves (b). 

By (b) the perverse sheaves Vy are nonzero. Recall End pe, 4 )(W) = Q[w] 
from VI.13.6. Hence )°, dimo, (Endpery, 1)(%g)) - deg(¢)* = #W. Therefore 
Endpery. 4 )(W%) = Q,. Thus all perverse sheaves Wg are irreducible perverse 
sheaves on.” by the decomposition theorem. This proves (a). (c) is an immediate 
consequence of (a) and 


dime, Hom pr) (Po,>4.7'%¥e[rl) = dimg, Hom poy, 4 (i*, -Po,[—r], Ye) - 
O 
Corollary 14.3 The natural restriction map 
Endperig(¥) > Endg,(¥o) 
induced by the stalk functor reso : Y — Wg is injective. Similar for ®. 


Example 14.4 By definition ®; = Q gl7] holds for the trivial representation = 1 
of W. Therefore we get W)(—N) = i*,.®j[-r] = Q. y-[dim(V)] or Wy = 
Q, y:(dim(.)). In particular 


Q, pldim(V)] € Perv.) 


is a perverse sheaf on... 


VI.15 The Comparison Theorem 


Consider the “control sequence” as defined in the last section. All its maps are 
W-equivariant, where YW was endowed with the Lusztig-action (as defined by the 
second approach). We write ¥ = Wy to indicate this. Similarly we write Vg, Pg 
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for the W-equivariant complexes VY, ® defined by the Brylinski action of W (see 
IV §10,11,12). 

The Verdier dual of this control sequence defines again a sequence of W- 
equivariant maps, since we have W-equivariant isomorphisms D(®) = ®(n) (Re- 
mark VI.10.6) and D(W,) = Wz, (Corollary VI.13.7). If one furthermore uses 
D(Sg[n]) = Sg[n](n) and D(d9) = do, the dual of the control sequence yields 
the following 


Twisted Dual of the Control Sequence. The dual of the control sequence twisted 
by (—n) gives the following W-equivariant maps 


dg17] QqG, H-**.B, Q)* <— 0, <—i»,Vz_[—r](—n + N)<—-- . 


Fourier Transform of the Control Sequence. There is another way to invert ar- 
rows. Start in the coadjoint situation and consider the perverse sheaves ©’ and ’ on 
g*. Here &’ is endowed with the monodromy W-action and W’ inherits this W-action 
by restriction. There is an analogous control sequence for these sheaves on g’. The 
Deligne-Fourier transform applied to it gives — after a twist and a shift by [—r](N) 
—new W-equivariant maps 


dgIn] @G, H**(.B, Q)LZN(N) <— ©, <—i + 4Wgl[—r](—n + N) <— 


Here we used Ty(®’) = i 4,.Wg(—n) and Ty(iy,’) = ®g as well as 
Ty (6o[7]}) = dy[2n] and 2n —r = n+ 2N. The last map on the left is cores = 
Ty (res i, 4 140" — 89[n — r](N))) and is called corestriction for simplicity. 

The index g indicates, that the W-action on ®g resp. Vg may be different from 
the one on ®; resp. WY; considered above, although the underlying perverse sheaves 
are the same. We refer to the action on ®z as the “Brylinski’”-action, in contrast to 
the “Lusztig”-action on ®; used above. 


Poincare Duality. The group W acts on the highest cohomology group 
H-°(.P2, Q)(N) = Q, by the sign character ew of the Coxeter group W. Poincare 
duality for the flag variety .# gives the following W-equivariant isomorphism 


PD: HW. 2, Q2NKN)) = ew @g, HA, Q)*. 


We claim, that the twisted dual of the control sequence and the Fourier transform of 
the control sequence essentially yield the same maps by identifying the targets via 
the isomorphism P D. In particular, we claim that there exists a unique isomorphism 
p of perverse sheaves (ignoring W-actions !), which makes the diagram 


8g{n] @g, H-**(. 2, Q)* <—— © 
A 
6g? p. 


Salt] Bg, HA, D)2NUN) L* op 


292 VI. The Springer Representations 


commutative. 


Uniqueness of p. Apply Fourier inversion and use, that T,,—-1 (cores) essentially is 
the restriction map reso. So uniqueness follows from Corollary VI.14.3. 


Theorem 15.1 0: ®g = ew Qq, ®, is an isomorphism of W-equivariant perverse 
sheaves. 


Corollary 15.2 Vg = ew @G Vz as W-equivariant perverse sheaves. 
Q 


Proof. Assume for the moment that p exists, making the last diagram commutative 
(but without assuming any kind of W-equivariance). The two horizontal maps in the 
last diagram are W-equivariant. The map id @G, PD is W-equivariant up to a twist 
by the character ew. Then uniqueness of p implies the W-equivariance of 


p: Pg — Ew @q, OL- 


Recall, that each w € W acts on ®g by some isomorphism ge : Pg — Pz and 
similar g& : ®, —> ®,. The statement follows, since both ew(w)- gk opo (yB)-! 
and p make the diagram commute. This proves the statement modulo the existence 
of p. 

Existence of p. We have to find a vertical isomorphism p (not necessarily W- 
equivariant), which makes the following diagram commutative 


DRpr\(igx,alnl) = Dbgln}) @q DRV eZ, Q) <2” ___ pv) 
9 Q 


~ 


Ue 


dglal(n) @g, HZ, Q)* — 1 (n) 


id@PD|= 'p 


cores 


Rpr|Dbgx. lal) = dglnl(n) @g, H2*(F,Gy(2N)) 2 __ gn) 


{ 


~ 


Rpr TES (resp )[2N] 


Ty 69 (2N)()) @G RVC, Q) < Ty G, p48) 


Recall that T;;/°(59) = dg{n] and RP'.-Z, Q;) = H7*(.7, Q) gives the lower left 
isomorphism. 

Recall that the diagram at the beginning of section VI §14 defines subbundles X 
and Y of the vector bundle E = g x .# over.Z. Similar subbundles X’ and Y’ were 
defined for the dual bundle E’ over .#; see the diagram before Proposition VI.13.6. 
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Now use the functoriality Rpr; i Se TyRpr) of the Fourier transform, where 


E’ = g* x .# is the trivial vector bundle over the base S = .#. To find p, it 
is enough to complete the next diagram to a commutative diagram with the dotted 
isomorphisms 


D(resx) 
DRpri (3g x #lnl) us DRpr;(5x{n]) —=—- D9, ) 
A 
h A 
rel.PD|= ; =jrel.PD 
D(resx) 
Rpr\D(5gx. lal) “— Rpr:D(8x[n}) 
nN A 


Rpri Tye |S (85, p(2N)(n)) <— Rpr Ty! (8y:(2N)(n)) = Ty (i, 14 ’)(n) 


The lower left arrow is given by the map Rpr i a (r eso) [2N]. The left upper square 
commutes, since the relative Poincare duality isomorphism rel.PD : DRpr = 
Rpr:D defines a natural transformation. 

Of course, one can now drop R pr; and restrict oneself to the lower left square of 
the last diagram. So — after a shift by [n] — one has to complete the diagram 


D(55x.2) = ae D(5x) 
A 
; TES (reso) [2N+n] ‘ 
Ty (By. (2N Yan) <— Ty | (Sy) (2N)In\(n) . 


But D(x) = 5x (2n), Dgx.4) = Dbz) = S¢(2n + 2N). Furthermore by 
Corollary III.13.4 


TE'IS (Sy) (2N)[n](n) = dx Cn) 


Ty |* Box.2)(2N)[n\(n) = 5¢(2n + 2N). 


Note that Y’ is asubbundle W of E’/S of rank N, whose annihilator V in E/S is 
the subbundle X of E. So we end up in the more abstract situation, where W <> E’ 
is a locally split subvectorbundle of rank N of the vector bundle £’/S of rank n with 
the corresponding subvectorbundle V = W+ <> E over the smooth base § = .7. 
So —up toa shift and twist by (2dim(S)) = (2N) — we have to complete the diagram 
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DeE/s( ) 
BO =O 
A 


Me 


i 4 


coresy gE 


8¢(2n) < dy (2n 7 2N). 


This is possible by III.13.6. 


Corollary 15.3 5°, dim, HEV, W)6) 1/2 = Pre, (t). 


Proof. This follows, since Dy A7(-V’, (WL)6) @ ¢ is equal to HZ (g, i. 7-4 ¥L) = 
FO" Ty (i 4¥1)0, which equals .7*-"(®',)q by VI.13.6. By VI.15.1 and 
VI.14.2 this is isomorphic as W-module to ew @ Q wl. O 


The polynomials Py(t), defined after VI.2.2, satisfy Pg(1) = deg() and 
Pogey(t) = ad P(t), a consequence of Poincare duality and ¢* = @¢. There- 
fore the degree bg = deg,;(Pg) and the leading order ag of the polynomials are 
related by ag + b¢@e = N. The dimensional bounds of the cohomological dimen- 
sion imply H?(.V", We(A)) = 0 for v > dim(. 44) = m — 2 - d(&). Therefore 
bo@e < 1/2 - dim(. 4%) = N — d(u) for ¢ = ew ® y,x or 


dtu) Sag , $=Ew@duy. 


Equality holds iff .A, is constant, i.e. iff x = 1 is the trivial character of A(u). 
As a special case one obtains 


Corollary 15.4 Let p be a very good prime. Then 
W(iV,Q=0 , v#2m 
and H2"(.V",Q) = Q(—m). 


Recall, that.’ is affine and of dimension m. Thus.” behaves like affine space 
of dimension m. On the other hand ..W’ has singularities. To illustrate this consider 
the simplest case G = S/(2). Then.” = Spec k{a, b, c]/(a2 + bc), which has 
a singularity at the origin. Note 7 =." via g + g — 1. A matrix with entries 
a, b,c, d and trace a + d = 0 is nilpotent iff a2 + bc = 0. 

For very good primes p the computation of the cohomology of .. 4’ strengthens 
Steinberg’s theorem 


Theorem 15.5 (Steinberg) The number of unipotent elements in G(F,) equals q”, 
the square of the number of elements in a p-Sylow group (if G is defined over the 
finite field F,). 
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VI.16 Regular Orbits 


The method used in the previous section can be carried over to study more general situations 
as well. In particular it is of interest to have information on the Fourier transform of (co)adjoint 
orbits. This is the starting point of Springer’s fundamental papers [S6] and [S2], and it appears 
in [S6] in disguised form as a problem on trigonometric sums. The case already studied in the 
last sections was the case of nilpotent orbits. The case of regular orbits, studied in Springer’s 
papers, is the other extreme. 


General Reference. [Bry2, §11] 

Let p be a very good prime for G. Let T be a maximal torus of G and B a 
Borel subgroup of G containing T. We fix a nondegenerate G-equivariant symmetric 
bilinear form K on g. From our assumptions on p the existence of K is guaranteed 
by VL5.1. 

For any y € t* define a morphism vy : X > AonX =G x? 6 by 


vy(g x8 b) = yb) , (yet. bet) 
where b is the image of b in t = b/u. The map vy is well defined. We get the diagram 


q 


KS 


vy 


A , Zp) 


where g : X — g is defined by the Grothendieck simultaneous resolution of singu- 
larities, and vy : X — A is defined as above. Let k = Fy be a finite field contained 
in k. Let y be a nontrivial character of the additive group of «. Let 4 (y) be the 
corresponding Artin-Schreier sheaf on A. 


Definition 16.1 For y ¢ t* define the Springer sheaf ./(w, y) 


Sp,y) = Ra(vg(Z ne) 


Obviously D.Y (Wy, y) = A (we !, y(n). 

The Springer sheaves are perverse sheaves on g. Namely q is a small proper 
morphism, X is smooth and vy ( Y (yr)) is asmooth sheaf on X. If G, B and T and y 
are defined over «, then we obtain a canonical Weil sheaf structure on the Springer 
sheaf. 


Remark 16.2 The morphism vy is trivial on the closed subset Y = G x? u of 
X = Gx*b. Therefore, since Y = Ge (. V )rea, we have the following consequence 
of the proper base change theorem: Let y € t* and let.“ (yw, y) € Perv(g) be the 
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corresponding Springer sheaf. Then the restriction of .“(w, y) to the subvariety 
iy: 1 VW" — g is isomorphic to the perverse sheaf W[r](—N) on .W’. For the 
definition of W see VI.11.2. In particular, the restriction of YW (w, y) to. does not 
depend on y and y. There are natural maps 


res: A (Wy) —> ipsi® (Ay) = iI (AN). 


Since ¥ = D(V) = D(i*, [=r] (N). A, y)) = i, Ir M(-N)- A (01, y)(n) this 
implies (using the y-independence) 


iy SC, yl2r(r) = i*) A, y). 


Now we consider regular (co)adjoint orbits @ of G. For this we use the fixed 
G-equivariant bilinear form K as in Remark VI.10.7 to identify 


MS=togSg*. 


Then by definition a regular orbit @ of G in g* contains an element y in treg- Since 
in fact t* is not contained in g*, we have to proceed as follows to give sense to this 
statement: y € t* is called regular, if y corresponds to a regular element Y € tyeg 
under the isomorphism t* = t. Then t7,. = treg and @y is the image of the orbit 
G(y) C g under the isomorphism g = g*. The orbit @, is closed in g* and has 
dimension m. This is a well known consequence of the assumption, that y is regular. 
See Lemma VI.16.5 below and its proof. Let i, : @ <> g* be the inclusion map 
and let 
6 =ir+(Q,) 

be the constant sheaf on this orbit viewed as a sheaf on g*, where (m) = [2N](N). 
Since @, with the reduced subscheme structure is smooth 


57 (m) € Perv(g*). 


The next proposition compares the Springer sheaves with the Deligne-Fourier 
transform of regular orbits. Formulas of that type first arose in the work of HARISH- 
CHANDRA on the representations of real reductive Lie groups. 


Proposition 16.3 For regular elements y € Vee the Fourier transform Ty (5-, (m)) 
of the perverse sheaf 57,{m) on g*, defined by the m-dimensional smooth regular 
(co)adjoint orbit C,, and the Springer sheaf .Y (yf, y) are isomorphic perverse 
sheaves on g 


hy: S(b,y) = Ty(be,(m)) , yet. 


Remark 16.4 Even for nonregular y € t* both sides remain defined. This is obvious 
for the left side. The right side can be defined by some extension of the constant sheaf 
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to the closure of an orbit. However one can not expect to obtain an isomorphism any 
longer. E.g. for y = 0 we see that Ty (57, (m)) = dg[n](m) is not even a perverse 
sheaf, whereas the left side specializes to the perverse sheaf 


Sw, 0) =. 


Now we come to the proof of the proposition 


Proof. Step 1. y € tye, has stabilizer Gy = T, the orbit @y is a closed orbit 
in g*. With respect to the diagram of the Grothendieck simultaneous resolution of 


singularities 


q’ a 7 
(p')7! (yy Xreg ——— Greg <_—— & 


reg 


, , 


Dp Y 


{y}¢ st ae W 
the following holds 


Lemma 16.5 For regular y € t;,, the morphisms q' : (p(y) > G is an 
isomorphism, hence 


8¢,{m) = Rai(5iy)-19)) om 


Proof. The morphism q’ : X;2¢ — Greg is a finite etale Galois covering map 
(Theorem VI.9.1 respectively its coadjoint version). Since p’ is smooth, its fiber 
F=( p')'Q) is a smooth closed subscheme of X’ (of “constant” dimension). 
Indeed F C X;},.. The orbit Wy = G(y) is smooth and 


' (OD) = Xreg Xt > O 


is a finite etale covering map of smooth schemes. The smooth scheme F is contained 
in the smooth scheme (q’ ea (@,) and has the same “constant” dimension. Therefore 
F is open and closed, as a subscheme of (q’ sot (@,). Therefore 


q:F>G, 


is a finite etale covering map onto the irreducible scheme @,, so it is enough to 
show injectivity of this morphism in the set theoretic sense: Use the isomorphism 
GLP ete Xie (as in the proof of Theorem VI.9.1). If g1T x y = g2T x y, 
then 9; = got with t € T(k) by the regularity of y. Hence q’ is injective on 
F=( py! (y). This completes the proof of the lemma. 
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Noteworthy the closed subset F = ( py} (y) of X’ maps to a closed subset of 
g*, since q’ : X' > g* is a proper morphism. Hence by the proof above the regular 
orbits @, = q/(F) are closed in g* — a fact already mentioned and used earlier. 


Step 2. The vector bundle X’ = G x®'b’ over .Z is the middle term of an exact 
sequence of vector bundles over .7?. 


ae > x _» Bx 
4 
Sy: nu 
I———— PB. 


The trivial vector bundle. x t* is the quotient bundle, and the kernel is the vector 
bundle Y’ = G x? w’. Note b’ = ut, u’ = b+ and b! = t* @w’. This exact sequence 
of vector bundles over .# does not split. However sections s, as indicated in the 
diagram, exist locally over the base .#. Any local section s of the exact sequence 
induces a local section s, of 7 in the middle, by composing s with the global section 
on the right defined by y via gB +> (gB, y). For a local section sy over a suitable 
small open subset U Cc .# one obtains 


Corollary 16.6 Suppose y € t,.. Then 


, 


(p')7!(y) A !(U) << syU) + YU) CXheg - 


Step 3. To obtain a global section, we make a base scheme extension with respect to 
the quotient map 
pr: B=G/T — R=G/B. 


Working over the new base .# is advantageous since 


a) Over this new base PB the pull back of the exact sequence of vector bundles, 
considered in step 2, splits. 
b) The map pr is acyclic in the sense, that 


Rpri\(pr*K)(m) = K , KeD (A). 


See also VI.2.3. 


To verify property a) it is enough to remark, that the pullback xX =.7 x @ X’ of 
X'=G x b’can be canonically identified with G x 6’ by an isomorphism A of 
vector bundles over. 2 = G/T 
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Cities aR 


| | 


G/T xa Bp (G x® b') —>G x? v! 
a4 


G xT b’ 


induced from the maps g x! x +> gT andg x’ x g x8 x fromG x! 6’ toG/T 
respectively G x8 b’. Similarly Y’ = Y’ x_y.2 & G x! w’. Therefore the sequence 
of vector bundles, considered in step 2), splits over the base ZB with the desired 
global sections s(gT, y) = g x7 (y, 0) and sy(gT) = g x" (y,0) € Gx? (t@v) 


s 


~ ~ ie ~ 
ya ae > Bx 
Sy 4 


Step 4. Consider the trivial vector bundle 
Bx a > .B 


over .# and its subbundle X’. The global section sy of the subvectorbundle X’ in 
particular defines a global section of the morphism Bx go .B. This section 
will also be denoted sy. Then let T_;, denote the translation with the negative of this 
section in the fibers of the vector bundle .# x go> B. 

Now consider the diagram 


~ e J 
prxid B x g* pr g* 


Bx gt 


if 


q 


x’ ————> ¥’ 
By Lemma III.13.3 and by Lemma VI.16.5 we have 


Ty (57, {m)) = Ty(Rpr((K)) = Rpn(Ty?*8/7(K)) 


for K = Lx5(p')-!(y) (m). Put 
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K = (pr xid)*(K)(m) = T*, (8y.)(2m) . 


The second equality holds, since the inverse image of ( p’)*(y) in Bx g* is equal 
to sy + Y’ = T;,(Y’). Once more by Lemma III.13.3 we have for any complex 


K 6 D(A x g*,Q@) 


Bry |B Bog leh 28 are Po |B s 
77°87 (Ror x id) R) = R(pr x id) (TY7*8!7(R)) . 
Since : 
R(pr x id)\(K) = K 
by step 3 b), this gives Era) = R(pr x iar ®), hence 
Ty (87, (m)) = Rpr(R(pr x id), TY7*8'7 (R)) . 


Under Fourier transform translates become twists with the Artin-Schreier charac- 
ter sheaf. In other words, the relative Fourier transform of the complex K can be 
computed by Lemma III.14.1 


The relative Fourier transform of the sheaf complex 45, (m) is 6¢[n]. Here dz = Q x 
and similar for X’, Y’. Hence we get 


y 814K) = ig(L)lm) , b= 83( Ly) @gy dgln] ¢ D2X,D), 


where i : X OG gx .2 denotes the subbundle obtained from pulling back the 
subbundle X <> g x./. Furthermore v, : X — A is the characteristic function on 


X associated to the section sy as in III.14.1. By definition ¥, is the pullback under 
pr: X — X of the function vy defined on X by vy(g x8 b) = K(b, y). So 


Ty (57, {m)) = Rpr\(R(pr x id)1ix(L)(m)) . 


Since L = (pr xid)*(M) holds for M = vy ( Ly) @G, 5x [n], the projection formula 
R(pr x id)\(pr x id)*(m) = id — which is analogous to the one in step 3, assertion 
b) — implies 


Ty (87, (m)) = Rpr\(M) = Rqi(M) =.% (yy). 
Proposition VI.16.3 is proved. O 


Remark 16.7 We mention without proof a result, which immediately follows from 
1.14.1. Let: : Y’ + g* x .& be the inclusion map. Then the Fourier transform 


Ty (res) : Ty (65) > Ty 57,) 
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of the restriction map res : 6g, — 5;, uniquely factorizes over the adjunction map 
y 


ust! Ty (8¢,) > Ty (87) 
¥ y 
and induces an isomorphism 


Ty (8x") & We Ty (By:) 


VI.17 W-actions on the Universal Springer Sheaf 


The Springer sheaf .“(y, y) only depends on the conjugacy class of the element y € reg? 
Thus y could be replaced by a conjugate under the Weyl group W. Furthermore it is very 
natural to consider the parameter y € t* as a variable. To do so, enlarge the base by a base 
scheme extension with Frege Then the statements made in the previous section carry over to 
this generic situation. Since W acts on nee this allows to define W-actions on the universal 
Springer sheaf and also on W and ® by restrictions. As before these actions are “visible” on 
some dense open subsets, and are then extended to actions over the total space by perverse 
analytic continuation. We discuss this and show, that in this way one can reproduce the W- 
actions already considered before. 


Our intention is to equip the Springer sheaves with a natural right action of the Weyl 
group W. For this it will be necessary to enlarge the base scheme. So we consider 
g x t* instead of g. Recall that Grothendieck’s simultaneous resolution of singularities 
provided maps q : X — gand p: X > t from X = G x? 6 to the Lie algebras g 
and t. So in analogy with the situation of the last section we consider the morphisms 


id 
xxe TS gxt. 


| psa 


We define the universal Springer sheaf 


‘SF (w) = Rg x id) (4) en. 


Here n = dim(g) and r = dim(t). Smallness of q implies smallness of g x id. By 
the smallness of the map q x id the universal Springer sheaf is a perverse sheaf 


S (Ww) € Perv(g x t*). 
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Lemma 17.1 Let j : greg x treg > g x t* be the inclusion map of the regular locus. 
Then 
S (W) = Jin (A Wl gree x (3) : 


In particular for j' : g x ise o> g x t* we get S(W) = inl Wg x Ga): 


Proof. Consider 
Greg x tf a Greg x t* 


GSR, Cd eg i Py 


The (j1)!-extension of .Y(W)|Greg x tf, 
smooth sheaf by Theorem VI.9.1. 

The (j2)1,-extension of .Y (W)|Greg x * is. Y (yw), since q xid is asmall map with 
top stratum g;eg (Lemma VI.10.3(a)) and since X x t* and v*(4(yw)) are smooth. 
The claim now follows, since intermediate extensions are functorial: j1, = j2140 ji 1x: 


eg iS SY (W)|Greg x t*, since the latter is a 


Notation. For K € Perv(g) we write K /t* € Perv(g x t*) for the pullback of K [r] 
under the projection g x t* > g. 
With this notation we get similar as in VI.16.2 


el AM))I-rl(N) = v/t, 
where r = dim(t) and 2N +r =n = dim(g), and where 
i boxte t Vxtoa gx t* 


denotes the inclusion map of the universal nilpotent locus into g x t*. 
Let y be in t*. For the inclusion 


iy:gagxt* 


defined by iy(x) = (x, y) the pullback i,[—r]*(.Y (w)) of the universal Springer 
sheaf is the Springer sheaf .“(w, y) considered in the last section. It is interesting 
to note, that the most singular specialization gives the perverse sheaf ® introduced 
earlier 


iol-rl( 4) = @. 


Right W-actions. We now fix the following W-right actions: 


1. the trivial action on g, g* and A 
2. the canonical right actions on t and t* = t 
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3. the action on X;ye¢ = G/T X treg defined by w(gT, x) = (gTnw, ny! (x)), 
where ny is a representative in N(T) of w ¢ W 


4. the similar action on X},,. 


We always use the induced right W-actions on cartesian products. The schemes 
Greg X t* and Greg X tyeg are W-stable. The morphism 


gq xid|Xrpep XE * Xreg KE > Grey & OT 


and the morphism v : Xreg x t* — A are W-(right)-equivariant. Therefore 
v*(4(w)) is a W-right equivariant sheaf on X;e, x t*. Its direct image sheaf 
S (W)|Greg x t* under R(g x id), therefore carries a natural W-right action. Using 
the last Lemma VI.17.1 and perverse analytic continuation, this action uniquely ex- 
tends to a W-right-action on the whole universal Springer sheaf .% (7). We call this 
action the Lusztig action on .Y (w) and write 


S (Wt 


to emphasize the specified W-action on .“(y). Note, that there exists an W- 
equivariant isomorphism D(.Y(w)L) = ACW!) @ +r). 


Universal Regular Orbit. Consider the universal regular orbit 
OE Dre a Ves 
defined by @ = {(x, Y) © Greg X tree | x € G(y)}. Define 


reg 


Tc xX’ xt, = GxFoxt 


reg 


by T = {(x, y) © X’ x the, | p’(x) = y}. Here X’ is the Grothendieck simultaneous 
resolution of singularities with the maps q’ : X’ — g* and p’ : X’ — t*. The 
universal regular orbit @ is obtained as the image of I’ under 

@ Midex xt, go xt 


reg reg 


(q' xid)\(T) = ©. 


Clearly T° is the restriction of TP = {(x, y) € X’ x t* | p’(x) = y} = X’ xe 


(viewed as a subset of X’ x t*) to the open subset X’ x t?,, (the cartesian product r 


is defined via the maps p’ : X’ > t* and id : t* > t*). In particular T = X’. 
In fact CC Greg X t 


reg? 


hence TC Xjoe X tf, 


reg* 


Using Theorem VI.9.1 


Y’ =G/T xt 


reg 


* 
> Greg 
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we see that (f’) (1) = {eT x yx y|g eG, ye te}. Hence the morphism 
q' xide: T—=O , 
or equivalently the morphism 
G! x ide : (fx ide)“ \(P) —> © , 


is an isomorphism. In fact g’ x id(g1T, y1, y1) = q’ x id(g2T, yo, y2) implies 
yi = y2 and gi(y1) = g2(y2), hence g1T = g2T as y = y, = yz 1s regular. 

Put 6. = Q)7. Then suitably normalifed. it defines an irreducible perverse 
sheaf K = 57 (m)[r] viewed as a sheaf on g* x t* ee by zero extension. As before we 
abbreviated (m) = [m](m/2). Similar as in the proof of proposition VI.16.3 we now 
prove the next Lemma VI.17.3. We skip the details and only give a short summary 
of the necessary arguments in the present setting over the base t*. 


17.2 A Summary. Recall that. = G/T and. 2 = G/B. Put S = .42 x t* and 
V =g< S. Furthermore put $=.fA x t* and V = g x S. We view V as a vector 
bundle V/S over S. Its dual bundle is V’/S, where V’ = g* x S. Similarly for V. 
Base change with respect to the morphism pr : 5 —> S — induced by the natural 
map G/T — G/B — gives the vector bundles V / S as pullback of V/S. We define 
subvectorbundles Y’ — X’ <> V’ over S as pullback of Y’ and X’ and similar for 
V /S. Then there is an isomorphism 


ROG eb ck 5 


Using this we define a section s : S— X’ via s(gT, y) =(g x" y, y). 
Consider the complex : 
K = 87 (py) (2m) [r] ; 


with support on the translate T,(Y") of ve defined by the section s. According to 
Lemma III.14.1 the Fourier transform of K on the vectorbundle V’ is 


Ty 9 (R) = 0" Ly) @g, 8¢2n](N) 


viewed as a complex on V with support in X. The proof of this identity is essentially 
the same as the proof of proposition VI.16.3. 

Under the natural projection pr : V — V we obtain from this Fourier transform 
the universal Springer sheaf 


RuRpri(Ty S(R)) = LW). 


For the dual vector bundles we have the similar projection pr’ : V’ > V’. Here we 
get the following canonical isomorphism 


RuiRpri(K) = RQ’ x p'):Qy(m)[r] 
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for the direct image. This follows from considering the following commutative dia- 
gram 


, 


pr = 
> X! xy (* ———__—> 


Tr 
idyr x p' 


COS nt ee ety oe 


R 


LY) 


q' xm xidgx q' xidyx 
, -, 


pe ee 


V 
S 


55 > 


where P = X! xy t® @ X’ x t* and = (pr’)~!(P). The cartesian product is 
with respect to the maps p’ : X’ — t* andid : t* > t* and P = X’. Furthermore 
r= ( pr’)! (I) is isomorphic to T,(Y’). One therefore concludes that 


Rpr} (Qi) (2m)[r] 


= Rpri(pr')* (Qryrxjat*) (2m)[r] 


= Qyrxee(m)ir] = Qy (mr), 


using Lemma VI.2.3(2) with m = 2N and (m) = [2N](N). 

Furthermore, since Wy) is a perverse sheaf and since Fourier transform pre- 
serves perversity, also Rpr; '(K) isa perverse sheaf. Over the regular locus t* eas t* 
the restriction [ of I maps isomorphically to @’. If we restrict the base to its reg- 
ular open subset t*,, C t*, therefore the following complexes can be canonically 
identified 


reg 


(Ra! x p')@rxeimtr1) a” x top = 8 (m)[r]. 
This immediately implies 


Lemma 17.3 For the relative Fourier transform on g* x we have 


rep th reg 


x the / the 
ae *(5-(mt1) = Sax tog - 


The last two lemmas together immediately imply 
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Proposition 17.4 For the inclusion j’ : 9 x tre. > g x t* we have 


g x tree /treg 


SW) = I(T (5 (m)lr})) . 


From this new description of the universal Springer sheaf it is clear, that we do 
obtain a new W-right action on.“ (yw) € Perv(g x t*), which is compatible with 
the W-right action on g x t*. It is inherited from the canonical right action of W on 
the universal regular orbit @’ C g* x fous respectively the corresponding action on 
d¢. via Fourier transform, via perverse analytic continuation with respect to the open 
embedding j’. This transport of structure defines a W-(right)-action on the universal 
Springer sheaf .“(w), which is compatible with the natural right action of W on 
g x t*. This action will be called the Brylinski action. We write 


S(W)e 


for the corresponding W-equivariant perverse sheaf. Obviously there exists a W- 
equivariant isomorphism D(.Y (y)g) = S(w!)a(n +r). 


Corollary 17.5 The universal Springer sheaf.Y (w) is an irreducible perverse sheaf 
on g x t*. It is a W-right equivariant perverse sheaf. Any two W-right actions on 
SF (wv), compatible with the fixed W-right action on the underlying space g x t*, 
differ by a twist with a character ¢ : W > Q, ; 


We also have the following 


Corollary 17.6 Let j’ : g* x treg <> g* x t* denote the base change map to the 
regular open subset. Then the relative Fourier transform Ty on g” X treg/treg of the 
irreducible perverse sheaf Tile (m)[r]) is isomorphic to the universal Springer 


sheaf .S (ww). 


eed a as (4,8 mei) 


Proof. The relative Fourier transform commutes with base change defined by j’. 
Hence the assertion follows from the last proposition VI.17.4, since both perverse 
sheaves are irreducible and generically supported on g x Greg” O 


Since the universal Springer sheaf.“ (y) was shown to be an irreducible perverse 
sheaf on g x t*, the inverse Fourier transform of it is an irreducible perverse sheaf 
on g* x t*. The Fourier transform is functorial with respect to base change (Theo- 
rem III.13.3). By the summary VI.17.2 above this implies, that the inverse Fourier 
transform of .~ (yr) can be canonically identified with the direct image complex 
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RQ’ x p'):Qry(m)Er] , 


where q’ x p’ : X’ > g* x t* is defined by completing the commutative diagram 
obtained from the coadjoint version of the Grothendieck simultaneous resolution of 
singularities 


* 


Restricted from g* x t* to g* x tree, 


dc (m)[r]. We therefore conclude 


this direct image complex coincides with 


Corollary 17.7 There exists a canonical isomorphism of perverse sheaves 


ii (5e) = RQ’ x p’) Qry: 


By specialization we obtain in particular 


Jig (Se (m)Er]) |o* x (0) = ip (YIr1- 


(Tacitly again the G-equivariant identification of g* and g was used in the defi- 
nition of the inclusion i, »-,!) 


Remark 17.8 We emphasize, that the identifications made in the last corollary are 
induced by a canonical map. Therefore we preferred to write equality signs. We 
call the second isomorphism of the last corollary the restriction isomorphism. By 
construction it is clear, that this restriction isomorphism is W-equivariant, provided 
is is endowed with the Lusztig action. 


17.9 Corestriction map. There is a natural W-equivariant map defined by “restriction 
to the orbit @” 


reso: ®'/te > be [ntr] , in Perv(g* x t*,,). 


reg reg 


Up to a shift it is deduced from the adjunction morphism adj between the constant 
sheaf (Q,) X'xtt,, to the constant sheaf (Q,)r 
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ta q'xid 
Q [n+ r] Xree x tree ies Gree x reg Ct 
ot i |r 


ér[n +r] C oc (n+r] 
such that resz, = R(q’ x id):(adj). Its Fourier transform will be called the core- 
striction 

cores: i 4V(—2))/theg — HUMAN a x Cog 


reg 


g*xt* /t* 
cores =Ty, ree" TS (resc) . 


Since this Brylinski-action on.“ (y)g has been described by means of a Fourier 
transform, the corestriction map is W-equivariant by definition, provided W and 
SY (Wr) are both equipped with the Brylinski action. Similar to VI.16.7 one obtains 
the next 


Lemma 17.10 [f UV and .Y (Ww) are equipped with the Brylinski action, the core- 
striction is a W-equivariant map. It canonically factorizes into an isomorphism and 
the adjunction morphism 


ep ea Tg cont > .¥(W)alrl—N +n)|g x they 
adj 


~ 


Gp xte IG boxe 


reg reg 


SW BUEN +n)|9 x they 


The corestriction and obviously the adjunction morphism, hence also the left 
isomorphism, are W-equivariant. 


Induced W-actions on V. There are now several ways to induce a W-right action, 
say, on W from the W-right actions on the universal Springer sheaf respectively the 
universal regular orbit described above. There are various possibilities to produce 
such W-actions. However we will see that all these induced actions on V coincide 
either with the Lusztig or the Brylinski action, that where previously defined. Never- 
theless this gives a new approach to define these actions. In the following we describe 
four different methods, called a)-d) to obtain a W right action on W. These are 


a) (Corestriction to.”’) Use the lower left isomorphism of the last diagram giving 
the isomorphism 


Phe A WIMAN +n) = W/th, - 
reg 
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b) (Restriction to. WV’) Use i*) eA (W)[-r](N) = /t*. 

c) (Corestriction to g x {0} C g x t*) Use. Y(w)|g x {0} = P[r] and then apply 
Fourier transform (up to twists and shifts). 

d) (Restriction to g* x {0} C g* x t*) Use ji, (5 (m)[r]) 


g* x {0} = ip 4 (¥). 


Concerning a) and b) one has to take into consideration, that any W-action on the 
perverse sheaf U/t?,. — or ¥/t* — compatible with the underlying W-(right)-action 
ong x ee —resp. g x t* — descends to a unique W-action on VY. This follows from 
Lemma III.15.4. So each of the four methods defines a W-action on YW compatible 
with the underlying W action on g. 

This being said, we discuss the four cases a),b),c) and d) and compare them with 
the W-actions defined on W in Chap. VI §13 and §14. 

In case a) the isomorphism 


ip scte, PCN +4 Wa = Va /theg 


is W-equivariant with respect to the Brylinski actions by the last Lemma VI.17.10. 

In case b) and c) it is clear from the definitions, that i*, .. [—r](N) “(WL = 
WwW, /t* and. A (w)zt\|g x {0} = Pz[r] are W-equivariant isomorphisms with respect 
to the Lusztig actions. 

In case d) the natural W-action on 6¢ induces the Lusztig action on W’. This 
was already observed in VI.17.8. 

To clarify the picture we finally show 


Proposition 17.11 The identity map induces a W-equivariant isomorphism com- 
paring the Brylinski action and the Lusztig action on the universal Springer sheaf 


S(W)e = ew 8g, 4 WL 
on g x t*. Here ew is the sign character of the Coxeter group W. 


Proof. We already know from Corollary VI.17.5, that this assertion holds for some 
character a 
e:W-> Q, 


of the Weyl group W. It remains to determine ¢. It can be determined by restriction to 
a suitable subscheme of g x t*. So restrict to g* x {0}. Using “(W) |g x {0} = ®z[r] 
as in method c) above, we see the the right side specializes to ¢ Qu, ®,. Since Fourier 
transform commutes with base change, the restriction of the left side S(y) p becomes 
the Fourier transform of the corestriction of j dH , (6 (m)[r]). By method d) this is 
the Fourier transform of ;, hence ®,. We therefore get a W-(right)-equivariant 
isomorphism 
Or =e &q, ®,. 


Note, that there exists at most one character ¢ of W with this property (restrict 
to greg and use that in the regular representation there is contained at least one 
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irreducible representation @ such that @ = e’ @ } implies ce’ = 1; e.g. the trivial 
representation @. Further note that ®; = @ ew Pg SG, Vo such that all @y are 
pairwise nonisomorphic). This remark now implies 


E=Ew 


using the existence of the W-equivariant isomorphism shown in VI.15.1. 


Corollary 17.12 The identity map induces W-equivariant isomorphisms between 
Dz and ew 8G, ®_ resp. between Vz and ew 8G, Wr. 


Proof. Itis enough to prove the first statement. Since the Fourier transform commutes 
with base change, it follows from VI.17.11 and the method c) and d) above via the 
base change 

{IJ}o tf. 


O 


We think, that it is reasonable to apply the method of §15 in the generality of 
working with the universal Springer sheaves. Combined with arguments as above 
this probably allows to improve upon VI.15.1, to obtain a canonical isomorphism 
between the twisted dual of the entire control sequence and its Fourier transform. 
However the authors have not checked this. 


VI1.18 Finite Fields 


Let « be a finite field with algebraic closure k, let Go be a connected semisimple 
group over «. Let Bo be a Borel subgroup over « and let Tg C Bp = To - Up be a 
maximal torus defined over «. Suppose p is a very good prime for G, and suppose 
that the fixed G-equivariant nondegenerate bilinear form (., .) on g is defined over 
k. We also fix a nondegenerate additive character w of x. 


Weil Complexes. In this section it is quite crucial to consider etale Q)-sheaves on 
schemes X over Spec(«) and the corresponding Fx-equivariant Q,-sheaves on X. 
Recall that by our conventions X = Xo Xspec(x) Spec(k) is the scheme obtained 
from XQ by extending the base to k. Furthermore Fy denotes the Frobenius auto- 
morphism of X. This Frobenius automorphism was introduced in Chap. I, §1. It is 
not a morphism over Spec(k), but only a morphism over Spec(«). In Chap. I, §1 we 
also introduced the concept of Weil sheaves. By definition, a Weil sheaf on XQ is a 
Fx-equivariant etale Q)-sheaf on X. Similarly we can define a Weil complex on Xo 
to be a Fy-equivariant complex K € D? (X, Q;) equipped with an Fy -action in the 
sense of Chap. III, §15 (although Fy is not of finite order, the situation of III §15 
obviously carries over). Of course any complex Ko in be (Xo, Q,) gives by pullback 
a Weil complex K, i.e. a Fy-equivariant complex on the scheme X, and most Weil 
complexes arise in this way. To simplify notation, it is sometimes useful to speak 
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of Weil sheaves K (or complexes K on X) suppressing indices 9, if the underlying 
arithmetic structure of X — defined by XQ — is understood to be fixed. 

Let .Y(T, y) denote the universal Springer sheaf on g x t*, where t denotes 
the Lie algebra of T. Note that we now keep track of the underlying torus. Let 
F = F, 4+ be the Frobenius automorphism of g x t*. Then Xo = Go xBo 69 and 
the maps v9 : Xq — Ag and go : Xo — go are defined over x. So this defines a 
“standard” Weil sheaf structure 


F*  F*(A(T, wy) —> A(T, ) 


on .Y(T, w). In fact it is obtained from the arithmetically defined complex 
SY (To, ¥) = R(go x ido)1¥§(AM@)oln + r]) on go x t% by base change; see 
Definition 1.1.2. 

In the case of arbitrary maximal «-tori Tg of Go we can not directly apply this 
procedure to define an arithmetic structure on the corresponding Springer sheaf. 
Indeed, we have to modify the approach, since 7p is not necessarily contained in a k- 
rational Borel subgroup of Go. Therefore the corresponding X and the corresponding 
morphism q is only defined over Spec(k). 

Suppose 7o is a maximal torus in Gg defined over «, but not necessarily maximal 
split over «. The fixed bilinear form identifies the Lie algebra go and its dual gj and 
also identifies to and t). The group 


Q(To) = (W(T), F), 


generated by the Weyl group W(T) over k and the Frobenius automorphism F = 
Fgxt* acts on g x t* from the right. These actions are actions over Spec() 


gxt 
ew 
Bo x th 
Spec(k) 
ae 


Spec(k) 
In fact, W(T) is a normal subgroup of 02(7o), hence Q2(7) is a semidirect product 
of the Weyl group W(T) and the Weil group W(k/«) generated by F. 


Adjoint Construction. The isomorphism f : Y — X;yeg of Theorem VI.9.1 cannot 
be realized over the base field x. However, if we restrict to the regular locus g;eg x t* 


q xidyx 
idyx 
Y=G/T zs Se x eles Xreg x t* — > Greg x 


idyx 
Xx “eo gxt 
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we can identify the restriction.“ (T, W) |greg x t* of the universal Springer sheaf 
with the complex 


RG x ide)i(f x ide)*v*(A(W)[n + r)}) . 


All ingredients of this complex are defined over the base field «! There is Gg : Yo = 
Go/To X (tree)0 > Greed as well as Z(y)o. Also the morphism v o (f x ids) is 
defined over «. Hence in this way we can define a Weil sheaf on g,ee9 x (to)*. By 
perverse analytic continuation (see III.5.11) this puts a Weil sheaf structure on the 
universal Springer sheaf.“ (T, w), from which we started. This is done by extending 
the cocycle defining the action to the whole space g x t*. (The same argument more 
generally defines an action of the group (7p) on .“(T, w) compatible with the 
action of 02(7o) on the underlying space, where the Weyl group W(T) acts via the 
Lusztig action). 


Coadjoint Construction. Since To is defined over x, also its universal regular orbit 
GQ = C(To) 
C(T9) 90 x (to)reg 


is defined over x. The group Q(7o) acts on @(T) from the right, and also acts canon- 
ically on the trivial sheaf (7) = Qe; this sheaf is a pull back from Spec(x), 
so we can apply IIT.15.3a). Hence 82(79) acts on the perverse sheaf 67) (m)[r] and 
its intermediate extension K, which is the base extension of the perverse sheaf 


Ko = jou(decm(m)Ir]) € Perv(ge x tp) . 


In other words K is a Q(To)-equivariant perverse sheaf on g* x t*. 

Consider the relative Deligne-Fourier transform on g* x t*/t*. The relative 
Fourier transform of K carries an induced {2(7o)-structure, say with cocycles Wy. 
Now we use the isomorphism h of Corollary VI.17.6. h is a priori only defined over 
k. Nevertheless we can use / as in the diagram 


S(T, ¢) —* Ty (K) 


Go |= =| Wo 


o* (F(T, ¥)) > o* (Ty (K)) 


to define the cocycles go fora € (To). These cocycles gy, put a Q(7o)-structure 
on the perverse sheaf 


S(T, WW) € Perv(g x t*). 


Now the action of W(T) is the Brylinski action. 
Since Y(T, y) is an irreducible perverse sheaf and since for Ty = To all con- 
structions are defined over «, we obtain 
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Lemma 18.1 Let To be a maximal torus in Go. Then the universal Springer sheaf 
S(T, w) carries two different structures as Q(To)-equivariant sheaf, which are 
defined by the adjoint respectively coadjoint construction such that 


(i) Both structure are compatible with the canonical right action of (To) on the 
underlying space g x t*. 
(ii) They coincide up to a twist with a character 


€: Q(T) > Q,". 


Define: eT = €( Fgxt*) E Q;. 

(iii) On the Coxeter group W(T) the character € is the sign character ew r). 

(iv) For the maximal split torus To, the Weil sheaf structures on. Y(T, w) induced 
by both structures coincide with the standard Weil sheaf structure of . (T, W). 


Transport of Structure. For a scheme Xo over Spec(k) let Fx denote the Frobenius 
automorphism of X obtained by scalar extension Fx = idy, x F from the geometric 
Frobenius automorphism F of k/«. For Xo, Yo over Spec(«) and a morphism f : 
Y - X over Spec(k) put f* = Fyo fo Fe : Y > X, which is a morphism 
over Spec(k). Suppose f : X = X’ is an isomorphism over Spec(k). Then pullback 
defines the following automorphism of X 


F’ — f*(Fy) = folo Fy of = Fyow =wFy. 


Here w is a uniquely determined k-automorphism of X. For a Weil complex K’ 
on X’ with structure map ¢,, : Fy,(K’) = K’, the pullback (K,(F’)*) = 
(f*(K"), f *(br,,)) defines a F ‘-equivariant sheaf complex K on X. For a closed 
fixed point x, F’(x) = x of X with image x’ = f(x) the stalk endomorphisms 
((F’)*, Kx) and (F¥,, K.,) can be identified. 

Suppose T>: To are two maximal «-tori in Gg. Then there exist elements g € G(k) 
such that T’ = g~!Tg. If we identify T with T’ over k in this way, this induces an 
isomorphism 

Wg : Q(T) ——> Q(Tp) . 


By this isomorphism the Weyl group W(T’) is identified with the Weyl group W(T). 
The Frobenius automorphism F'7 of T’ maps to an automorphism 


F' := wFr € Q(Tp) 
for some w = w(T, T’, g) € W(T). Note F’(x) = Fr (w(x)) due to the right action. 


Notations. Fix an isomorphism t : Q, = C. This allows to view yf as a C-valued 
character. For maximal tori T, T’ in G put N(T,T’) = {g € G| g9(T) = T’}. 
Recall that the Grothendieck simultaneous resolution Xg — gg defines the Springer 
fibers .Z,. For a maximal torus 7p define w = w(T, g) € W(T) as above, such that 
T = g—!Tg. Let t denote the Lie algebra of T. For y € (ey put y = Adg(y) € g. 
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Recall y € (@(T)y)* C (g*)* = (g)". Recall n = dim(g) =m+r=2N +r, 
where r = dim(t). 
Then — as an application of the previous results — we obtain 


Theorem 18.2 (Springer) (/S6], theorem 3.15 and 4.4) 
Foryé oes and for x € g* the following values (a) and (b) are equal 


(a) The function f'°(x, y) defined for the Weil complex Ly = (To, W) (coad- 
joint construction) or by transport of structure 


t(trace(wF, S(T, w)(x,5))) 


where w acts by the Brylinski action. 
(b) The function f *°(x, y) defined for the Weil complex Ky = Ty (M (T0)), where 
M(Tp) = (jg) 1*(8¢ (1) (m)[r]). Explicitly 


go Dwg): 
zE(Cy)F 
Furthermore: 
(c) Ifx € g is regular, then (a) is also equal to 


eT* ay wl (tx, y”)) : 


weN(T',T)F /TF 


This value is zero unless the centralizer Ty of x in Go is conjugate to To under G*. 


(c') Ifx ¢. V* Cg? is nilpotent, then (a) is also equal to 


Yb" -t trace(wF, H?(.Ax,Q)) , 


v>0 


where By, = q] (x) is the Springer fiber over x and w acts by the Brylinski action. 
This value depends only on w but not on the particular choice of y. 


Proof. (a)<=>(b) holds by the definition of the coadjoint construction. Since n + 
m-+r = 2n is even, the explicit formula in (b) follows from the dictionary in Chap. 
III §12. It gives 


fee Mmlrd cy y= (21)? - (<1) g—™/? gitar) (2) : w(x, z)), 


zegh 


or equivalently q~% - eeiagyr wl ((x, z)). 
Claim (c) follows from comparison with the adjoint construction using Lemma 
VI.18.1. This gives the alternative expression 
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Ap fe CANE Ny) = ere a NY. 
(gT,x) 


The sum is over all (gT, x) € (G/T x a such that g(x) = x. Since (—1)"*" = 
(—1)°N +") = 1, the sum is equal to PD ,encryryF/ TF wl ((x, y¥)). 

Claim (c’) follows from .4(T, W)|(V x y) = Rq (Q)[n +r]). Again since 
(—1)"*" = 1 we get 


t(trace(wF, S(T, W)(x,5))) = )(-1)” +t trace(wF, H?-Z,,Q)) . 


v>0 


O 


From VI.19.2 will give er = ew(w). Multiplying the expression in VI.18.2(c’) 
by er has therefore the same result as a change from the Brylinski to the Lusztig 
action. With this modification (w is supposed to act now via the Lusztig action) 


Ow(x) = Y\(-1)" +t trace(wF, H?(Ar.Q)) » xe.v* 


v>0 
defines for each w € W(T) a function 
Owi iv? + 


on the nilpotent «-rational elements. It is called the Green function. We may also 
write Q7 instead of Q,. The Green functions satisfy the following remarkable 
orthogonality relations ({S6], theorem 5.6). 


Theorem 18.3 (Springer) Suppose p and q are sufficiently large. Let Q7 and Q7’ 
be Green functions attached to x -rational maximal tori Ty and Tp of Go. Then 


Yo Or@Or(e) = IGF INT, TITAN F yt . 


xe bP 


We briefly outline, how these orthogonality relations can be deduced from the 
PLANCHEREL formula for the finite abelian group g”. It states for Weil complexes 
Kg, Lo on g, that 


SE PO IO. Peal es 

xeg® xegh 
Here g and g* were tacitly identified via the fixed bilinear form on g, so all complexes 
are viewed as complexes on g x t*. 
Proof. Assume p andq are large enough. Then t/,, and (t’)/,, are nonempty. Choose 
ye pee Consider the Weil complex M(T7o) = ( Jo) #6 (To) (m)[r]) attached to the 
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universal regular orbit @’(7o) for the torus Ty. Base change by the closed embedding 
{y} — t* defines 
Ko = i (M(To)) . 


Similarly the Weil complex M(T}) = (j§) 1 (8 (7) (m)[r] on g x t/* defines 
Lo = ig (M(T9)) 


by base change for the closed embedding {0} <> t’*. Then Ty (Ko) and.“ (T, w)|gx 
y are isomorphic Weil complexes by the definition of the coadjoint construction. 
Furthermore Lo = Wz[r] = (i. )«R(G f)«(Qy(m)I[r]). This uses the restriction 
isomorphism VI.17.7. Finally Ty(Lo) =. (Tp, w)|g x 0. This follows from the 
coadjoint construction, functoriality of Ty, (Theorem III. 13.2.1) and perverse analytic 
continuation (Corollary VI.17.6). Using these facts we obtain from the “dictionary” 


e flv\Ko| WF = ep - Or (Theorem VI.18.2c’) 

e fo =(-1)'q-% - Or (with support in. /*) 

e fko (up to a constant (—1)’q7% the characteristic function of the orbit Ge ;in 
particular it is a function with regular support in a) 

0 FVEO (x) = ers Vyencr rye rye | for all regular x € g’, where Ty 
denotes the centralizer of x in Go (a variant of Theorem VI.18.2c). 


The theorem follows immediately from this, since er = e7 for N(T,T’)* ¢ @ 
(Lemma VI.19.2). 


Concluding Remarks 


Both T C B are stable under the Frobenius automorphism Fg of G. Suppose that 
the isomorphism o :..’" > ‘Zé is defined over x, i.e. commutes with Fg. Suppose 
o(v) =u € U". Then — more or less by the definition of an induced representation 
— the trace 


RW) = trace( Ind&, (nr?) 


is equal to the number of the cosets gB’ ¢ G/B", for which ugB*’ = gB* or 
equivalently u € gB* g~! holds. Since B is connected we have (G/B)’ = G" /B". 
Thus .Z is the number of cosets g € G/B", for which u € gB’ g~!. Hence the 
Grothendieck-Lefschetz fixed point formula gives 


Deep" trace(F, He (Au, a) = rrace(u Indge (Ie) . 


v 


In terms of the Green function OQ, (u) 
Qiu) = Ru) , ue Wr. 


Using the orthogonality relations of Green functions it was shown by Kazhdan [K] 
for sufficiently large characteristic p and sufficiently large q (and later by Lusztig 
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for all very good primes p), that the following much deeper result holds: The last 
formula remains valid for arbitrary w € W, if R(u) is replaced by a trace Ry(u) on 
the right 


OQwtu) = Ryu) , ue Fr. 


Here Ry = Ri, g is one of the cohomologically induced representations of Gf 
defined by Deligne and Lusztig [81]. It is instructive, that even for regular unipotent 
elements u this formula is nontrivial; in this case it is equivalent to Ry(u) = 1, 
because Q,(u) = 1 holds as mentioned in Remark VI.1.2. 


VI.19 Determination of e7 


Let the situation be as in the previous section. In this section we determine the constant 
ey defined in Lemma VI.18.1. For this we discuss the behaviour of the adjoint and 
the coadjoint construction of Weil sheaf structures — given in the last section — under 
transport of structure. 


Adjoint Situation. We have a commutative diagram 


X(B’) x (t)* xe g x (t)* 


Rgx Ad, | = =| idx Ad, 


B)xid 
xipyx® BOM gxt 


where gB’g—! = B. Here Ry : X(B') =G x" 6! > G x® 6 is induced by right 

translation Ry(h) = hg! on G and by Ad, : b’ > 6 onthe second factor. We have 

a similar diagram 

q(T’) xid 
———- 


G/T’ x treg x (t)* reg x (t’)* 


RgxAdg | = =| idx Adg 


q(T) xid 
GIP Xt RP Oe gag 8 


Since transport of structure by pullback with respect to the vertical arrows commutes 
with direct images of compact support, the pullback of the Q (7))-equivariant struc- 
ture on.Y (T’, yr) gives the corresponding Q (7o)-equivariant structure on. Y (T, w). 


Coadjoint Situation. The two universal regular orbits ©'(T) and © (T’) attached to 
the tori T and T’ can be identified over k via the automorphism idg+ x Adg. 
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© (T')\———> g* x (t * ft g* x (t’ * 


reg reg 


Ue 
Q 


=| idx Ady = | idx Adg 


© (T)\———— 9 x tree gong a ee 
Via this isomorphism the Frobenius automorphism of g* x (t')*,. becomes the au- 
tomorphism 
F' = (idg* x w) Fg* xt* 


on g* x co aie By transport of structure as in III.15.3a (although Q (Tp) is not a finite 
group) the “standard” (2(7))-action on the constant Q)-sheaf on @(T’) pulls back 
to an Q(Tp)-action on the “standard” constant Q)-sheaf on @(T), which lies over 
the right action of (75) on @ (T) defined by the isomorphism wg. Similar one has 
an action on the perverse sheaves K’ and by transport of structure an induced action 
on K. (This follows from II.15.3a, where we take S = Spec(«). All morphisms 
like Ad,, Fx, w etc. are morphisms over Spec(«)). Fourier transform is functorial 
with respect to base change, and also the isomorphism / of Corollary VI.17.6 is 
compatible with base change maps like Ad,. Therefore the pullback of the &2(7))- 
action on the universal Springer sheaf .“(T’, y) € Perv(g x t’*) to an action on 
the universal Springer sheaf.“ (T, ) € Perv(g x t*) gives the canonical coadjoint 
(2(Tp)-action defined via the cocycles @g, once Q (Tp) and (2(To) are identified via 
the isomorphism wy. 
This implies 


Lemma 19.1 Both the adjoint and the coadjoint construction are compatible with 
respect to transport of structure. 


Therefore the character ¢ defined in the last lemma can be evaluated by transport 
of structure. Specialize to the case Ty = Tp and rename Tp to be Tp. Define w € W(T) 
with w = w(To, g) as above via an isomorphism Ad,(T) = T. Then the characters 
e! for T and e! for T are related bye? (a) = el(wg (a )) for allo € Q(T). Since 
We (Fyxt*) = wKy xt*, this gives 


Lemma 19.2 Let Tp be a maximal torus of Go. Define w = w(T, g) as above. Then 
the two Weil sheaf structures on the universal Springer sheaf .Y(T, ww) on g x t*, 
defined by the adjoint respectively the coadjoint construction, have structure maps 
differing by the sign 

i= wey. 


The pullback (F'’)* of the cocycle map corresponding to the Frobenius automor- 
phism Fy xt gives the cocycle 


QF' = Piidxw)F - 
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The cocycle relation for a right action therefore give the following commutative 
diagram 


®) Gd x wy OK) “2 YW). 
(idxw)*(F*) | = 


(id x w)*(4(W)) 


which expresses the cocycle map @y in terms of the Frobenius cocycle map F* = gp 
for F = Fy ,.¢+ and the pullback (F '\* = pr of the corresponding Frobenius cocycle 
map for To. Note, both cocycle maps F* and (F’)* were essentially obtained from 
the canonical Wey] sheaf structures on the constant sheaves on @’ respectively ©’ 
by transport of structure. 

For every element w of the Weyl group W = W(T) of the torus To there exists a 
torus To defined over « and a suitable choice of Ad,, such that F’ = wF. The Galois 
structure on the «-rational tori therefore uniquely determines the Brylinski action gy, 
via the diagrams (x). It is the underlying idea — more or less — of Springer’s original 
approach in [S6] to define ¢,, by the diagrams (*). So in this sense the Brylinski action 
coincides with the Springer action, which is defined through the various Frobenius 
actions and their pullbacks. 

Looked at it the other way round, for any x-torus Tp in Go this determines the 
canonical Weil sheaf structure on 


h: A(T. Wh) = Ty (ide (mir) , 


which was induced from the natural Weil sheaf structure on Q,-: 

After transport of structure it can be obtained from the corresponding Weil sheaf 
structure on.“ (T, yy) for a maximal split torus To, by “twisting” with the Brylinski 
action of a suitable element w in the Weyl group. 
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Appendix 


A. Q;-Sheaves 


All references in this section refer to the first two chapters of the book [FK] “Etale Cohomology 
and the Weil Conjecture” by E. Freitag and R. Kiehl, if not stated otherwise. In this book the 
theory of etale sheaves of Z/nZ-modules, of |-adic sheaves and Q)-sheaves on noetherian 
schemes was developed. Without difficulty it can be shown, that the essential results on Q)- 
sheaves carry over to the case of sheaves over finite extension fields of the field Q). We 
want to indicate the small changes, that are necessary for the proof of Poincaré duality and 
Grothendieck’s trace formula in this setting. 


Let / be a prime and let A = Z/1"Z,n > 1. We will consider noetherian schemes, on 
which the prime / is invertible. Let R be a finite A-algebra. In this part of the appendix 
M(X, A) will denote the category of etale sheaves of R-modules on the noetherian 
scheme X. Without difficulty all definitions and results of [FK], chap. I, §1-§$11 carry 
over from the category M(X, A) to the category M(X, R). Some remarks on that: 

The category M(X, R) is an abelian category and contains enough injectives (see 
[FK], chap. I, §2, p. 20). For sheaves .¥ in M(X, R) the abelian group of sections 
I'(X,.F) and the derived groups H’(X,-¥ ) constructed in the category M(X, R) 
carry a natural structure of R-modules. The derived functors H”(X,.¥ ) defined in 
the category M(X, R), or defined in the category M(X, A), or defined in the category 
of all abelian sheaves on X, all coincide. Similar statements are valid for the direct 
image functor and its higher derivatives 


fies Ri fe : M(X, R) @ M(Y, R) 


with respect toa morphism f : X — Y, and also for the derived functors H)(X, FY) 
of the functor of sections [4(X,.%) with supports in the closed subset A of X 
({FK], chap. I, 4.13 and 4.14). Of essential importance are finiteness properties of 
sheaves ([FK], chap. I, §4). A sheaf .Y in M(X, R) is said to be constructible, if it is 
constructible as a sheaf of sets ([FK], chap. I, 4.3). It follows, that. is constructible 
as a sheaf of R-modules iff it is constructible as a sheaf of A-modules. A sheaf .7 
from M(X, R) is constructible iff there exists an etale morphism j : U — X anda 
surjective homomorphism of sheaves of R-modules 


ji(Ru) = ji(Au) @a RF 


({[FK], chap. I, proposition 4.10, remark). Furthermore, the category M(X, R) is 
locally noetherian. The noetherian objects are the constructible sheaves of R-modules 
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(Chap. I, Proposition 4.8, Corollary). Using these remarks essentially all results 
from Chap. I, §1—-§11 carry over to the category M(X, R) of R-modules. Especially 
one should mention the two base change theorems (Chap. I, 6.1 resp. 8.7) and the 
finiteness theorems (Chap. I, 8.9 and 8.10); furthermore the theorems of Ktinneth 
type (Chap. I, 8.14 and 8.17). The important results proved in the second chapter are 
the Poincare duality theorem and the Grothendieck trace formula. 

We consider smooth schemes X of pure dimension d(X) over an algebraically 
closed base field. We remind the reader of the definition of the sheaves tj ,x of 1” 
roots of unity on X and the positive and negative tensor powers bee xy: Put Ry(r) = 


R @ay pee x: Fora sheaf. of R-modules we have by definition 
F (r) =F @py Rx(r) =F @py Ax(r)- 
In [FK], chap. II (theorem 1.6) a A-homomorphism 
He4 (X, Ax (d(X))) > A 


was constructed for a smooth scheme X of pure dimension d(X) over k, the so called 
trace map. By tensoring one obtains the trace homomorphism 


H24(X, Rx (d(X))) = H24 (X, Ax(d(X))) @a RO R. 


This new trace map over R inherits its properties from the original trace map. Let us 
state two such properties. Let j : ¥ — X be an etale map. Then the natural diagram 


He O(X, jyRy(d(¥))) = HEA, Ry(a(Y))) — R 


He“ (X, Rx(d(X))) eR 
is commutative. Furthermore for irreducible X, the trace map 
He4(X, Rx (d(X))) > R 


is an isomorphism. 

Next let us assume, that R is an injective R-module. For example, let E be a finite 
extension field of the field Q, of l-adic integers with valuation ring o and generator 
a of the maximal ideal. Then for all natural numbers j > 1 the ring o/z/o is an 
injective module over itself. Using the trace map ([FK], chap. II, §1, p. 143) available 
for sheaves from the category M(X, R), one constructs a natural transformation 


RHom(F, Rx(d(X)))[2d(X)] > Homr(RI,.(X,.F), R), 
the duality map. This duality map induces natural transformations of 5-functors 


Exta(F, Rx (d(X))) > Homr(H24-"'(X,.F),R) — v =0,.., 2d(X). 
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Theorem A.1 (Poincare Duality in the Category M(X, R)). Under the assump- 
tions made above the duality map is an isomorphism. 


Proof. The proof is based on lemma 1.15 from [FK], chap. II. Two things need to 
be verified in order to carry over the argument of this lemma 1.15: 


(1) Let j : Y ~ X be an etale map, then the composition 


H°(Y, Ry(d(Y))) === Home (jiRy, Rx(d(X))) 


Homr(Ho™ (X, jyRy),R) ==  Homr( He" (Y, Ry), R) 


is an isomorphism. 
Itis enough to verify this in case of an irreducible Y . But then (1) is aconsequence 
of the fact, that under this hypothesis the trace is an isomorphism. 

(2) Let U be a smooth scheme of pure dimension d and let a be a geometric point 
of U. Then there exists an etale neighborhood 


j:V7ovU 
of a, such that the natural map 
H°(U, jyRy) = H2(V, Ry) —> HU, Ru) 


is the zero map for v € 2d. (Chap. II, 1.14) 


The verification of (2) is easily reduced to the corollary of lemma 1.14 ({FK], 
chap. I). Use that the ring R is, as A-module, a direct sum of copies of modules of 
the form Z/1’"Z. So one simply applies Lemma 1.14 to the various rings Z/1Z. 
Oo 


This being said, let us discuss the Grothendieck trace formula ([FK], chap. II, 
3.14 and 3.15). Let k be the algebraic closure of the finite field «, Xo be a finitely 
generated scheme over « and -% be an etale sheaf on Xo. Consider the pullback ‘4 
of “4 to X = Xq @k. Let | Xo| be the set of closed points of X. For x € |Xo| let ¥ 
be a geometric point of Xo over x with values in the field k; ¥ defines a geometric 
point of X with values in k, also denoted ¥. Obviously “y; = ‘4. We then have the 
Frobenius morphism 

Frx,.: Xo > Xo 


for Xq, and also for the sheaf “% the (geometric) Frobenius homomorphism 
Fra: Fry, (-) > BH. 
See [FK], chap. I, 3.8. Base field extension yields the Frobenius morphisms 


Fry: X—7>X 
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Fr¢ : Fry(G)> FG . 


For every fixed point x in the fixed point set Fix(Frx) = Xo(k) C Xo(k) of Fry, 
one obtains a homomorphism of the stalks & 


F.:G—> &. 


If “is asheaf of R-modules, then Fr isahomomorphism in the category M(X, R) 
and F, is a homomorphism of R-modules. For a sheaf %) of R-modules the pair 
(Frx, Fr) induces a morphism in the derived category of M(X, R) 


FRE (X, F) > RV(X, F). 


Next let R be a free A-module. Then projective R-module are again projective 
A-modules; a perfect complex of R-modules is therefore also a perfect complex of 
A-modules. For a definition see [FK], chap. I, definition 3.1. For any endomorphism 
h of a perfect complex in the derived category of the category of R-modules the trace 


Trr(h) eR 


is well defined ({(FK], chap. II, 3.4). Let furthermore A be an element of the ring 
R. Then the pair (Frx,), AF rig) is universal, i.e. defined for all finitely generated 
schemes XQ over x and all sheaves % € M(Xo, R), and satisfies the obvious com- 
patibility relations. All fixed points of the Frobenius morphism Fry have multiplicity 
1. These two properties of the pair (Frx,, Fry.) were used in the proof of [FK], 
theorem 3.10 resp. 3.14 following Grothendieck and Nielsen-Wecken. So the proof 
carries over for the new ring A, of course using now the trace Tr, with values in A. 


Theorem A.2 Let R be a free A-module and i be an element of R. Let Xo be a 
finitely generated scheme over k and let % be a constructible sheaf of R-modules, 
all whose stalks are projective R-modules. Then RV.(X, -@) is represented by a 
perfect complex of R-modules. For the homomorphism 


AF : RV (X, G) > RV A(X, F) 


induced by the pair (Frx,, AF rg.) we have 


Tra(AF) = S Trp(AFy) - 


XE€Fix(Fry) 


A corresponding formula holds for powers of Frx, resp. Fr:¢, ((FK], chap. I, 3.15). 


Now consider a finite extension field E of the field of /-adic numbers Q). Let 0 
be the valuation ring of E and let a be a generator of the maximal ideal of 0. 

We want to define the category of -adic sheaves resp. the category of E-sheaves 
(see [FK], chap. I, §12). For all j > 1 the ring o/z/o0 is an injective module over 
itself. The ring 0//"o0 furthermore is a free Z/1” Z-module. A constructible m-adic 
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sheaf ‘ on a scheme X, or in other terminology a constructible o-sheaf on X, is a 
projective system 
G = (Ais. 


There all % are assumed to be constructible sheaves of Rj = 0/7‘ o-modules such 
that 
Gi = Gil @QRix1 Rj. 


The z-adic constructible sheaves define an abelian category in the obvious way. We 
write 
Ge= GF @o Ri G =lim GY . 
i 


Let /o = 2°o. Without loss of information we can consider the subsystem 


(ei); x : 


Hence the category of constructible -adic sheaves is equivalent to the category of 
projective systems 
G = (4) 


i>1’ 


where the “G are constructible sheaves of 0/1 ‘9 modules, such that 
G = Gsi/U G4. 


We again write: G = G/I'G and GY = limG. Hence, in that sense a m-adic sheaf 
is a special case of an /-adic sheaf. 


Remark. The category of m-adic sheaves is a full exact subcategory of a larger 
abelian category, the Artin-Rees category. This Artin-Rees category is the quotient 
category of the abelian category of all projective systems (-%,),>1 of constructible 
gr-torsion sheaves -%, with respect to the full exact subcategory of null systems (44). 
A system .“j is called a null system, if there exists a natural number ft > 1 such that 
the maps 

Sat > Me 


are zero for all n. Many constructions do not directly yield -adic sheaves, but 
only projective systems which become isomorphic to z-adic sheaves in the Artin- 
Rees quotient category. These are called A-R z-adic sheaves. It is therefore often 
convenient to replace the category of z-adic sheaves by the larger category of A-R 
m-adic sheaves. 

See [FK], chap. I, §12 for the analogous /-adic (instead of z-adic) situation. 

Without difficulties, all basic notions and properties of the category of /-adic 
sheaves carry over to the category of m-adic sheaves ({FK], chap. I, §12). A m-adic 
sheaf is said to be smooth, if all the sheaves 7 @ A; are locally constant sheaves 
of A;-modules. See [FK], chap. I, §12. Let -F be a sheaf of constructible o/m’"o 
modules. Then .¥ defines a w-adic sheaf ‘6 = (‘%)j>1, namely a torsion sheaf 
given by 
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F i>m 


The category M(X, E) of constructible E-sheaves on X, or simply the category 
of E-sheaves on X, is defined to be the quotient category of the category of z- 
adic sheaves divided by the category of torsion sheaves. If .F is a m-adic sheaf, 
then .Y @» E denotes the sheaf .F viewed as an E-sheaf. The morphisms of this 
category are defined by 


i ee 


Hom(F @o E, FY @y E) = Hom(.F, F) @o E 


The composition of such morphisms is defined in the obvious way. A sheaf belonging 
to M(X, E) can always be represented in the form.¥ @, E with a torsionfree sheaf 
F ,i.e. with a w-adic sheaf .F for which the stalks of the sheaves .F @, o/z'o are 
projective o/s! o-modules. 

One can show the following: The category of E-sheaves is equivalent to the 
category of Q;-sheaves endowed with an action of E on.¥ . This means, that there 
exists an embedding 

E~ Hom(F,F). 


Either by the limiting procedure and then by passing to the quotient, or by this sec- 
ond point of view, one carries over all important notions to the category M(X, E) 
and proves their essential properties. Especially one finds, that M(X, E) is a noethe- 
rian abelian category. The inverse image functor and the direct image functor with 
compact support are defined and they coincide with the corresponding notions for 
Q-sheaves. A sheaf in M(X, E) is said to be smooth, if it can be represented in the 
form 
F@®E 


for some smooth z-adic sheaf .¥ (locally constant in the terminology of [FK], 
chap. I, §12). The sheaf of homomorphisms between two sheaves will be defined 
only, if the first sheaf is smooth: In that case 


Hom F @o E, G @ E) = lim Homg zig F /x'F, G /x' GF) 


for smooth torsionfree z-adic sheaves .F . 
Theorem A.1 implies 


Theorem A.3 (Poincare Duality) Let X be a smooth scheme over some alge- 
braically closed field k of pure dimension d and let F be a smooth E-sheaf on 
X. Then there are natural isomorphisms 


H"(X, Hom(F, Ex (d))—> Homg(H24-"(X,.F), E) . 


Let us fix notation. As usual let « denote a finite field with g elements and let k 
denote its algebraic closure. Let .% be an E-sheaf on Xo. Let.Y denote the inverse 
image of .~ on X = Xo @, k. Then again the Frobenius homomorphisms 
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Fri: Fry (A) > A 


and 
Fry: Fry(F) > F 


in the category M(X, E) are defined. From Theorem A.2 one deduces a trace formula 
for the Frobenius multiplied with a constant 4 € E. 


Remark. Let V be a finite dimensional vector space over E and 
h:V—ovV 


an F-linear map. Then V is also a finite dimensional Q)-vectorspace and h is also 
Q)-linear. This defines the traces Trg(h) € E and Treg,(h) € Q of h. They are 
related by 

Tro, (A) = Tre/o,(Tre(h)) ‘ 


where Trg /Q, is the trace map of the field extension E/Q). Trg /Q,(Aa) = 0 for all 
A € E implies a = 0 for elements a € E. This and Theorem A.2 implies 


Theorem A.4 (Lefschetz Fixed Point Formula for Frobenius) Let .% be an E- 
sheaf on Xo. The homomorphism 


Fy: H2(X,. F) > HY (X, F) 


induced by the pair (Frx, Fr ) satisfies 


2dim(X) 
Yo Cy rrh)= >) Tre). 
v=0 x€Fix(Fry) 


Corresponding formulas also hold for the powers of Fry and Frg. 


Let now F be a finite extension field of E. Then there is the obvious functor, 
extension of coefficients 


M(X,E)—> M(X, F) 
F we F EF. 


Let Q@ be the algebraic closure of Q;. We then define the category M(X ,Q) of 
Q,-sheaves on the scheme X as the direct limit 


M(X, Q)) = limM(X, E), 
E 


where E ranges over all finite extension fields of Q; in Q,. 

More concretely: An object in M(X, Q,) is an E-sheaf .F over a sufficiently 
large subfield E Cc Q, of finite degree over Q). We write.F @ ¢ Q, for.F viewed 
as a Q)-sheaf. 


330 Appendix 


__ Let & bea second E’-sheaf on X for another finite extension field E’ of Q; in 
Q. Choose a finite extension field F of Q; in Q; containing both FE and E’. Then 


Hom(F ®rQ, ¥ @e Q) = Hom(F @g F,F gz F)@r-Q,.. 


Without difficulties one can show, that all important notions and properties of the 
sheaf categories M(X, E) for finite extension fields E of Q; are inherited by the 
category M(X, Q). The Poincare duality theorem (Theorem A.3) and the Lefschetz 
fixed point formula (Theorem A.4) for Q;-sheaves should be especially mentioned. 

A Q;-sheaf is said to be smooth, if it is represented by a smooth E-sheaf with 
respect to some finite extension field E of Q, in Q,. Let X be a connected scheme, ¥ 
some geometric point of X with values in some algebraically closed field. Let.F bea 
smooth Q,-sheaf. Then one can show (see [FK], appendix I.8) that 21 (X, x) operates 
continuously on the finite dimensional Q,-vectorspace V = .®. This means: 

There is a finite extension field E C Q, of Q) and an E-subspace W C V, on 
which zr; (X, x) operates continuously, such that 


V=W®2zQ,. 


The fiber functor. — .F% defines an equivalence of categories between the cate- 
gory of smooth Q;-sheaves on X and the category of continuous representations of 
the fundamental group 71 (X, x) on finitely dimensional Q,-vectorspaces. 


The Categories D?(X, E) and D°(X, Q,) 


For the finite extension field E c Q, of Q,, let o be the valuation ring of E and x be 
a generating element of the maximal ideal of o. 

In Chap. II §5 and §6 the triangulated category D(X , 0) was defined together 
with its standard t-structure. In the following we explain the “localized” categories 
D?(X , E) and pb (X, Q)). Also on these categories we have standard t-structures 
induced from the t-structures on D? (X, 0). 

The objects are defined to be the same as for the category D? (X, 0). We write 
K°* ® E for acomplex K°® from D?(x, 0), when viewed as a complex in D? (X, E). 
Furthermore 


Hom(F*® @ E, K°@ E) = Hom(F*, K°)@,E. 
Admissible triangles in D? (X, E) are triangles, which are isomorphic in Dp? (X, E) 
to admissible triangles in D? (X, 0). re 
Consider finite extension fields F C Q, containing E. Let 6 denote the valuation 
ring of F and let z be a generator of the maximal ideal. In case of ramification 
TO=7°O 
let e be the ramification number. We construct natural functors 


D(X, E) > D?(X, F) 
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in the following way: Since 6 is a free o-module of rank [F : F], 
Ore = 6/2'°o = 6/2"6 
is free over 0, = 0/m"o for all r > 1. Consider first the functors 
DP, p(X, Or) > Dep (X, Gre) 


K*° tb K°* ®o, Ore = K° ay Ore « 
The family of these functors for r = 1, 2, ... naturally defines a functor 


“Jim "DP, p(X, or) > “lim” DP, p(X, Bre) = “lim” DE, p(X, 9y) , 
r r if 


r 
hence by definition a functor 
D?(X,0) > D?(X,6). 
By localization, as above, we get from this the desired functor 
Dex. Ey SD (Ps 
Finally the category D? (X, Q,) is defined as the direct limit 


De(X, Q) = “lim” De, /(X, E) 
r 


(in the obvious way) of the categories D?(x , E), where E C Q@ ranges over all 
finite extension fields of Q). For all such fields E one has natural functors 


D>(X, E) > D?(X,Q) 
K° » K° @g Q 
and z= _ _ 
Hom(F® @r Q;, K*® @c Q) = Hom(F®, K*) @¢ Q . 


We skip the obvious definitions for the usual derived functors related to the 
derived category D?(X, Q,). The results for pb? (X, 0) immediately carry over to the 
categories D? (X, E) and b> (X, Q)). From the standard t-structure on Db? (X, 0), 
defined in Chap. II §6, we immediately get t-structures on the categories D?(x , E) 
and D?(X, Q,). 


The Derived Functors Ri, Rf,, RA#om 


In this last section we finally give a short review on some consequences of the 
finiteness properties of the functor Rf! respectively of the functor R f, (see [SGA45 ], 
Th. finitude and also Appendix D of this book): 
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Let f : X — S bea finitely generated morphism between finitely generated 
schemes over the base field, the latter being fixed satisfying our basic assumptions. 
Consider complexes 

K* = (Ky)r>1 € D2(X, 0). 


The finiteness theorem for proper direct images implies for the corresponding pro- 
jective system of perfect complexes 


K'é Dé, p(X, or) r=1,2,..., 
that also the complexes satisfy 
RAK? € Def (Y, 07), RAK.) @),, or =RSiKr. 
Hence the projective system (R fiK$),>1 is in D?(Y, 0). 
Definition. R/iK*® = (R/1K?)->1 


Similarly one can immediately define the pullback f*L* of an object L° € 
pb? (Y, 0) and the derived tensor product 


Keri! 


for any two objects K°, L® € D(X , 0). This is very easy, and only uses the corre- 
sponding functors on the “finite level’. 
However, in order to make the corresponding definitions for the functors 


Rf. f',R Hom , 


one requires substantial finiteness theorems. The necessary finiteness theorems for 
these functors were proven by Deligne (the reference [finitude] is [SGA44], p. 233f). 
For our purposes Deligne’s theorem suffices in the case of schemes over a field. 

Let f : X — Y bea morphism between finitely generated schemes over a base 
field k. 


Theorem A.5 ([finitude], theorem 1.1) Let be a constructible sheaf of o,- 
modules on X. Then the derived direct images R” f,°F are constructible sheaves 
of 0--modules on Y. 


Remark Concerning the Proof. A stronger version of this theorem is formulated and 
proven in Appendix D of this book. Deligne has used the method of proof for the 
finiteness theorem later again in the proof of the mixedness theorem for the higher 
direct image functors (see [Del] and I.9.4 and II.12.2 of this book). The reader will 
find the proof of Deligne’s mixedness theorem in the last section of Chap. I of this 
book (1.9.4), and is advised to give the proof of the finiteness theorem along these 
lines by himself. 
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Corollary A.6 ([finitude], corollaire 1.6ff) Suppose given K*, L® € D>. p(X , Or) 
and M* € DEY, 0,). Then 


f'(M*), RFom(K*, L*), Rf(M*) € DP, -(X, oy) « 


Furthermore ; ; 
Ff (M® @f, 0,1) = f (M*) BY 0,-1 


R.Hom(K* @Y o,-1, L® @y 0-1) = RHom(K*, L*) BF 0,1 
Rfs(K* @p, Or-1) = Rfa(K*) @5, Or-1 - 
We can therefore define, as required 
Definition. For K* = (K,), L* = (L,) € D?(X, 0), M* = (M,) € D®(Y, 0) define 
Rfi(K*) = (RSeKr)r>1 


f'(M*) = (f'(My))->1 
R.FHom(K*, L*) = (RHom(K°, L*))->1 


Properties of these new “derived” functors, resp. identities between them, follow 
immediately from the corresponding properties and identities on “finite level’. 


B. Bertini Theorem for Etale Sheaves 


Let X be a normal irreducible, finitely generated quasiprojective scheme over an 
algebraically closed field k. X is a locally closed subscheme of the projective space 
py 

x Cpe 
We assume: dim(X) > 1. 


Consider the Grassmannian G of all linear subspaces in P of codimension 
dim(X) — 1. Then M = {(x, L) € X x G| x € L} is irreducible. Consider the 


projections 
M 
na 
G Xx 
BERTINI’s theorem says: 


For almost all linear subspaces L C PN, ie. all L in an open dense subset 
U C G the intersection L M X is a smooth irreducible curve, which is nonempty. 
M dominates the scheme X. Therefore X contains an open dense subset V such 
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that V Cc q(p (UU )). For every point v € V there is a linear subspace L which, 
considered as a point of the Grassmannian, belongs to U such that v € L. 
There is a corresponding statement for irreducible etale coverings of X. 


Theorem B.1 With the preceding assumptions and notations let .F be a smooth 
irreducible Q,-sheaf on X. Then for almost all linear subspaces L C PN of codi- 
mension dim(X) — | the intersection LN X is a smooth irreducible nonempty curve 
and the restriction .Y|L | X of F to this intersection is an irreducible smooth 


Q,-sheaf. There is an open nonempty subset V of X, such that every point of V is 
contained in at least one linear space with the properties mentioned. 


Proof. Only the statement concerning irreducibility needs a proof. There is an ex- 
tension field E Cc Q, of finite degree over Q; and a smooth E-sheaf ‘¥ such that 


F=GSrQ. 


Irreducibility for the E-sheaf ‘¥ is weaker then irreducibility of the Q)-sheaf F @r 
Q. 
In the language of representations: 
If p, belonging to ‘¥ , is arepresentation of the fundamental group of X on some finite 
E-vectorspace, then irreducibility of 7 @g Q, =.F means absolute irreducibility 
of the corresponding representation p. 
We first proof a weakened version of Theorem B.1 


Lemma B.2 Let notations and assumptions be as in Theorem B.1. Suppose given a 
finite field extension E C Q; of Q and a smooth irreducible E-sheaf G on X. For 
almost all linear subspaces L of PN of codimension dim(X) — | the sheaf G|LAX 
is irreducible. 


Proof of Lemma B.2. Let R be the valuation ring of the field EF and z be a generating 
element of the maximal ideal of R. Put A; = R/z'+!R. Let n be the rank of &, 
n #0. The sheaf & is represented by a smooth z-adic sheaf. H7 = (Hj) j>0: 


G=.FOBORE. 


The sheaves .%, = .H6 ®p Aj; are locally constant, locally free etale sheaves of 
A;-modules of rank n. 

The sheaf .# corresponds to a continuous representation of the fundamental 
group 71(X, a) for a base point a of X in a finite free R-module V of rank n. The 
representations of 71 (X, a) on the quotients V/z! +1V describe the sheaves .W%;. 

The E-sheaf & is irreducible iff V contains no 7; (X, a) module different from 0 
and V, which is a direct summand in the sense of R modules, i.e. if. W is irreducible. 
We then say, that V is an irreducible 21 (X, a)-module. Similarly V/z'+! V is called 
an irreducible 2; (X, a)-module, if V/n' +1V contains no ty (X, a)-submodule dif- 
ferent from 0 and V/z! +lV. which is a direct summand in the sense of A;-modules. 
We then say .%; is irreducible. 
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Lemma B.3 ‘V is an irreducible m1 (X, a) iff there exists an index i > 0, such that 
the 11 (X, a)-module V/nit! V is irreducible. 


Proof of Lemma B.3. Only one direction needs a proof. Let V be an irreducible 
gt, (X, a)-module and let M;, be the set of 2) (X, a)-submodules different from 0 and 
V/n! +1V, which are direct summands as A; modules. The sets M; define a projective 
system (M;);>0 in a natural way. Let M; # @ be nonempty for all i = 0, 1, ... The 
sets M; are finite and nonempty, therefore 


lim M, i # 0. 

e 
But this says, that there is a coherent system of 2,(X,a)-submodules Wj; C 
V/xit!V such that W; € M; and W; @a,; Ai = W; for all j > i > 0. The 
limit lim W; is a 21 (X,a@)-submodule of V and a direct summand as R-module. 
Furthermore W + 0, V. This contradicts our assumption on the irreducibility of V 
and thereby irreducibility of .W. 

We continue the proof of Lemma B.2. According to Lemma B.3 there is an index 

i > O such that V /n' +1¥ js an irreducible m1 (X, a)-module, i.e. such that the sheaf 
-A6; is irreducible. This is equivalent to the following: There is no locally constant, 
locally free subsheaf .7/ of .74; different from 0 and .7;. A; being injective, all 
stalks of .7// are direct summands of the corresponding stalks of .74;. The sheaf .77; 
is represented by an etale covering 


Y— xX 


of X. Let Y,,..Y; be the irreducible components of Y. Then any locally constant 
subsheaf of .H%j is represented by a suitable union of components Y;. 

The following is easy to see: 
Let L c P bea linear subspace of codimension dim(X) — 1 such that 


1) X MN Lisa nonempty smooth irreducible curve. 
2) (X OL) xx Y; is irreducible for i=1,,..r. 


Under these assumptions also the restrictions .W%;|X M L are irreducible E- 
sheaves. The ordinary Bertini theorem together with Lemma B.3 therefore implies 
Lemma B.2. 

Let us return to the proof of Theorem B.1: We had 


F=aG @zQ,. 


To there is attached a representation p of the fundamental group 7;(X, a) ona 
vector space of dimension n over E.. Let A denote the E-subalgebra of the endomor- 
phism ring Endg(W) generated by p(21(X,a)). The E-sheaf -¢ is semisimple if 
and only if A is a semisimple algebra. 


Lemma B.4 There is a finite field extension F C Q, of E depending only on E and 
n = dimV, such that the following holds: Let B C Endg(W) be any semisimple 
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subalgebra of Endg(W). Then the extension algebra B@p F C Endr(W @g F) is 
a direct product of matrix rings over F. Especially: Any semisimple representation 
p’ of a fundamental group of an algebraic scheme on W decomposes after tensoring 
with F into a direct sum of absolutely irreducible representations. 


Proof of Lemma B.4. In any case there is a natural number m depending only on E 
and n, such that every semisimple subalgebra B of Ende (W) has a splitting field 
Qz C Q, such that [Qg : E] < m, ie. B @g Qz decomposes into a product of 
matrix rings over Qg. But E has only finitely many isomorphism classes of field 
extensions of bounded degree (Krasner’s lemma). This implies Lemma B.4. 

Now we apply Lemma B.2 to the E-sheaf ¥ and to the F-sheaf ‘F @g F. Here 
F is chosen to be a finite extension field of E with the properties stated in Lemma 
B.4. Lemma B.4 then implies Theorem B.1. O 


C. Kummer Extensions 


Let Xo be asmooth geometrically irreducible projective curve over « and let F(X) be 
the field of meromorphic functions on X = Xo @, k. Let / be a prime different from 
the characteristic of «. Let HZ (X) be the group of divisors of degree 0 on X, let Y (XQ) 
be the subgroup of divisors of degree 0 on X9 and W(X) C H(X) respectively 
FO (Xo) © A(Xo) be the subgroups of principal divisors on X respectively Xo. 
Let A C Y(X)/.F6(X) be the /-power torsion subgroup of the group of divisor 
classes. Let K be the maximal abelian unramified pro-/ extension of F(X) and 
let G = Gal(K/F(X)) be the Galois group of K over F(X). The Galois group 
Gal(k/x) and especially the arithmetic Frobenius automorphism f € Gal(k/k) 
operate on A and G. Let us consider the continuous Kummer pairing 


A x G———> k* 
(x , 6) ——> < x,b6 > 
which is defined as follows: Suppose the divisor D represents the element x € A. Let 


n =I" be the order of x. Then nD = (g) is the divisor of a meromorphic function 
g € F(X)*.",/g is contained in K. For 6 € G 


6"Vae/C/g)=p 3 pek*. 


Then the value < x, 6 > is defined to be p. 
From Galois theory we draw the following statements: The assignments 


ADB +> Bt={6e€G|<B,d>=1}CG 
GDH +> At={xe Al <x,H>=1IVCA 


define a 1-1 correspondence between the subgroups of A and the closed subgroups 
of G. For finite subgroups B of A the group G/B* is finite with character group 
isomorphic to B. 
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Furthermore we have 
< f(x), f®O>= f(xx,6>) =<x,d>7. 
Therefore f(x) =q-x iff < f(x), f(g)/g >= 1 holds for all g € G. Now put 
H ={5 € G|d = f(g)/g for some element g € G}. 


The Frobenius automorphism f acts on H and H +. Fix some base point a. Then the 
group G/H is the /-primary part of the image of 1 (X, a) in the factor commutator 
group of the Weil group W(X, a), understood in the sense of locally compact groups. 
H is aclosed subgroup and x € H+ iff f(x) € H+. Therefore H+ is the group of 
all eigenclasses x € A with f(x) =q-x. 


Theorem C.1 The factor group G/H is finite. 


Proof, We use that the Kummer pairing, defined above, is nondegenerate. Hence it 
is enough to show, that the group H + is finite. 
Consider 


Ay.= Ker(A— Ay. 
Then we have a canonical isomorphism 
An = H'(X, minx), 


such that again 

f 2 AMX, minx) > H'(X, minx) 
corresponds to the arithmetic Frobenius homomorphism. Now the orthogonal com- 
plement of A, Ht CH 1(X, wx) with respect to Poincare duality pairing 


H'(X, wmx) @ H'(X, umx) > pinx 
is given by the group 
An = {x € An |x =y — f(y) for elements y € An}. 
Counting elements of #(A, 9 H +) = #(A,/ An) gives the estimate 
#(An ON H+) = #coker(1 — f : An > An) = #ker(1 — f : An > An) 
< #(D(X0)/F6(Xo)) 
where we used Hilbert’s Theorem 90 in the form 
{x € D(X)/.FO(X) | f(x) =x} = D(Xo)/ FH (Xo) . 
So we get the estimate 
#H(H™) < DL(Xo)/-F6(Xo)) « 


The class number #(Y (X0)/-H (Xo)) of divisor classes of degree 0 on Xo is finite 
and bounded independently from n. Therefore the claim of the theorem follows. O 
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D. Finiteness Theorems 


The finiteness theorems for the direct image functor f; with proper support [FK] can be 
generalized to obtain finiteness theorems for the direct image functor f, in the case of non- 
proper maps /. In this section we give a brief report of these results. Our intention is to outline 


the ideas of the proofs. The original exposition of these theorems can be found in [SGA44], 
expose: Théorems de finitude en cohomology /-adique, briefly [finitude]. 


Let S be a noetherian regular base scheme with dimension < 1. In the following we 
consider without further mentioning only schemes and morphisms of the category 
of the finitely generated schemes over such a base scheme S. For the purposes of 
this book, it would in fact suffice to assume that S has dimension zero, or even more 
simple to assume that S = Spec(k) is the spectrum of a field k. 

Let A be a commutative finite ring, annihilated by an integer invertible on S. In 
the following it will be enough to assume, that A is a factor ring of a discrete valuation 
ring with a finite residue class field, which is self-injective. Then sheaves are consid- 
ered to be etale sheaves of A-modules. D(X, A), D*(X, A), D~(X, A), D(x, A) 
denote the derived categories of the sheaves on a scheme X resp. the triangulated 
subcategories of complexes, which are bounded from below, resp. bounded from 
above, resp. bounded. The index c indicates, that we consider the correspond- 
ing triangulated subcategory of the complexes, whose cohomology sheaves are 
constructible sheaves. Such complexes will be briefly called constructible com- 
plexes. The category D;¢(X, A) © D(X, A) is defined to be the triangulated 
subcategory of complexes, whose components have finite A-Tor dimension, and 
finally Dep (X, A) = Dip (X, A) O D-(X, A) is the triangulated category of the 
constructible complexes with finite Tor dimension. In fact, a complex belongs to 
Derf (X, A) iff it is isomorphic in D(X, A) to a bounded complex with A-flat con- 
structible component sheaves (see II.5.1). 

In [SGA4], expose X the following theorem is proved 


Theorem D.1 Let f : X — Y be a morphism of finitely generated schemes over 
S. Then the functor R f, has finite cohomological dimension, i.e. we have R” f, = 0 
forv = vo. 


Proof. (in the case dim(S) = 0): In this case the Theorem D.1 follows from the well 
known bounds of the cohomological dimension of a finitely generated affine scheme 
X over a separably closed base field k, e.g. from 

H’(X, FY) =0 v > dim xX, & asheaf on X 
(see [FK], chap. I, theorem 9.1) or from the more elementary statement 


H’(X, Y)=0 v>2dimX, FY asheafon X . 


(See also [SGA4], expose X, corollaire 4.2 together with theorem 2.1 and proposition 
3.2 of loc. cit.) oO 
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Remark D.2 From the finiteness of the cohomological dimension it follows for 
f : X — Yandacomplex F* € D7 (Y, A) of locally constant constructible sheaves 
and a complex G® € D(X, A), that 


F° @\ Rfs(G*) =Rfa( f*(F*) @k G*). 


See [FK], chap. I, proposition 8.14, remark 2. From this one concludes, that R fy 
preserves complexes of finite Tor dimension 


Rfx : Dip(X, A) > Dip (X, A). 


Theorem D.3 (see [finitude], theorem 1.1) Let f : X — Y be amorphism between 
finitely generated schemes over the base scheme S and .¥ a constructible sheaf on 
X. Then the derived direct images 


R’f,.F v=0,1,2,... 


are constructible sheaves on Y. 


Proof. Without loss of generality we may assume that the coefficient ring A is a 
field, e.g. A = A//IZ. Then a constructible sheaf is locally free if and only if it 
is locally constant. In case dim(S) = 0 the proof follows the same pattern as the 
proof of the mixedness theorem from Chap. I, Theorem I.1.1. Here it can be assumed 
without restriction of generality, that S is the spectrum of a field. The reader should be 
aware, that this argument reduces the statement of the theorem to the corresponding 
finiteness statement for the functors R” fi (see [FK], theorem I.8.10) and that one uses 
a special case of the relative duality theorem for smooth quasi-projective morphisms 
(see chapter II of this book, in particular II.7.7 and II.7.1 in the section on duality for 
smooth morphisms.) 

If dim(S) > 0 this argument only shows, that the direct image sheaves are 
constructible over the pullback in Y of an affine dense subscheme of S . So it remains 
to show the finiteness theorem under the assumption that 


S = Spec(o) 


is the spectrum of a discrete valuation ring o in the special fiber. We may for this 
assume, that the finiteness theorem has been shown, if the base scheme is the spectrum 
of a field. To complete the proof, we need two additional facts: 

A. Let s be the closed point of S = Spec(o),.¥ a constructible sheaf on U = 
S\{s} and j : U —@ S the open complement. Using Galois cohomology one proves, 
that the sheaves R” j,.Y are constructible. The generic point U = S \ {s} = {n} is 
the spectrum of a field. We now assume that the finiteness theorem holds in the case 
of a base field instead of the base ring 0. Therefore the following holds: Suppose 
f : X — S factorizes over n 


fEX e nctss 4 
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Let ‘¥ be a constructible sheaf or more generally a constructible bounded complex 
on X. Then the complex Rf, (7 ) = RjzReu(F ) is constructible. 

B. We need a variant of Lemma I.9.7, which is formulated as the next lemma 
below. We first make some definition. Let f : Y — S be a finitely generated 
morphism. A sheaf .Y on X, which need not be constructible, is called a special 
skyscraper sheaf (with respect to f), if it is concentrated on the set of closed points 
of the special fiber X, = f~!(s). This means: Every constructible subsheaf of .F is 
concentrated on finitely many points of the special fiber. Such a sheaf .F is acyclic 
with respect to the functor f,. Furthermore the following holds: .¥ is constructible 
iff f..F is constructible. 

From this we obtain: Let K® be a bounded complex on X. Suppose that every 
cohomology sheaf .#”(K*) contains a constructible subsheaf, such that the factor 
sheaf of .4”(K°*) with respect to that subsheaf is a special skyscraper sheaf. Let f 
be projective and let Rf, K® be a complex with constructible cohomology sheaves. 
Then the sheaves .#”(K®) are constructible. 

Consider commutative diagrams (*) of quasiprojective schemes over S: 


els. 
Here j denotes an open embedding. 


Let 7 be the general and s the special point of S. 


x 


Bs 8 


Lemma D.4 (see also 1.9.7) Fix a diagram of type (*) and a constructible sheaf °¢ 
on X. For every diagram of type (*) 


X’ Sie Y’ 
ae | 


with S’ the spectrum of an arbitrary discrete valuation ring o' with general point 1 
and with 
dim X;, <dimX, (generic fibers) 


we suppose, that the finiteness theorem for the open embedding j’ is already proven. 
Then each of the higher direct images 


SoSh jee Cre delyes) 
contains a constructible subsheaf 
HA € G ’ 


such that ‘%,/.F, is a special skyscraper sheaf. 
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Proof. The assertion is local with respect to Y. We may suppose, that Y is affine and 
embedable as a closed subscheme into some affine space A” over S. 


yes ys Am 


ee. | 


S. 
Consider one of the m projections 


q: A" >A 


consider 


onto the affine line A over S. Let o’ be the local ring of A in the generic point of 
the special fiber of A over S. 0’ is a discrete valuation ring. Put S’ = Spec(o’) and 


Xa Se Pa 


| . 
By assumption the finiteness theorem is true for the open embedding j’, since the 
dimension condition holds. Similar for the open embedding of the generic fibers 


such that 


n being the spectrum of a field. Since each ‘(, = R”j,-% is a direct limes of its 
constructible subsheaves, one can find for fixed v a constructible subsheaf.F C Y, 


(A/F) xsn 


0 
(G/-F) xa, S' 


0 
holds for all projections A” —> A. But then the sheaf ‘%,/.Y is a special skyscraper 
sheaf. 


Having stated the facts A) and B) we suppose, that a diagram 


x 


< 
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is given, where f is a projective morphism. Let .¥ be a constructible sheaf on X. 
Using the facts A) and B) and induction with respect to the dimension of the generic 
fiber X,, of X, one now proves that the higher direct images R” j,.% are constructible 
sheaves. In the case where the base is a field the proof of the mixedness theorem 
1.9.4 carries over “word by word” to give the finiteness theorem. In the case where 
the base is S = Spec(o) one reduces to the field case. But the argument is now only 
similar to the argument of the mixedness theorem. We therefore sketch the argument: 

We can assume that the finiteness theorem holds in the case of a base field. 
Therefore the assertion holds, if F is concentrated on the special fiber X, or — more 
generally — the corresponding assertion holds for a complex N € D? (X, A), which 
is concentrated on X,;; by this we mean that all its cohomology sheaves .H"(N) are 
concentrated on Xs. 


Case I. Suppose that f o j: X — S factorizes over the generic point 7 of S: 
fog:xX >noS. 


Put L = Rj, F) € D(X , A). According to A) the direct image complex R(f o 
J)«(F ) of F on S is constructible. Hence R f,(L) = R(f 0 j)aCF) € D°(S, A). 
By the induction assumption the conditions of Lemma D.4 hold for j. Therefore each 
cohomology sheaf .#7"(L) = R” jx.% of the complex L contains a constructible 
subsheaf %,, such that the factor sheaf .77"(L)/‘G, is a special skyscraper sheaf. 
Moreover the complex Rf,(L) is constructible and the morphism f is projective. 
According to B) we conclude that L is constructible. 


Case 2. (The general case). The generic fiber X, is an open subscheme of X. Its 
complement X \ X, = X, is the special fiber 


Xy eae, '¢ <~—X,. 
One has a distinguished triangle 
F > Rr F > N > .F[iI, 


whose third complex N is concentrated on the special fiber X,. The morphism 
X, — S factorizes over the generic point y of S. According to case 1 the com- 
plex Rj, (Rrsr*F ) = R(j or)sr*.F and therefore also the complex Rr,r*.F = 
Rj,(Rryr*-F )|X is constructible. Then also the third complex N of the triangle 
is constructible. Hence the direct image complexes Rj,(Rr,r*.F) and Rj,N are 
constructible. We conclude, that the direct image Rj,.¥% of the first complex of the 
distinguished triangle is constructible. 
This special case of the finiteness theorem for open embeddings j : X > Y, 
for which Y — S is proper, and the fundamental Finiteness Theorem for projective 
morphisms X — Y, (see [FK]), now easily imply the more general finiteness The- 
orem D.3 over the base S = Spec(o). For this factorize a given morphism X —> Y 
into an open embedding, a closed embedding, and a projective map over S. 
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From Theorem D.3 respectively Theorem D.1 similar finiteness results can be 
deduced for the other relevant functors. 

Let i : Y <> X be aclosed embedding and let j : U = X/Y — X its open 
complement. For a sheaf ‘¥ on X consider the cohomology sequence of cohomology 
sheaves with supports in Y 


0 > FOX, G) > |G > RPG) > FHY(XK, GY) eV FR EPG >... 


Our results on Rj, imply, that the functor FH has finite cohomological dimen- 
sion. Furthermore for constructible sheaves ‘¥ on X the cohomology sheaves with 
supports in Y 

Hy (X, F) v= 0; 12s. 


are constructible as well. In the section of Chap. II on relative duality we construct, 
using the functor R.Wy, a functor i ' which is right adjoint to the direct image functor 


Rix =i, =i) = Ri; , 
such that i! = i*(R Hy). Therefore i' preserves the categories D? and Db? 
i' =i*RAHy : D°(X, A) > D(X, A) 
i} =i*RW%y : DP(X, A) > D?(X, A). 


The corresponding statements for the right adjoint functor j* of j) = Rj; trivially 
hold for an open embedding j and, more generally, for the right adjoint functor 


f' = f*[2dl@) 


of the derived functor Rf; of a smooth compactifiable morphism f : X — Y of 
constant fiber dimension d. See the sections on relative duality theory. 


Corollary D.5 (see [finitude], corollary 1.6) (i) The functor f | which is the right 
adjoint of the functor R f, for a compactifiable morphism f : X — Y, preserves the 
categories D? and Df 


bas 
fi: DEY, A) > D?(X, A). 
Note D®(Y, A) © Dt(¥, A) and D®(X, A) © DE(X, A). 
(ii) Let .A,G be two constructible sheaves on X. Then the sheaves 
& xtn(X,.F , GF) are constructible as well. We obtain the functor 


: DIY, A) > DT(X, A), 


R.H%om(X, —,—-): Do (X, A) x D(X, A) > DF(X, A). 


Proof. (of the second assertion) Let j : Y @ X a locally closed embedding. Then 
for a constructible sheaf .A on Y we have 


RHoma(jvA, ¥) =RiRHomy(A, j'F) . 
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With this identity one reduces the proof by noetherian induction to the case of a locally 
constant sheaf and, since the statement is local with respect to the etale topology, 
then to the case of a constant sheaf 


F = My. 


Here .@ is a finite A-module. By a resolution of ./ with finite free A-modules we 
can further reduce to the case, where .@ is a finite free module. #. Hence we can 
assume M = A. So assume .¥ = Ay. Then for an arbitrary complex .77 


RHoma\(.F,H*) = Hom F, FH) = K° 


holds. This implies the corollary. O 


By Remark D.2 and Theorem D.3 we conclude for f : X — Y the statements 


Rf: Derg (X, A) > Detf (Y, A) 


Here.¥ ° isacomplex of locally constant sheaves on Y, which is bounded from above. 
With the conclusions of the proof of Corollary D.5 the corresponding statements for 
the functors 

f', RH%omy(X, —, -), RH%z, 


where Z <> X is aclosed embedding, are obtained finally. 


Corollary D.6 The following permanence properties hold: Suppose a morphism 
f :X > Y is given. Then f', Rf, and R. Hom define functors 


fs Detp(¥, A) > Derg (X, A), 
R fx: Derg (X, A) > Dep (Y, A), 
R.Féom p(X, a —) : Dep (X, A) x Det p(X; A) = Derg (X, A) 


Let A — A’ be a homomorphism into another finite ring A’ satisfying the same 
assumptions as \. Then the change of ring functor, 


—@k A’: Derg (X, A) > Derg (X, A) 


satisfies 
Rfe(K*) OK A’ = Rf(K* @j A’) 
FBV ORM = f(B@K A) 
RHomy(X, K*, M*) @ A’ =RHomy(X, K° @ A’, MP @k A). 


Here K*, M® are assumed to be in Derf(X, A) and %* is assumed to be in 
Def (Y, A). Corresponding statements hold for R fi. 
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Vanishing Cycles 


Let S = Spec(R) be the spectrum of a strictly henselian discrete valuation ring R, 
let 7 = Spec(K) — S be its generic point, let s = Spec(k) — S be the special 
point of S, let 7 = Spec(K) be the spectrum of the separable closure K of K and 
let denote f = Gal(K/K) the Galois group of K over K. Let 2 be a generator of 


the maximal ideal of R. Then 
i X 
n 


Cs ¢ Sx 


Let X be ascheme over S. Then taking cartesian products over S with the last diagram 
we obtain a corresponding new diagram 


XT 


7 


Pes ae 


The group I acts on Xz, f is '-equivariant with respect to the trivial action of F on 
X,,. We now describe the construction of the complex of vanishing cycles following 
[SGA7II] expose XIII. 

As usual 0 = og will denote the valuation ring of a finite extension field E of the 
field Q; of /-adic numbers. Let 2, be a generator of its maximal ideal. We assume, 
that the prime / is invertible in R. We then consider etale sheaves of A-modules for 
the ring A = o¢/7P OE. 

For simplicity we will assume, that the schemes X and Xj, hence all other 
auxiliary schemes in the following are noetherian schemes. For instance this is true, 
if X was finitely generated over S. 

The field K is the direct limit (union) of all the finite dimensional extension fields 
L of K contained in K. For each such field L the morphism 


fi: XL =X xs Spec(L) — Xy 


is a finite etale morphism. Compatibility of etale cohomology with projective limits 
of schemes, with respect to affine morphisms over a fixed base scheme ([FK], 1.4.18), 
implies for a sheaf Y on X,, 


Rf fCG) = ff CG) = lim (fi) (FL) CF) - 
E 


The limit on the right is a direct limit. On f, f*(-¢ ) the group I acts in a natural 
way. This action is continuous in the following sense: 

For each constructible subsheaf .7 Cc f, f*(@ ) there exists an open subgroup 
H CT (ie. of finite index in I’), such that 
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o|\F =idg , WoEeH. 


If Y = Z is an injective sheaf, then the sheaves f*( Z) and f, f*(Z) are again 
injective. Note, that f, preserves injectivity, since f* is an exact functor and we 
have the ( I” *, fx)-adjunction formula. Similarly, since the etale maps f;, define exact 
functors t= = ff and R(fz): = (fx): = (fL)« are exact functors, the adjunction 
formula of II.7.1 shows that f;* preserves injectivity. This can be generalized to hold 
for f* using a limit theorem. See [FK], III, lemma 3.1 and [FK], I, §4 for further 
details. Let K® be a complex of sheaves on X,, which is bounded from below. 
Let K° > Z° be an injective resolution of K°, also bounded from below. Then 
essentially by definition 


Rif K* = if Fo = ihe fF 
and the restricted complex i* (jx fx f* Z°) is a complex in the category of sheaves on 
Xs with continuous I’-action. Let D(X;, A, I’) be the corresponding derived category 
of the category of etale sheaves of A-modules on X, with continuous I’-action. There 
is an obvious forget functor 


forget: D(Xs, A,T) > D(Xs, A). 


Now via the construction above, the functor i*Rj, f* can be factorized in a natural 
way over a functor RW, 


ORI. f 2 DT OG, as Die AT) DHE, 


MRisfef* = Ri, f* = forget oRW,. 

For a complex K® with an injective resolution 7° as above, the complex RW, K° is 
represented by i* j,. fx f* Z°. 

Let K* be acomplex of etale sheaves on X, which is bounded from below. Then 
we define 

RW(K*) = RW, j*(K°). 

IfK* > F° isan injective resolution on X, then j*(K*) — j*( Z°) is an injective 
resolution of j*(K*) on X,. Thus 


RW(K) = PELL ZF? = PTZ. 


There is a natural '-equivariant homomorphism of sheaf complexes with continuous 
[’-action, which is defined as the composite map 


i*K* —+>i*Z° —-> i*7,7 Z* =RW(K*) . 


Here we assumed I to act trivially on the complexes K* and 7°. We can complete 
this morphism to the mapping cone, and we obtain a distinguished triangle in the 
triangulated category D(X;, A,T) 
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i*K® > RV(K®) > R®(K°) > i*K° [1]. 


We have now defined the complexes 


1. RW(K°), the complex of near-by cycles (cycle proche) 
2. R®(K°), the complex of vanishing cycles (cycle vanescents) 


Construction of the Variation map 


By construction we have a canonical map 
can: RW(K*°) > R®(K°). 
The variation maps var(o) for o € T are maps in the inverse direction 
var(o): R®(K*) > RW(K°) , oef. 


They are morphisms of the category D(X, A). In other words, we forget the structure 
of D(X,;, A, ) and view R®(K°) andRW(K°®) as complexes in D(X;, A), on which 
the group I" acts, formulated in terms of the category D(X;, A). In this sense we 
have diagrams 


RW(K*) “> RO(K°) 
ce [oa 

var (a) 
R®(K®) 


To define var(c) canonically, the considerations made so far have to be refined: 
Let A be the abelian category, whose objects (7 — “&) are I’-equivariant 
homomorphisms between sheaves on Xs with continuous I’-action 


F > G, 


such that I acts trivially on the first sheaf .7 . 
For an injective resolution K®° — Z° the assignment 


K° Bb (“7 > "iT 7") 


defines a functor from the category of complexes K® € D*(X, A) into the homotopy 
category K (A) of the complexes of the abelian category A. In the homotopy category 
K (A) the “complex” 


(“7 + 0377") 


is naturally isomorphic to a “complex” 


(ow a), 
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such that all homomorphisms g” : M” —> N” are monomorphisms (injective) and 
such that furthermore the short exact sequences 


0— M’ > N” > C” = Koker(¢’) > 0 


splits in every degree v. For the construction of ¢ : M® — N® we observe, that 
the mapping cylinder Cyl(f) = Cone(Cone(f)[—1] — M®) of a complex map 
f : M® — N° admits natural maps 


= (f) 
m* ——~> Cyl(f) 


id |: 
J 


ne ——> Ne 


such that g is an isomorphism in the homotopy category of complexes of sheaves. 
Furthermore in each degree g(f)” is an injection onto a direct summand. Namely 
v(f) and g are defined by g(f)”(m) = (m, 0,0) € M’ @ N” @ Mt! = Cyl(f)” 
and g’(m,n,m') = f’(m) +n. Therefore we put M* = M*, N° = Cyl(f) and 
g =9(f). 

The complex C® represents R®(K*) and N° represents RW(K°*). Foro € I the 
complex map 

ao —id: N°—> N° 


satisfies (a — id)|M°*° = 0, since I acts trivially on M°. Hence for o € I there is a 
uniquely determined complex map 


var(a): C° > M°, 


which makes the diagram 
M° 


hes 
o-id 


M* —~>C°* 
commute. This map 
var(a): C° =R®(K°) > M° =RW(K°) 


represents the variation map. For more details on this construction and further prop- 
erties see [SGATII], exp. XIII 1.3. 


Constructibility of RYV(K°) and R®(K°) 


If X is finitely generated over S, then the direct image functor j, has finite cohomo- 
logical dimension. Hence we get functors 
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RW, R® : D(X, A) > D'(X,, A,T). 


A complex K*® € D(Xs5, A, I’) will be called constructible, if its image in D(X;, A) 
under the forget functor is constructible, i.e. has constructible cohomology sheaves. 
This notion allows to define the category D,(Xs, A, IT). A complex K°® has finite 
A-Tor-dimension, if its image in D(X;, A, I’) has finite A-T or-dimension. Let 


Dt, (X,A,T) C D(X, A,P) 


be the full subcategory of bounded constructible complexes of finite A-Tor- 
dimension. 


Theorem D.7 Let f : X — S bea finitely generated morphism of schemes. Let K® 
be in D? (X, A). Then also the complexes RP(K*°) and RW (K°) are constructible. 


Since in the situation of the last theorem the cohomological dimension of j, is 
finite, this implies that the cohomological dimension of the functors R® and RW is 
also finite. By standard arguments therefore the last theorem implies the following 


Corollary D.8 The functors 
RW,R®: D*(X, A) > Dt (Xs, A,P) 
induce functors between the categories 
RW,R®: DP, -(X, A) > DP, (Xs, AT). 
These induced functors are compatible with change of rings 
A=o0g/npop > A’ =og/nfor , n>m 

in the sense that for complexes K°® € De p(X , A) we have 

RW(K* @\ A’) = RY(K*) @ A’ 

RO(K* @ A’) = RO(K*) @k A’. 

To prove the last Theorem D.7, it is enough to prove the constructibility of the 

complex RY(K°). For this we do not need the ’-action on the complex RW(K°). 


For the proof of the constructibility theorem we therefore consider RW(K*) = 
i*Rj,j K° as acomplex in D(X,, A). 


Proof. Let A = Spec(R[t]) be the affine line over S, let S’ = Spec(R’) be the strict 
Henselization of A at the generic point of the special fiber of A over S. Let s’ be the 
special point of S’, n’ = Spec(K') C S’ the generic point of S’. Here K’ denotes 
the quotient field of R’. Then z also generates the maximal ideal of the discrete 
valuation ring R’. Let K’ be the separable closure of K’, 7’ = Spec(K ) 
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pd 


a 


n'—> Ss’ <— >,’ . 


The generic point of the special fiber of A over S corresponds to the prime ideal 
p =z - R[t] in Spec(R[t]) = A. Let R[t] @ B be a integral etale ring extension, 
let 8 be a prime ideal of B over p and let Q(B) be the quotient field of B. Then 
Q(B) is aseparably generated field extension of K. We want to show, that the quotient 
field K of R is algebraically closed in Q(B). Let L be a finite extension field of K 
contained in Q(B). Let C be the integral closure of R in L. Then C is a discrete 
valuation ring, which is a free R-module. Let z’ be a generator of the maximal ideal 
of C. Then 
Rit] CC[it] cB 


Pach =n ch=0. 


Then Bg; is etale over R[t]p and also over C[t]p, hence C[t]p is etale over R[t]p. 
Therefore C is etale over R. Since R is strictly Henselian, we get R = CandL = K. 
Hence 


K is algebraically closed in Q(B). 


Now vary B. Since obviously R’ is the direct limit of the rings By and K’ is the 
direct limit of the fields Q(B), we now get that 


K=K'@xK 


is a field. Let p be the characteristic of the residue field of R and let L/K’ be a field 
extension of finite degree say e = [L : K']. If p is not zero, let us assume that p is not 
a divisor of e. Then R’ is tamely ramified in L and L = K’[x!/¢] = K' @x K[x'/¢] 
is therefore contained in K’ @x K = K. Hence 


L CK if p does not divide [L : K’]. 


From these two observations we obtain the next 


Lemma D.9 K = K' @x K is a field. In particular the separable closure K of K’ 
is then also the separable closure of K. Let P = Gal (K’ /K) be the Galois group of 
K over K and let p be the characteristic of the residue field R/m R of R. If p = 9, 
then K = K. If p > 0, then P is a pro-p-group. 


Now let 
Yo S’ 


be a finitely generated scheme over S’. Then Y is a— not finitely generated — scheme 
over S via 
YoSs'-S. 
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We then also have Y, = Y,. Now consider the commutative diagram 


Yy 


| 


Yi Spec(K) ——> Yn —+> y <—Y, 


| | 


Yx Y, ——> y <—, 


The group P = Gal a /RK) operates on Yy over Yn Xy/ Spec(K). For a sheaf .F 
on Y," = Y, let -¥ be the pull back of F to Y;. Then h,(F)? is the pull back of 


F to Ya = Vy Xp Spec(K). If the characteristic p of R/1R is positive, then p is 
invertible in A by assumption. From Lemma D.9 we obtain 


Lemma D.10 Let .F be a sheaf on Y, = Y,. Then 
P 
RW, (F) = (e%7)) , 


In particular this implies: If the sheaves RY W,)(F ) are constructible, then also the 
sheaves R°Y,(F ) are constructible. 


Now let X — S bea finitely generated and affine morphism. Consider a closed 
embedding into some affine space A” over S and a projection onto a factor A (an 
affine line over S) of A”. Then A = Spec(R[t]) in the notations from above 


< 7 
| 


Then we have a diagram 


Y=X xa S’ > SS’ 


|| 


xX —>A ——> S$. 


Y is a finitely generated scheme over S’ and a — not necessarily finitely generated — 
scheme over S. Let L be the separable closure of k(t). Then L is the residue class 
field of S’ = Spec(R’). We consider the following commutative diagram 
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Yy ——> Y x Y;, = Xz Xa, Spec(L) 


ft 


The left square of this diagram is cartesian. The morphism 
A:Y>X 


is a limit of etale affine morphisms. Using the “smooth base change theorem” for 
such limits, one obtains for a complex K* € Dt (X, A) 


AX(RW(K*)) = RW(A*(K°)) . 


We now prove Theorem D.7 by induction with respect to the dimension d of the 
general fiber X,, of X over S. By induction assumption we can assume, that Theorem 
D.7 is already proven for the complex A*(K°) and the morphism Y > S’. By Lemma 
D.10 therefore 

AF(RW(K*)) = RW(A*(K*)) 


is a constructible complex. Consider the maps 
X,;— AY — As. 
The complex RW (K °) is again constructible over the generic fiber of the morphism 
X; > Ag. 


And this is true for every possible projection X; <> Aj’ —> Ag. Since any sheaf is 
a direct limit of constructible subsheaves, this implies: 

Every cohomology sheaf R’ VW (K°) of RW(K °) contains a constructible subsheaf 
&,, such that the quotient sheaf 


R°W(K*)/%Y 


is a special skyscraper sheaf in the sense of the first part of this Appendix D. 

This is a statement of local nature with respect to X, and holds for any finitely 
generated scheme X over S with the given dimension d of the generic fiber X,,. Since 
Theorem D.7 is of local nature with respect to X, it is enough to prove it for affine 
morphisms X —> S. This allows a further modification. Namely by an open dense 
embedding into a projective scheme over S we can alternatively assume, that X > S 
is a projective morphism. In this case one can apply the proper change theorem. It 
gives 

RI'(X,, RWK*) = RI(Xz, 7 (K%)). 


The finiteness theorem for the proper map Xz — 7 then implies, that the complex 
RI(Xs, RY(K°)) = RI(X;, 7 (K *)) is constructible. This means, that the co- 
homology modules of this complex are finite A-modules. We have already seen, 
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using the induction hypotheses, that every cohomology sheaf R’ W(K°) contains a 
constructible subsheaf ,, such that the quotient sheaf R’W(K*)/& is a special 
skyscraper sheaf. Since for any constructible sheaf Y on X,; also RI'(Xs, ¥F) is 
constructible, one concludes that RW(K°®) is constructible. See part B of the proof 
of Theorem D.3. O 


Passage to /-adic Cohomology 


The prime is by definition the residue characteristic of the coefficient ring 0 C E. For 
S = Spec(R), the spectrum of the strictly Henselian valuation ring R the finiteness 
conditions of Chap. II, §5 are satisfied. From the first part of this appendix it follows 
that 

Ext) (F, F) 


is a finite A-module for any finitely generated scheme X, any A-flat constructible 
sheaf .Y and any constructible sheaf F on X. More generally for. F°, F* € 
D>, p(X , A) the groups Hom px,a)(F °, F*) are finite groups. One can then define 
D(X, 0) as projective limit in the sense of Chap. II, §2, i.e. a projective limit of 
triangulated categories D>, f (X, 0/170). 


D(X, 0) = lim D?,;(X, 0/x"0) . 

n 
Now let X¥; — s = Spec(k) bea finitely generated scheme over the separable closed 
residue field k = R/mR of R. Then again 

D(X;,0) = lim De-(Xs,0/7"0) . 

n 
In a similar way one can define the category D(X, 0,1). To do this one has to 
establish — for every ring A = o/z"o — the following finiteness condition: For two 


sheaves .F , & of A-modules on X; let the Ext-functors be defined in the category 
of A-module sheaves with continuous I-action to be 


Extyr(F » GF). 
Claim. If .¥ is a A-flat constructible sheaf, an arbitrary constructible A-sheaf, 
then the A-modules Extyiry (F , F) are finite A-modules. 
To prove this we consider the spectral sequence 
HPL, Ext\(F,GY)) => Ext WF,). 
(To guarantee existence of this spectral sequence we need the A-flatness of .¥)! 


The Ext-functors Ext) ((F , &) of the category of sheaves of A-modules are finite 
A-modules. One has the following 
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Lemma D.11 Let.@ be a finite A-module on which T acts continuously. Then the 
cohomology groups 
H’(l, @) 


are finite. 


Proof. Let now denote P C T the wild ramification group of R. Then we have the 
exact sequence 
ae a eo [] Z 0. 
D'#P 

Let H be the inverse image in I of ||,,z,, Zp. Here / denotes the residue char- 
acteristic of A = o/mzo. Put.V = M6" Then H’(l,.4) = H’(Z),.V’). The 
finiteness of H” (Z;,.””) can be found in [288], II.5.2, proposition 1. Therefore we 
can construct the derived category D(X;, 0, I’) as a projective limit 


D?(Xs,0,T) = lim D?, ¢(Xs, 0/700) 
m 


as in Chap. II, §5. So let X — S be a finitely generated scheme over S. Then we 
define the functors 


RW,R®: D?(X,0) > D?(X;s, 0,1). 


To do this we put for a given projective system K®° = (K?),>1 with K? € 
D®(X, 0/m"0) 
RW(K*) = (RW(K?)) 


r>1 


R®(K*) = (R®(K?)) 


r>1° 
By localization, we obtain similar to the cases of the functors already considered the 
functors 

RW,R®: D?(X, E) > D(X, E,T), 


the nearby cycles resp. vanishing cycles functors with coefficients in E. By taking 
the direct limit over all E such that Q; C E C Q, we obtain 


RW,RO: D2(X,Q) > D2(Xs,Q.P). 


To fill in the details of the arguments is left as an exercise for the reader. O 
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